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Cyclic Subgroups of the Simple Ternary Linear 
Fractional Group in a Galois Field. 


By L. E. Dickson. 


1. The present paper is an addition to the writer’s article (American Jour- 
nal, vol. XXII, pp. 231-252). It gives proofs of the results there stated in 
§§13-14 (pp. 249-251) and certain new theorems related to them. The ques- 
tion concerns the substitutions 


(1) 


where «@ is a primitive root of the Galois Field of order p*. Two cases arise 
according to the value of the greatest common divisor d of 3 and p*— 1. 


2. Suppose first that d= 1. The substitutions (1) are all powers of certain 
substitutions C of period p*— 1 and having the form (1) in which the greatest 
common divisor [7, s, p*— 1] of r, s, p*—1 is unity. The cyclic group gene- 
rated by C contains* @(p*—1) substitutions of period p»—1. To determine 
which of them are conjugate under linear transformation, we must find when the 
powers C* and C”’, where a and 6 are prime to p*—1, have the same sets of 
multipliers [the coefficients of x, y,z in (1)]. If a, be determined so that | 
ad, = 1 (mod p*—1), whence C** = C, then C* and have the same multi- 
pliers if, and only if, Cand C™™ do. It, therefore, suffices to determine when C 
and (™ have the same multipliers, where m is prime to p*—1 and l1<m 
<p"—1. But the sets of multipliers 


are identical apart from their order only in three cases: 
(a). a”=a’,a™%=a’. Then r(m—1) and s(m—1) are divisible by 


* As usual, ¢ (m) denotes the number of integers < m which are prime to m. 
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p"—1. Since [r, s, p»>—1|=1, this requires that m—1 be divisible by 


p" —1, contrary to the hypothesis 1< m < p*— 1. 
(b). a” =a’, a“ =a’. We have the congruences modulo —1: 


mr=s, ms=r, mr=r, m’=1. 


The fourth follows from the third, since [7,s, p»—1] = 1, so that 7 and s must 
each be prime to p"—1. Inversely, if m be any solution of m?=1 (mod p"—1), 
and if r be any integer less than and prime to p* — 1, and if s be determined by 
s=mr (mod p*— 1), then C and C” have the same multipliers. Moreover, C 
is the 7” power of a substitution with the multipliers a, a”, a—~”. 

(c). a". Hence, if M=m’+ m +1, both 
rM and sM, and consequently also M, are multiples of p»p—1. Since m(m+1) 
is even, M isan odd number. Hence, p”—1 must be odd, so that p” is even 
and therefore p= 2. The condition M=0 is equivalent to 


(2m+1)f=—3, (mod p"—1). 


But* — 3 is a quadratic residue of p*—1 if, and only if, the latter be not divi- 
sible by 8, 9 or any prime of the form 61+ 5. Since d=1, p*—1=3"—1 
or 31+ 1, the factor 3 cannot occur in p"—1. Also m must be odd since 2*—1 
is divisible by 3. Hence, solutions m occur if, and only if, p” = 2”, n odd, and 
such that the prime factors of 2" —1 are all of the form 6k + 1. 

If m be a solution of x” + x +1=0 (mod 2"—1), soisalso—1—m. If 
—1— m=m, then m= —4, requiring }==0 (mod 2"—1), whereas 3 is prime to 
2”—1,nodd. Hence, the solutions give rise, in sets of two, to the same substi- 
tution. The resulting substitution is the 7*" power of a substitution having the 
multipliers a, a",a~'~™. The latter substitutions belong to different cyclic 
groups; for, (a”)‘= a requires that k = — 1—~™m. 

It follows that the substitutions (1) all belong to the four types of cyclic 
groups of order p"— 1 given on p. 250 of the earlier paper. 

As a first example, let p*=8. There is one and but one cyclic group of 
each of the classes (i), (ii), (iii), and none of class (iv). The generators have 
respectively the sets of multipliers: 


* Gauss, ‘‘ Disquisitiones Arithmeticae,’’ Art. 120, 
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As asecond example, let p?=17. Then m?=1 (mod 16) has the solu- 
tions (m > 1) — 1, 7 and 9, giving the sets of multipliers, 


“eel: 
The two cyclic groups of class (iv) are determined by the multipliers 


je, a. 


3. Suppose next that d= 3, so that p" = 3t + 1. Denote by © the homo- 
geneous substitution with the multipliers a’, a‘, a’. The quotient-group is obtained 
from the homogeneous group by making > correspond to the identity. Hence 
the set of exponents 7, s, — 7 — s in the substitution (1) may be replaced by the 
setr +i,s+t, —r—s-+tor by the setr + 2¢, s +2t, —r—s +2#, so that 
the exponents may be taken modulo ¢. 

If t be prime to 3, each substitution (1) ts a power of some substitution of the 
form (1) and having the period p" — 1. 

We may suppose that r and s are relatively prime; for if they have a common 
divisor g, the substitution (1) is the g™ power of a similar substitution. Hence 
one of the two, say r, is prime to p*—1. An integer 7, may therefore be deter- 
mined so that rr, = 1 (mod p" — 1), whence s/r is congruent to s7;=p. Then 
C= Cj, where C, has the multipliers a, a°, a—'~° and is of period 7, the least 
integer such that c (p— 1) andz(p + 2) are divisible by p*— 1. Hencer = p"—1 
if, and only if, p— 1 is prime to 3. The theorem is therefore proved except for 
the case p = 3/ + 1, when (C, has the form 


Q: ¢d=az, 
In the quotient-group, C; is of period ¢ = 4 (p" — 1). 


If, now, ¢ be prime to 8, either ¢ itself or else 2¢ will have the form 3m — 1, 
so that 9m — 3 is a multiple of p»—1. Either SC, or else has the form 


which is the cube of the substitution of determinant unity, 


Im—l—3 


(2) 


If 7 be not divisible by 3, the difference of the first two exponents in (2) is prime 
to 3 and therefore (2) is a power ofa substitution of period p*— 1. If/ be divi- 


a, of = at ty, 
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sible by 3, C, is identical in the quotient-group with the substitution having the 
multipliers 


and hence is the cube of the substitution of determinant unity 


The difference of the first two exponents being prime to 3, this substitution, and 
therefore also C, is a power of one of period p” — 1. 


4. TuHrorEeM.—/f t be divisible by 3, the substitution C, is contained nm no 
cyclic group generated by a substitution (1) of period p" — 1. 

Suppose that C,= C", C being a substitution of period p*— 1 of the form 
(1). Since C, is of period ¢, the product ¢g must be divisible by p* — 1 = 3¢. 
Hence q must be divisible by 3, so that C, = S*, S=C%*. Let S, when expressed 
in the form (1), have s as one of its exponents. Hence 3s=1 (mod ¢), whereas 
t is supposed to be divisible by 3. 


5. The period of a substitution (1) is the least integer 7 such that 
rr=w=t(—r—s), (mod p"— 1) 


Hence ¢ = p" — 1 if, and only if, [ry —s, 2r +8, p»— 1] =1.* The condition 
may also be written [r — s, 37, p*— 1] = 1. Ford = 3, p"— 1 is divisible by 3. 
Hence, for d = 3, a substitution (1) ts of period p" — 1 in the quotient-group if, and 
only if, [7, 8, p* —1] = 1 and r —s ts prime to 3. 

We proceed to enumerate the number of substitutions P which are of the form 
(1) and have the period p*—1. In the notations of the earlier paper, p. 249, 
there are ¢(p"— 1) (p"— 1) sets of solutions 7, s, each < p*—1, of 
[7, 5, p"—1] =1. We must exclude the EZ sets 7, s for which x — s is divisible by 3. 
Evidently # equals the number of sets of solutions 7, s (mod 3¢) of [7, s, 3¢] = 1 
for which r = s + 38h, where the integer & may be taken modulo ¢. Hence F is 
the number of sets of solutions & (mod ¢) and s (mod 3¢) of [3h, s, 34] = 1, equiv- 
alent to the pair of conditions [f, s, {] =1, s 0 (mod 3). Now [k, o,f] =1 
has (¢) (¢) sets of solutions o(mod ¢). Since s is to be determined modulo 


* The greatest common divisor of a, b, c is designated [a, b, c]. 
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3¢t so that s=o (mod ¢) and s = 0 (mod 8), s may equal any of the integers o, 
o+ t,o -+ not divisible by 3. 

If ¢ be prime to 3, one and only one of the integers o, o + t, o + 2¢ is divi- 
sible by 3, sothat H= 2 Y(é). Also 

(3t) = 29 (4), (3t) = 4 

Hence there are 6 @(¢) 1 (¢) set of integers 7, s, each < 3¢, which lead to substi- 
tutions P. No two of the integers 7, s, — 7 —s are equal since their differences 
are all prime to 3. Allowing for their six permutations and for the equivalence 
of P, }P and >?P in the quotient-group, we obtain 3 > (t) Y(t) sets of multipliers 
giving non-conjugate substitutions of period p” — 1 in the quotient-group. 

For example, if p” =18, there are four non-conjugate substitutions of period 
12 in the quotient-group. Their sets of multipliers are 


Ift¢ be divisible by 3, all or none of the integers o, o + ¢, o + 2¢ are divi- 
sible by 3, according as o is or is not divisible by 3. Hence # = 3 £’, where E’ 
denotes the number of sets of solutions k, o (mod #) of [&, o, #] =1, c= 0 (mod 3). 
Let 3, qi, G, ---- denote the distinct prime factors of ¢. Of the 3? sets of 
two integers k, o, each <#, with o prime to 3, } ¢*/qj sets have k ando both 
multiples of g; with o prime to 3, 3 @/q?q? sets have k and o both multiples of 
4:7; With o prime to 3, ete. Hence 

t? 
Let ¢= 73°, where Tis prime to 3. Then the distinct prime factors of T are 
Joy ++, 80 that 


Hence 
F(T), 


(p"—1) 1) = F(3t) = F(3't) F(T) = 8.3” F(T). 
Excluding the 3 sets, there remain 6.3” F(T) sets of integers r, each 
< 3t, which lead to substitutions P. 

[ft=3'T, 1, there are F(T) non-conjugate substitutions of 
period p" — 1 tn the quotient-group. 
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For example, if p» = 19, the M=9 sets of multipliers leading to non-conju- 
gate substitutions of period 18 are 


a, a 1: a’, a a’, a | a, a, a a? 


a’, a”, a”, at, a’: a’, a’. 


The first three sets lead to substitutions belonging to the same cyclic group of 
order 18 ; likewise for the last six sets. 


6. We next determine the cyclic groups of order p*—1 for the case 
p" —1=3t, ¢ being prime to 3. Let C denote a substitution (1) in which 
[r, s, = 1 and 7—s is prime to 3. We seek the values of m>1, m being 
less than and prime to p* —1, for which C and C” are conjugate in the quotient- 
group. Since they must have the same multipliers, a, a”, a—~™—™ must be 
identical in some order with 


(c= 0, 1, or 2). 


Since 7 and s do not have a factor in common with p"—1 and enter into the 
multipliers symmetrically, we may suppose that 7 is prime to p"—1. Three cases 
arise. 

(a). Ifa”™=a’t*, then (r —s)(m—1) is divisible by p"—1, 
so that m — 1 is divisible by 3. Since r(m— 1) and s(m— 1) are divisible by 
t,so is alsom—1. Hence, m—1 must be divisible by 3¢ = p"— 1, whereas, 
m—1<p"—1. The case is, therefore, excluded. 

(b) Ifa” =a't%, then (m+ 1)(7r —s) is divisible by p*—1, 
so that m+ 1 is divisible by 3. Also, 

mr=ms + (mod 3¢). 


Hence m?=1 (mod 3¢). For each solution of (mod there exists a 
single integer m (mod 3¢) such that 


m=x(modt), m+1=0 (mod 3). 


Since 3 is a factor of p*—1 but not of ¢, there are 2*+*—! values of m to be 
considered, u and x being defined on p. 250 of the earlier paper. 

Inversely, if » be any integer less than and prime to 3¢, and if 
s = mr — ct (mod 38¢), where c is either of the two residues modulo 3 which 
make r—s=ct—(m—1)r prime to 3, then C has the same multipliers as 
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Moreover, Cis the r™ power of the substitution C’ having the multipliers 
a,a™t, q—i1—-™-*, where & is determined from rk=—c (mod 8). It follows 
from the above determination of c that m — 1+ kt is prime to 3. Hence, C’ is 
of period p*»—1. Forc=0,k=0 (mod 8), we reach the substitution C{ with 
the multipliers a, a”, a~’~™. The second possible set of multipliers is 


a, amt (kand —1— m — kt prime to 3), 


and defines a substitution Cj}. But if 7 be determined so that (m—1)7= 
—k (mod 8), we have 
m+ jt=m+kt+mt, m(m+ st) =1+ mi, 3 
(— m —1)(m + jt) =— 1—m—kt + mit, (mod 


Hence C,= C)}>™ is conjugate with (C{)"+*. We may, therefore, confine the 


discussion to the 2"+*~' substitutions C,, with the multipliers a, a”, a~1—™ where 
= 1 (mod ¢), m+ 10 (mod 3). We next prove that they generate distinct 
cyclic groups. Indeed, C,,, = C¥ requires that either a” or else a‘—!~™” shall 
be identical with a, a'*’ or a'**., If this be true for a”, then my=1 (mod 2) 
and, therefore, y=m(mod ¢), so that C,,= Ch is conjugate with C,,, whence 
m,=m (mod In the second alternative, (— 1—m) y=1 (mod £), so that 
m-+ 1 must be prime to¢. Since m?—1 is divisible by ¢, so must also m— 1 
be divisible by ¢, whence — 2y=1(mod#). Moreover, either a” or else 
a”” must be identical with one of the quantities a, a™*’,a™**, and, therefore, 
y or else my must be a root of 2?==1 (mod ¢). But the latter has no root of the 


forms — 4, — a since 3 is prime tot. Hence, there are 2**+*—' distinct cyclic 


groups of order p” — 1 in each of which the substitutions of period p" — 1 are conju- 
gate in sets of two. Their substitutions have in all 4 @(p"— 1) 2“**~? distinct 
sets of multipliers. 

mr—s=ms+r+s, (m—1)(r—s)S3s (mod 3¢) 
requires that m— 1 be divisible by 3. Also, 
r(m? + m+ 1)=(m + 2) ct (mod 

requires that m’ + m+ 1=0 (mod 3¢). As in §2, case (c), this congruence has 


solutions if, and only if, »* = 2” and the prime factors of t=4(p" —1) are all 
of the form 64 +1. Also must be even and prime to 3, since ¢ is prime to 3. 


bis 
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Inversely, let the 6 distinct prime factors of ¢ be all of the form 64+ 1. 
Then x? +x + 1=0 (mod ¢) has 2° solutions, each of which leads to an unique 
integer m such that m=~x (mod ¢) and m— 10 (mod 8). Also, let 7 be any 
integer less than and prime to 3¢, and let s= mr — ct, c being either of the two 
residues 1, 2 modulo 3 which make r—sr(1— m)+ct# prime to 3. Then 
the multipliers a’, a” of Care identical with those of C™= 


V1Z.: 


Furthermore, C is the r power of a substitution C, with the multipliers 


a, [kr = —c (mod 3)] 


Since ¢ is not divisible by 3, the same is true of m —1+ kt, so that C, has 
the period p” — 1. 

If m be a root of x*+ x +1=0 (mod 3¢), a second root is —m—1. Hence 
C has the same multipliers as C-!~™. Hence, in the cyclic group generated by 
C’, the substitutions of period p" — 1 have the same sets of multipliers in groups 
of three. 

Since ¢= 67 + 1=1 (mod 3), #=¢ (mod 3¢) and the power m+ ¢ of the 
first C, with the multipliers a, a"~‘, a~"—1+?# gives the second C, with the mul- 
tipliers a, a"*', a~™—'—*, Hence, there are 2°! sets of multipliers a, a”~%, 
of substitutions C, conjugate with C7, A particular is con- 
jugate only with its m‘" or (— 1—m)"™ powers, and is not conjugate with a 
different C,. Indeed, =a, a't* or requires my = 1 (mod ¢), whence 
y=—1—m (mod t). Hence, there are 2'—' distinct cyclic groups of order p"—1, 
in each of which the substitutions of period p"—1 are conjugate in sets of three. The 
number of distinct sets of multipliers involved is 4 @(2"— 1) 2°—. 

As a first example, consider the least possible value » = 14 for which cyclic 
groups of the type considered in case (c) can occur. Then ¢=4(2"%— 1) 
= 43.127. The 2°-'=2 cyclic groups of that type are generated by substitu- 
tions with the multipliers 
— 1671 


1885 — 1886 


a, a a a, a a 


As a second example, let p” = 31, so that 4=10 is prime to 3. The quo- 
tient-group contains two special cyclic groups of order 30 falling under case (b) ; 
indeed, the congruences m’= 1 (mod 10), m+ 1=0 (mod 8) give m=11 or 
—1(mod 30). In place of the multipliers a, a", a, we may take a”, a =a, 


a 
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a*=a*, The multipliers of the substitutions of period 30 in the two special 
cyclic groups are respectively 

a, a® ; a, a” a: a”, a” a’: 

There are two* general cyclic groups G3) generated by substitutions not conju- 


gate with any of their powers. The exponents of the multipliers of their distinct 
substitutions of period 30 are given in the following two columns: 


1, 2, 27 1, 5, 24 

11, 22, 27 11, 25, 24 
138, 26, 21 13, 5, 12 
17, 25, 18 
3 19, 5, 6 
23, 16, 21 23, 25, 12 
29, 28, 3 29, 25, 6 


It was verified that every substitution (1) of period 30 is conjugate in the 
quotient-group with one of the substitutions whose multipliers are given above. 


7. Suppose, lastly, that p*—1 = 3¢, ¢ being divisible by 3. Consider, first, 
the substitutions C of period p*— 1. Proceeding as in §6, we find that case (c) 
is now excluded, since m?>-+ m+ 1 is never divisible by 9 and, therefore, not 
by 3¢. Two cases remain : 

(a). As in §6, m—1 must be divisible by ¢. Setting m —1= kt, we have 
rkt = ct = skt (mod 3t). Since r—s is prime to 3, & must be divisible by 3, 
whereas m—1< p”. 

(b). As in §6, we have m+ 1=0(mod 3), m?=1(mod 3¢). Of each pair 
of solutions + mof the latter, one and only one makes m+ 1=0 (mod 8). 
Hence there are 2"+*~! suitable values of m. Inversely, for any such m and any 
integer r less than and prime to 3¢, the values s = mr—ct(c=0, 1, 2) make 
r —s prime to 3, and hence lead to substitutions of period p*—1. Their multi- 


pliers are 
a, 


*In accord with result (c), p. 251, of the earlier paper. 
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If C, denote the substitution corresponding to the first set, the product C['~* >” 
has the second set of multipliers and C+‘ }—™ has the third set of multipliers. 

Hence there are only 2"**~! cyclic groups of order p"—1; their generators may be 
taken to have the multipliers a, a”, a~1—™. 

These cyclic group are all distinct. In fact, a =a, a't‘ or a+” requires 
y =m (mod t); requires (m + 1) y=— 1 (mod ¢), whereas 
m-+ 1 and¢ have the common divisor 3. The results may be stated as at the 
bottom of p. 251 of the earlier paper. 


8. It remains to determine the cyclic groups of order t= 3 (p"—1), ¢ being 
divisible by 3, which are not contained in any of the cyclic groups of order p" — 1. 
They may be generated by substitutions C of the form (1) in which [7, s, 3¢] = 1 
and r — s is divisible by 3. Inversely, every such substitution C is of period t. 
By §5, the number of sets 7, s, each < 3¢, is H= 2 3" F(T), wheret= 3°7, T 
being prime to 3. To determine every substitution ( which is conjugate with 
some of its powers C”, 1<. m<t, we treat the three cases (a), (b), (c) of §6. 

(a). This case is to be excluded since r(m— 1), s(m— 1), and, therefore, 
also m — 1, must be divisible by ¢. 

(b). Here m*?—1 is divisible by ¢ and, therefore, by 3°. Also r—s 
=r (1— m) + ct is divisible by 3, so that m—1 is divisible by 3. It follows that 
m + 1 is prime to 3 and therefore that m—1 is divisible by 3’. Inversely, if 
x be any solution of z*=1 (mod 7’) and m be determined by the conditions 


m=ax (mod T), m=1(mod 3’), 
then m’?= 1 (mod ¢) and m — 1 is divisible by 3. Hence there are 2*+*-!—1 
such integers m, 1<.m<t. For each m and ¢ the condition 
r(m®? —1)/t=(m+1)c (mod 3) 
determines c modulo 3, If m? —1 is divisible by 3¢, then c=0; if m?—1 
= (37 + 1)t, thenc=-Fr. In the former case, C has the multipliers 


= 1 (mod 3¢)], 
and is conjugate with C”™. In the latter case, C has the multipliers 
[m? = 1 + ¢ (mod 32)], 


and is conjugate with C” in the quotient-group. In either case, C is the rt 
power ofa substitution of period p”— 1 having the distinct multipliers a, a”*™, 
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a—*~™—"(k=0,1or 2). Hence there are 2***—! — 1 of these special cyclic groups 
of order t. In all, they contain 

— 1) 9 (7) — 1) (3) 
sets of unequal multipliers of substitutions of period ¢. 

(c) Since  —s=r (1—m) =0 (mod 3), m — 1 is divisible by 3. Hence, 
r(m? + m-+1) and, therefore, m?+ m+ 1 must be divisible by 3¢, whereas, it 
is not divisible by 9. The case must be excluded. 

In 3 @ (3¢) of the E sets r, s, —r—s, two of the three integers are equal. 
The remaining sets give rise to 


rs 9 (3¢)] = 9 (T) (7) — 3°" 9 (7) 


sets of unequal multipliers of substitutions which are distinct in the quotient- 
group. Excluding the sets (3), and dividing the resulting number by ¢ (2), 


we obtain 


as the number of cyclic groups of order ¢ whose substitutions of period ¢ are never 
conjugate with any of their powers. In addition to these, there are 2“*+*—' —1 
special cyclic groups determined above and one cyclic group of order ¢ generated 
by the substitution with the multipliers a, a, a~’. 

Example [—For p" = 19, there are two cyclic G, not in the cyclic Gi, gen- 
erated by substitutions (1). Their substitutions of period 6 have the multipliers 


— 


Example II.—For p" = 37, there are four cyclic G, not in the cyclic Gz. 
The multipliers of their substitutions of period 12 are 


a, a, an” a, a? a’, a’ a; a, 
a, at, a? a’, ql a’, an a a”, a, a? 
a, a’, a® aw 3, 


The last two substitutions are conjugate with their seventh powers. 


9. We give a summary of the results of §§3-8, adding the number of conju- 
gate groups of each type. For p"= 3¢+1, the order N of the simple linear 


fractional group G@ is 
N= (p™— 1)(p™ — 1) p™. 
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The substitutions (1) generate cyclic groups which are subgroups of the following 
system of distinct cyclic groups: 

For t= 4(p"—1) prime to 3: 

sets each of conjugate G,._,, 

sets each of N/(;, “—1)* conjugate G,._,, 

(t)—4 2-1 — 2"**—! sets each of N+ 4(p*—1)’ conjugate G,._ 4, 


the second set occurring if, and only if, p* = 2", n being even and 4(2"—1) 
having only prime factors (6 in number) of the form 6% + 1. 

For ¢ divisible by 3: 

2"+*—1 sets each of N+ — conjugate G,,_, 

4 (7) — 2" *+*—! sets each of N+ 4 (p"— 1)? conjugate G,._,, 

+*-l__ 1 sets each of N+ 3(p" — 1) conjugate G;,, 

4 37h) (T) — 4 2" +*—! sets each of N+ 3 (p" — 1)’ conjugate G,, 

one set of N+ 4(p™" — 1)(p™” — p") conjugate G;,. 
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Curves of Triple Curvature.* 


JAMES G. Harpy. 


The present paper is written to bring together and, in some measure, to add 
to the results which have been obtained concerning curves L of triple curva- 
ture. Equations of motion for systems in a four-dimensional space have been 
deduced and used to introduce the notion of an instantaneous plane of rota- 
tion. The derivation of the equations of motion is not new but it seemed best 
for the sake of clearness to retain it. By constructing the principal tetrahe- 
droid at a point of a curve of triple curvature and studying its motion by 
means of the kinematical equations obtained, geometrical interpretations of the 
six rotations and also a set of formule corresponding to the Serret-Frenet 
formule for curves of double curvature have been arrived at. These formulz 
have been applied to the study of curves Z and, in particular, of the osculating 
hypersphere and the locus of its centers. 


Note. Several of the results of this paper were contained in a paper read by 
me in 1898 before the Mathematical Seminary of the Johns Hopkins University. 
The articles by Professor Lovett and Mr. Hatzidakis in the American Journal 
of Mathematics, vol. XXII, have appeared since then. 


Tue Motion or SyStEMS IN A SPACE or Four DIMENSIONS. 


Velocities in an invariable system. 


1. To discuss the motion of a system in a space of four dimensions we 
proceed as in the discussion of a similar problem in three dimensional space. 
The motion will be referred to a set of four rectangular axes OX, OY, OZ, OW 


* Conf. Brunel, Mathematische Annalen, XIX, p. 48 ; Pirondini, Giornali di Matematiche, XXVIII, 
p. 287; Piccioli, Giornali di Matematiche, XXXVI, p. 278. 
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through a fixed point O. Iinagine a second set of four rectangular axes, having 
the same orientation as the first, invariably connected with the moving system, 
and whose origin o is one of its points. To determine the position of the system 
at any instant it is sufficient to know, in terms of the time, the coordinates 
Xo, Yo, Z), Wy of the origin o, and the nine direction cosines of the moving axes 
with respect to the fixed axes. Denote the moving axes by oz, oy, 02, ow; coor- 
dinates referred to the fixed axes by X, Y, Z, W, and with respect to the moving 
axes by x, y,2z,w. The moving axes form a moving “‘tetrahedroid” and the six 
planes passed through these axes in pairs form a moving “hexahedron.” The 
sixteen direction cosines of the one set of axes referred to the other are given by 


the following table: 


Xia 4 
Yja, Bs 
Z\a; Y3 
Wiha Y4 


Consider first the motion of an invariable system, that is, a system whose 
points do not move relatively to each other, and let z, y, z, w be the coordinates 
of a point P of the system referred to the moving axes, and X, Y, Z, W be the 
coordinates of the same point referred to the fixed axes; then 


X= dw, 
Y= 
W= Wty 


Differentiating these equations for ¢, we have the projections of the velocity 
V of the point P on the fixed axes, 


the x, y, z, w being constant in an invariable system. 


cys 
| 
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Projecting Vx, Vy, Vz, Vw on the axes 0x, Oy, 02, ow, we have, as the 
projections V,, V,, V., V,, of the velocity Von the moving axes, 


V, = a, Vx + a, Vy +4; Vz, + a,V. w? 
B.Vx + Bs Va, (3) 


These expressions for V,, V,, V., V,, become simple if we substitute in the 
second members of (3) the values of Vx, Vy, Vz, Vy given in (2), and remember 
that such sums as 

doy 


das 


are zero, and if we use the following abbreviations: 


dd. (4) 


We then find as the expressions of the projections of the velocity on the moving 


axes, 
V, = V2 — pu + — | 
V, = + — — , 
V, = V2 + PesY — — psi, 
Vit put + Pay + PuX, 


where V?, V), V?, V,, denote the projections of the velocity V of the origin of 
the moving axes on the moving axes, 


(5) 


dt 


ee ee ee wee eee eee 


(6) 


da, __ dp, 
Pa= 
P23 = = 
da, _ 
= > 
dB. 
m= 
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2. The interpretation of equations (5) is as follows: They show that the 
velocity V of each point P of the system is the geometric sum of two vectors V 
and 7’; the first being the same for all points of the body and equal and parallel 
to the velocity of the moving origin; and the second, 7, differing for different 
parts of the body and having as its projections on the moving axes 


— — Prey » 
— — Ps, 
+ Pay - 

The vector 7 is the velocity the point P would possess if the only motion 
were one of rotation about a plane through the moving origin ; the quantities p,; 
being the projections of the rotation on the six planes of the moving hexahedron, 
and the four quantities just written being its projections on the four axes. 

This rotation may be called the instantaneous rotation, and we say that the 
velocity of any point in a body is the resultant of a velocity of translation equal 
to the velocity of any point o of the body, and a velocity of rotation about a 


plane through o. 
Instantaneous plane of rotation. 


3. For convenience, I shall speak of any relation between x, y, z, was the 
equation of a hypersurface ; two relations as the equation of a surface ; three 
relations as the equation ofa line. An expression of the form 


ax + by +cz+dw+te=0 (7) 
will be said to represent a hyperplane; two such relations, a plane. 


If an invariable system moves in a space of four dimensions, and we wish to 
find those points in it having at any instant a minimum velocity, we form from 


(5) the expression 
D, (8) 


where A, B, C, D are the right-hand members of (5), and equate the four 
derivatives with respect to x, y, z, w to zero. We find 

+ pyD= 0, 

— + + pyD= 0, (9) 

+ pyD = 

— pyA— pyB — py? =0, | 


+ 


| 


| 
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which, solved for x, y, z, w, give the points sought. To get the minimum 
velocity itself, we solve (9) for x, y, z, w and substitute their values in (8). The 
system (9) being linear and homogeneous in A, B, C, D, we will divide each 
equation in it through by D and solve the first three of the resulting equations 
for the ratios of A, B, Cto D. This supposes that all the quantities A, B, C, D 
are not zero; that is, that the velocity Vis not zero. We find 


A —Pu Pur —Pis 0 Pu 
D Pra 0 P23 Pr 0 P23 (10) 


a determinant whose denominator is a skew symmetric determinant of odd order 
and, therefore, zero. Then the numerator 


Pa 
— Pas 0 | = — + PisPu + Prs P23) (11) 
—Pu —Pzs 0 
must vanish ; that is, i order that there be in a moving system a set of points with 
minimum velocity not zero, the relation 
(PiPss + Pis Pu + Ps P23) = 0 (12) 
must be satisfied between the six quaniities pi;. 
The deter::inant in (11) being the determinant of the first three equations 
(9) divided by /’ .nd it being zero, and the equations being non-homogeneous, it 
follows that uiese equations are not independent and (9) represents a plane, the 
locus of all points whose velocity is minimum, called the central plane of motvon. 
The motion may be looked on as made up of a gliding along the central plane and 
a rotation about it. No matter which three equations (9) are taken, their deter- 
minant is zero. 
If the velocity at any instant is zero, that is, if the motion reduce entirely - 
to a rotation, we must have 
P=0; 
therefore Az B= C= D=0, 
or Vi — puw + pst — Poy = 9, | 
Vy + pit — pyw — = 0, 
Pay —Pist '— = 0, 
Vi + Pst + Pay + pur = 0. J 


(13) 


| 3 
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These equations (13) have as their determinant 
0, Pur —Pis Pas 

Des » 0, Px, Pu 
Piss 

— Pur —Pur 


which, being a skew-symmetric determinant of even order, may be written 


(Pio + Pis Pos + Pg « 


The expression in parenthesis is the first member of (12) and if we take 


(Pie Pss + Ps Pos + Pus Pos) = 0, 


the four equations (13) reduce to two which represent a plane called the instanta- 
neous plane of rotation, it being the locus of all points having at the instant con- 
sidered a velocity equal to zero. 

When the moving system has one point fixed we may take the fixed point 
for the origin of both the fixed and the moving axes; the equations (13) reduce to 


— Py + — Poy = 0, 
Pl — — = 0, (14) 
— Pt — Pyw = 0, | 
+ pay + = 0. J 


a set of four linear, homogeneous equations with four unknowns. If these are to 
be satisfied by a set of values of a, y, z, w not all zero, it is necessary that their 
determinant, which is exactly the determinant written after equations (13) vanish. 
In this case the four equations reduce to two and we have an instantaneous plane 
passing through the fixed point. 
If in equations (13) we make 
Vi = © = Pu = Pu = Pu = 0, 

the resulting equations 

V2 + Pst — poy = 0, 

Vi + Prt — = 0, 

+ Pay — Pst = 0 


are the equations of the instantaneous axis of rotation of an invariable system 
moving in a space of four dimensions. 


’ 
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Velocities in any system. 


4. Suppose now that the moving system is not an invariable system, but 
that its points are free to move among themselves, Then, instead of treating 
x, Y, 2, w as constants in differentiating equations (1), we treat them at functions 
of the time ¢, and equations (5) become 


dix 
V, = V?— Pu + — Pry + 

di 
V, = VP + Put — — pot + 


(15) 


ad. 
V? + — — py + 
— we dw 
Vy = Ws + P34” + Posy + + “dt 


which are the projections of the velocity of a moving point in a moving system 
upon a set of axes invariably connected with the moving system. 


Expressions for the rotations in terms of the direction cosines. 


5. As in case of rotations in a space of three dimensions (see Darboux, I, p. 4), 
the six quantities p, may be expressed in terms of the sixteen direction cosines 
1, .---, 0, and their derivatives with respect tothe time. (See American Journal 
of Mathematics, vol. 20, p. 138.) Suppose, constructed through a fixed point of 
space, a tetrahedroid 7’ with the same arrangeinent of axes as in the one T 
fixed in the moving system, and let the axes of 7’ always remain parallel to 
those of 7. Then, as far as the rotation is concerned, the motion of 7” is the 
same as that of 7, and the motion of 7’ will be given by equations (15) when 
the terms V2, ...., V2 are made zero. Take a point on the fixed axis OX ata 
distance of unity from the origin; its coordinates referred to 7” are a, 21, 7%, 4. 
Its velocity being zero, equations (14) give 

= =  Prbi — + Pr 


= — + + Pud1> 
(16) 


= — Pog + » 


— — Psy: 


‘ 
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Similarly we may get three other sets of equations like the above, except that 
the subscript 1 is replaced by 2, 3, 4 respectively. 

Making, successively, the subscript 1, 2, 3, 4 in the first equation (16), mul- 
tiplying the resulting equations respectively by 6,, G2, 63, @,, and adding, we find 


4 
or pydt = B,da,. 
Similarly  p,dt= padt = — 
pdt = = —Xyda; pydt = >sdB = — 
pudt = = — Xadd; pydt = = —Xydb, 


a set of equations expressing the rotations in terms of the sixteen direction 
cosines and their derivatives with respect to the time. They are analogous to 
those for a space of three dimensions. (Darboux, I, p. 5.) 


APPLICATION TO CURVES OF TRIPLE CURVATURE. 


The principal directions. 


6. When a line is such that five consecutive points on it are not in gen- 
eral situated in the same ordinary space, it is said to be a line of triple curvature. 
Two consecutive points determine the tangent at any point; three consecutive 
points determine the ordinary osculating plane and four consecutive points deter- 
mine the osculating hyperplane. The straight line situated in the osculating plane 
and perpendicular to the tangent is called the principal normal at the point M of 
tangency. ‘The straight line contained in the osculating hyperplane and perpen- 
dicular to the tangent and the principal normal is called the principal binormal 
at M; and a fourth line perpendicular to the three just defined, and, conse- 
quently, to the osculating hyperplane also, is called the trinormal at M. The 
binormal and trinormal are so called because they are respectively perpendicular 
to two and three consecutive tangents. The four lines just defined determine 
what we call the principal directions at any point UM of a curve of triple curvature, 
and the tetrahedroid 7’ formed by them at / is called the principal tetrahedroid 
at the point. /7'is fixed to the curve, and as M moves along Z the tetrahedroid 
T moves in space. Its motion is given by the kinematical equations which pre- 
cede, and by its use formule may be found for curves Z corresponding to the 
Serret-Frenet formule for curves of double curvature. 


‘ 
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The three curvatures. 


7. The limit of the ratio of the angle of two consecutive tangents to the arc of 
the curve included between their points of contact is the first curvature at the 
point considered, and is written 


lim = — | = first curvature. 
8=0 S 

If, through the origin of the fixed axes, we draw lines & of length 1 parallel 
to the tangents of the curve ZL, their extremities will trace out a spherical curve 
I on a sphere of unit radius having its center at o, and the coordinates of the 
extremity of any one of these lines are the direction cosines of the corresponding 
tangent to Z. The angle between two consecutive lines & is the angle be- 
tween two consecutive tangents of Z, and is measured by the are of I included 
between its sides. Then, by reason of the above definition of the first curva- 


d 4. das da; 


ture, we may write 


The limit of the ratio of two consecutive osculating planes to the arc 
between the point of contact is the second curvature of the curve considered : 


lim = second curvature. 
s=0 


Making use of a method similar to the one just used for getting the second 
expression for the first curvature, we may write 


=) + + = = 


The limit of the ratio of the angle of two consecutive trinormals to the arc 
ds is the third curvature of the point considered : 


lim dbs = third curvature. 
s=0 ds 

We also have —_ 


P2 
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Interpretation of the quantities p,;. 


8. If, at any ordinary point M of acurve LZ, we form the tetrahedroid 7 
and take the tangent as the axis of x, the principal normal as the axis of y, the 
principal binormal as the axis of z and the trinormal as the axis of w, we have 
a system of moving rectangular axes, with the origin at M/, to which points on 
the curve may be referred. Let x, y, 2, w be the coordinates of any point 
referred to these moving axes, and X, Y, Z, W the coordinates of the same 
point referred to a set of rectangular axes, fixed in space, having an arbitrary 
point o as origin. Take the arcs of the curve as the independent variable, or, 


what is the same thing, suppose 


ds __ 
and also, 
d d d d 
a= a, =, (17) 


From equations (16) we find 
da, =( — + Pde) 
a3,= (— Piz, + Posy. + ds, 
(18) 
dy, =( — + 
Since the principal binormal, whose direction cosines are ¥,, Yo: ¥3, Y4; 
is perpendicular to two consecutive tangents, whose direction cosines are 
Ag, Ag, Ay and 4+ + die, das, A, + da, , it follows that 


4 
>. (a,y,) = 90 and >. y. (a4, + da,) = 0. 


The first of these is true on account of the orthogonality of the axes; and, if we 
remember that 


da, = — 
the second will give the condition 
da, = — pds = 0, 


and, therefore, = 0. 


This corresponds to the condition g = 0 for ordinary space. 
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If, in the same way, we express the condition that the trinormal is perpen- 
dicular to three consecutive tangents, we find the additional necessary relation 


(a, + da,) =0, or pyds = 0, 
and, therefore, pu=o. 


Two consecutive osculating hyperplanes of a curve of triple curvature inter- 
sect in an osculating plane; then the principal normal to Z at I, since it lies 
in the osculating plane, lies also in both osculating hyperplanes and is therefore 
perpendicular to two consecutive trinormals. Expressing this fact we have 


(6, + or —pyds= 0, 
which requires 
Of the six rotations p;; three are zero, as we have seen, when the tetrahedroid 
T is connected with the curve as above described. In order to interpret the 
remaining three it is necessary to use the definitions given in (7) of the three 
curvatures of a line L. 


9. Construct through some fixed point a tetrahedroid 7, whose axes are 
parallel to those of 7. We get in this way a tetrahedroid whose motion, so far 
as rotation is concerned, is exactly that of 7. A point at the distance 1 from 
the origin on the a-axis of 7, has a velocity whose projections (see equations 
(5)) are 0, py, 0,0; that is to say, this point describes a path pds; or, what 
is the same thing, the tangent to the curve turns through an angle p,. ds while 


the point of contact describes the arc ds. Consequently 
the first curvature = = - 
ds 
The projections of the velocity of a point on the principal binormal at a 


distance 1 from the origin are 0, — 73, 0, p44. Therefore, 
+ (= Pal ds 


the second curvature = —— 


P2 ds 
1 
= + (— Pras)? 
A point at the distance 1 from the origin and on the trinormal has a velocity 
whose projections are 0, 0, — py, 0; therefore, 
1 — pads _ 


the third curvature = — = — Day. 
ps ds P34 


| 
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These last three formule give us the desired interpretation for the quanti- 


tleS Py2, Pos» Pas j 


12 
1 1 1 
19 
(19) 
1 
34 Ps 


When p, = » these reduce immediately to the corresponding formulz for ordi- 


nary space. 


“ Serret-Frenet” Formule. 


10. If we introduce the values given by (19) into (18) and also use p,; = py 
= pu —0, we find 


da, _ 

ds 

ds HH 

ds 03 HT’ 

ds 


a set of equations which express the derivatives with respect to the arc of the 
sixteen direction cosines as linear functions of the cosines themselves ; the coeffi- 
cients being functions of the three curvatures of the curve considered. Formule 
(20) are to curves of triple curvature what the Serret-Frenet formule are to 
curves of double curvature. 

From equations (20) follow immediately on squaring and adding 


da, _ 1 dye — 1 

| 

pt ph J 


the first, third and fourth of which we have already obtained. 
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Spherical Indicatriz. 


11. Suppose, through a fixed point, we construct a tetrahedroid with axes 
parallel to those of the principal tetrahedroid at a point M of a curve LZ, and at a 
distance of 1 from the origin on each of the axes parallel to the tangent, princi- 
pal binormal and trinormal, choose points. These points will describe spherical 
curves on a sphere of radius unity whose center is the fixed point. We will call 
the curves o, 7, & so described, the spherical indicatrix of the tangent, the spher- 
ical indicatrix of the principal binormal and the spherical indicatrix of the tri- 
normal respectively. 

By means of certain properties of these curves o, 7, & obtained by using 
the kinematical equations (15), we can define the positive directions of the 
principal normal, principal binormal and trinormal, having given a positive direc- 
tion on the tangent. For any point on o equations (15) and (19), together with 
Pixs = Pu = Pu = 9, give 

V=0, ¥,=0, 


Then the tangent too is parallel to the principal normal to L, and the velocity of 
the point which traces out o is exactly the first curvature. We choose, then, as 
the positive sense on the principal normal, the sense of the tangent too. 

Imagine a man standing with his feet at the point M of Z and the principal 
binormal passing through him lengthwise ; the direction from his feet to his head 
will be called the positive direction of the principal binormal if he sees the a-axis 
become coincident with the y-axis after a rotation of 90° from left to right about 
the principal binormal. 

If the line through the fixed point and parallel to the trinormal extends in 
both directions a distance unity from the fixed point, there will be two spherical 
curves & and #’ traced on the unit sphere by points whose velocity is given by 


V,=0, 
P3 


The velocity of the tracing points is therefore + and the tangents to k and k! are 


-» 


parallel to the principal binormal of L. We shall speak of that one of the curves 

k and k’ as the spherical indicatrix of the trinormal which has as its sense the 

positive sense along the principal binormal. Then the positive sense along the 

trinormal, will be from the fixed point to the spherical indicatrix of the trinormal. 
4 


1 
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Then, given a positive sense along the tangent to a curve Z at a point I, 
the positive directions along the three other principal lines are determined. 
For any point on ¢ the equations (15) and (19) give 
 @ 1 
0, Vy = pu = — 
Ps 
which shows that the motion is in the plane yw and the velocity of the tracing 


point is the second curvature. 
Similarly the point at a distance of 1 along the principal normal traces a 


curve I’ with a velocity given by 


| 1 1 


What precedes shows that the curves o, t, k are traced by points whose velocities 
are respectively the first, second and third curvatures of the curve considered, while the 
square of the velocity of the point tracing T is the sum of the squares of the velocity 
along o and t minus the square of the velocity along k. 


Principal directions and three curvatures at a point in terms of the coordinates 
of the point. 


12. The osculating hyperplane at any point &M of a curve of triple curvature 
may be defined as a hyperplane such that the distance to it from any point of the 
line infinitely near Jf is an infinitesimal of at least the fourth order. Being so 


defined we can get its equation 
U 


y w 
A(X—2)+ B(Y—y)+ C(Z—2)+ D(W—w)=0. A=]y" (22) 
gill 


by a method exactly similar to that used in getting the equation of the osculating 


plane of a curve of double curvature. 
When the arc is taken as the independent variable 


(23) 


ds 


Also if Mbe a point on Z and m be the corresponding point on the spherical 
indicatrix of the tangents to Z, then, since the tangent at m is parallel to the 
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principal normal at M, the cosines of the principal normal to Z at Mare given by 


do do ’ 
where o is the arc of the spherical indicatrix. Remembering that 
1 
we have 
day — " 
= pie", ---- pw". (24) 


The direction cosines of the trinormal being proportional to those of the 
perpendicular to the osculating plane, we have 


If m! be the point on the spherical indicatrix of the trinormals corresponding 
to I, then, since the tangent at m’ is parallel to the principal binormal of ZL, 


_ db, _ db, 
do being the arc of the spherical indicatrix. Since bo —s 
dd dd 
If we notice that the determinant 
a 
as Bs ys 
B, 
each element is exactly equal to its minor, we will have 
Xe Be be 
1% Bs ote, (27) 


Squaring and adding equations (24) we find an expression for the first cur- 
vature in terms of the coordinates of the point; 


2 — + + + w'”, (28) 


Pi 


da, 
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Squaring and adding (26), we find again 
1 _ , (dd; , 
which, combined with (25) gives the third curvature in terms of the coordinates 


of the point. 
The expression for the second curvature in terms of the coordinates of the 


point may be obtained by using 
ds* 
together with (26), (25) and (29). 
The three curvatures being found in terms of the coordinates of M, we can, 
by substitution in (23), (24), (27) and (25), find a,, .... , 6, in terms of the same 
coordinates. 


Position of a curve L. 


13. The positive sense on the principal binormal being defined as above, the 
center of first curvature is on the concave side of the curve. For, if P and P, 
are two infinitely near points on the curve, the projection of the chord PP, on 
the principal normal is 


K= Bi (a — a) + + — 2%) + — 
If the equations of the curve are 


= f(s) 


then .---, 
2 
and = fi (6) + Al + 
But A()=a, A (0) = 
2 3 4 


Similar expressions may be obtained for y, — y, z,—2, w, — w by advancing the 
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subscripts on the direction cosines. Substituting in the expression for K, we 
have 


= 
20) 
which is positive, whether h be — or +, provided it be infinitesimal. The pro- 
jection K being positive, the center of curvature must be on the concave side of 
the curve. The curve is entirely on one side of tts tangent. 
The projection of PP, on the principal binormal is given by 


(yi—y)+.--- 


— 


that is, according as / is + or —, the projection PP, on the principal binormal 
is—or-+. The curve, therefore, crosses its osculating plane. 
The projection A, on the trinormal is given by 


K,= 6, (a — x) +&:(y,—y) + ---- 
— Mora 
= 


that is, whether h be + or —, the curve is always on the same side of its osculating 
hyperplane. Conf. Lovett, Amer. Jour., vol. XXII, p. 226 et seq. 


Coordinates of a point in terms of the are. 


14. To express the coordinates of any point of a curve Z in terms of the are, 
we let O be a point of Zand M a point near it. Take O as the origin and con-. 
struct the usual tetrahedroid. The coordinates of M are 


a= fi(e), ----, 


which, developed by McLaurin’s formula, give 


ofi(0) + fil (0) + A"(0) + 


‘ 
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Substituting and using the abbreviations ®, B®, X as in the previous section, we 
find 


x = 8 — 

y= 

(30) 


it being understood that the values of ©, ®, Xare taken fors=0. These for- 
mulz also make it evident that the curve does not, in general, cross its osculat- 
ing hyperplane. 

It is easy to show by means of (30) that the difference between an infinitesi- 
mal arc and its chord is of the third order with respect to the are. 


The osculating hypersphere. 
15. An equation of the form 
(x — + (y— + + =r 

will be said to represent a hypersphere because of the similarity of its form to 
that of the equation of a sphere in ordinary space. The conditions for contact of 
order n between a curve of triple curvature and a hypersurface are like those for 
contact of a curve of double curvature and a surface in ordinary space, if the 
definition of contact of order 7 is: 

When a curve Z and a hypersurface S have in common a simple point P 
we say that they have at that point a contact of order n if, for every point Q 
infinitely near P on ZL, we can make correspond on S a point @ such that the 
distance QQ be infinitesimal of order n+ 1 with respect to the chord PQ. 

The hypersphere which, at a point M(z, y, z, w) of a curve Z, has a contact 
of highest order possible with Z, is called the osculating hypersphere of Z at M. 
Since the equation of the hypersphere contains five parameters, the contact must 
be of the fourth order if the hypersphere is to osculate the curve, and if we call 
X, Y, Z, W the coordinates of the center of the osculating hypersphere and R 
its radius, we have 


9" (s) (s) — or’ (s) 
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The second of these is the equation of the normal hyperplane at UM. If we dif- 
ferentiate the second equation and use the first equation (20); differentiate again 
and use the second of (20), and, finally, differentiate again and use the third equa- 
tion (20), we have, for the determination of the radius R, the equations 
(x—X)a, + 0, 
(@—X)6, + (y— + (w— W) — 
(a—2X)d, + (y— Y)d, + (2 —Z) 03 + (w— W) 6, 


ds/ 
Squaring and adding these four equations we find 
(@—X) + (y— YP + WY =P 
2 2 
= pit + (82) 


which is the expression sought for the radius of the osculating hypersphere at any 
point of a curve of triple curvature. The first two terms form the expression for 
the radius of the osculating sphere at a point of a curve of double curvature. 


Locus of centres of osculating hyperspheres.* 


16, The consecutive normal hyperplanes of a curve ZL of triple curvature en- 
velop a curved hypersurface, S,, which is called the polar hypersurface of L. Two 
consecutive normal hyperplanes have in common a plane called the polar plane 
of Z. These polar planes envelop a developable surface S, called the surface of 
regression of S,. Three consecutive normal hyperplanes have in common a right 
line called the polar line of L, and these polar lines envelop a curve called the edge 
of regression of S; or the line of regression of S,. Then, with these conventions, 
what precedes shows that the center of the osculating hypersphere is at the point 
where the polar line touches its envelope, and its locus is the edge of regression of the 
polar hypersurface. 

The coordinates of the center of the osculating hypersphere may be found by 


* Pirondini, ‘‘Giornali di Mathematiche’”’ ; loc. cit. 


d 
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solving equations (31) for « —X, y— Y, z—Z, w — W, a process which gives 
Nn + Z= 2+ Bop 3K, | 


+ 4K, WH wt —y + 3K, (38) 


dp, dH 
ds ds 


K= + Hys — + 9s 

If equations (33) be differentiated and the results simplified by the use of (20), 

the resulting formulae will give the direction cosines of the tangent to the curve 
traced out by the center of the osculating hypersphere ; 

dX H dp, , dK H = 


(34) 


Thesecond members of these equations containing 0,, d,, 63, 6, a8 factors, it follows 
that the tangent to the locus of the centers of the osculating hyperspheres of a curve L 
of triple curvature is parallel to the trinormal at the corresponding point of L. 

If LZ be a curve of triple curvature and Z,, be the locus of the centers of its 
osculating hyperspheres, the osculating hyperplane of Z is parallel to the normal 
hyperplane of Z), since the trinormal of Z is parallel to the tangent of Z,. Also, 
the osculating hyperplane of Z, having the polar line of Z as its characteristic 
coincides with the normal hyperplane of Z and, consequently, the trinormal of Z, 
is parallel tothe tangent of Z. The principal binormal of Z, lies in the osculating 
hyperplane of LZ, perpendicular to two consecutive tangents of Z,; that is, it lies 
in the normal hyperplane of Z perpendicular to two consecutive trinormals of L. 
Therefore it is parallel to the principal normal. It follows immediately that the 
principal normal of L, is parallel to the principal binormal of Z. We have then 
the theorem ; 

The tangent, principal normal, principal binormal and trinormal of a curve L 
of triple curvature are respectively parallel to the trinormal, principal binormal, 
principal normal and tangent of the locus L, of the centers of the osculating hypers- 
pheres of L. 


17. The tangent to Z, at any point being parallel to the trinormal of ZL at 
the corresponding point, and the trinormal of Z, being parallel to the tangent of 
L, it follows that the angle of two tangents of ZL, is equal to the angle of two 
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osculating hyperplanes of Z; and the angle of two osculating hyperplanes of L, 
is equal to the angle of two tangents to L. We have therefore 


angle oftwo tangents of Z,__ 1 


ds, 
angle of two osculating hyperplanes of Z__ 1 
and, consequently, 
pl Ps 


In like manner, 


angle of two osculating hyperplanes of Z,__ 1 


p3 
angle of two tangents of 
ds 
whence, ds, __ ds 


where ds®, pi, p§ denote the arc, radius of first curvature and radius of third 
curvature of Z,. Comparing these results, we find immediately the relation 


= 


We can also find p} and 93; for, from (26), we have 


Consequently, given the three curvatures of a curve of triple curvature, we can find 
immediately the first and third curvatures of the locus of the centers of its osculating 
hyperspheres by means of the equations 


V being given by the equation above. 


18. The osculating hypersphere and the osculating hyperplane at a point M of 
L intersect in an ordinary sphere which is the ordinary osculating sphere at M, and 
is the characteristic of the osculating hypersphere at M. 
5 


| 
ds, H dp, , dK _ 
aha’ 
| 
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For the characteristic of the osculating hypersphere at Mis given by 


S(a— X)—R=0, 


S(e— 


the latter being the equation of the hyperplane determining the characteristic. 
By using (34), this last equation may be written 


which shows that the hyperplane determining the characteristic is parallel to 
the osculating hyperplane. It also passes through the point /; for, substituting 
from (338) the values of XY, Y, Z, W, we find 


dp, , aK 


which is seen to be verified if we differentiate (32). 


Hyperspherical curves. 


19. Any curve of triple curvature which is situated on a hypersphere is 
called a hyperspherical curve. Since the osculating hypersphere of such a curve 
is the hypersphere on which it lies, we have necessarily at every point of a 
hyperspherical curve 


pi + + =const. (36) 


Conversely, if at every point of a curve of triple curvature the radius of the 
osculating hypersphere is constant, the curve is a hyperspherical curve. For, 
noticing that 


and, therefore, 


Kk _d _ 
is (FG) — 
Hd, H d dp, p: dp, 
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we can get from equations (26), 


aX 1 dZ_1 dW 

1/,,d4,\ d dj dK 
= AL) FQ) 
the last member of which is seen to be zero if we differentiate (36). Conse- 
quently, the center of the osculating hypersphere is fixed ; and, since by hypoth- 
esis its radius is constant, it is the same at all points of the curve, and the curve 
itself is hyperspherical. Hence, the necessary and sufficient condition that a 
curve of triple curvature be hyperspherical is that the radius of its osculating 
hypersphere be constant. The equation expressing this condition is (36), but 
this, on account of (34), may be replaced by 


dy 
p ds 


which is characteristic of hyperspherical curves. 


Involutes of curves of triple curvature. 


20. If a curve Z be such that each of its tangents is normal to another curve 
L,, we say that Z, is the involute of L, and that Z is the evolute of Z,. 

At any point of Z, construct the usual tetrahedroid. According to the above 
definition, the involute Z, is traced out by such a point on the axis of x of 7’ that 
its locus is always perpendicular to the z-axis. Let 1, 0, 0, 0 be the coordinates 
of this point referred to the moving axes. By using (15), we find the projec- 
tions of its velocity to be 


dl 


Expressing that the velocity is always perpendicular to the x-axis, we have 


dl +ds=0 or /+86= const., (38) 


a property which holds for curves of double curvature. 
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Equations (37) also show that the direction of the velocity of the point 
describing the involute is that of the principal normal of the evolute, and its 
magnitude is //p,. 

Comparing this with what precedes, we see that the tangent to the invo- 
lute, the principal normal to the evolute and the tangent to the spherical indica- 
trix of the evolutes, are parallel lines. Also, the velocity of the point describing 
the involute is / times that of the corresponding point on the spherical indicatrix 
mentioned. 

If we define the rectifying hyperplane at any point of a curve of triple cur- 
vature as the hyperplane perpendicular to the principal normal at that point, we 
can say that the rectifying hyperplane of the evolute is the normal hyperplane 


of the involute. 


Evolutes of a curve L. 


21. Consider the tetrahedroid 7 attached in the usual manner to the curve L 
ata point M (a, y, z, w). The evolute of Z, must be traced out by such a point I, 
in the normal hyperplane of Z that the tangent to its locus must always pass 
through M@. Let the coordinates of M, with respect to the moving axes be 0, 
Yi, %, W,; then, using (15) we find the projections of its velocity to be 


V.=1 — Prt, 

= — Pris 

+ Past — Patou { 


The first of these gives immediately 


Yi = Pi; 


that is, the point YY, is on the polar line and consequently ail the evolutes of a 
curve of triple curvature lie on the surface of regression of the polar hypersurface. 


3 


Harpy: Curves of Triple Curvature. 37 


If the tangent to the locus of ¥Y, is to pass through M we must have 


d d. 
— Pr3% + — Psi + Pum 
— + pos (yi + ds — = 0, (40) 
2,00, — w,dz, + Ps (wi + Zi) ds Q. 


Projecting the first of these on the plane of yz gives 


_ 


d.arctan = — pds, 

vita 

which may be written 

d. arctan 
On integrating, we find 

a — 

= arctan SF (41) 


and, therefore, 
= tan >, = tan 


Similarly, from the second equation (40) we find 


$, = arctan A= =, (42) 
Ps 
and hence, 
= % tan = tan ¢, tan ¢,. 


If we denote the coordinates of M, with respect to the fixed axes by 
X,, Y;,4, Wi, we have 


X,=«+ Bip, + yp: tan + dip, tan >, tan ¢,, 
Y=y+ + tan + tan tan ¢,, 


which, when p,; = », readily reduce to the corresponding formule for ordinary 


space. 


‘ 
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Equations (41) and (42) show that ¢, and ¢, contain additively an arbitrary 
constant. If, then, we are given a family of normals touching a known evolute, 
and if we rotate each normal about the tangent at its point of incidence in such 
a way that ¢, and @, are increased by fixed amounts, we get a second family of 
normals touching a second evolute. Any curve of triple curvature has, there- 
fore evolutes. 

These same formulze show that the principal normals of a curve of triple 
curvature cannot have an envelope; for, in order that $, and , be zero, we 
must have 

Ps — 


and the curve would reduce to a plane curve. 
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Primary Prime Functions in Several Variables and 
a Generalization of an Important 
Theorem of Dedekind. 


By Harris HANcocK. 


In the usual theory of numbers, all integers are divided into two classes: 
the prime numbers and the composite numbers. Sy a finite number of trials 
one can determine whether an integer is prime or composite. In the theory of 
algebraic functions we have to consider whether a polynomial in x with integral 
coefficients is or is not decomposable into factors, and this determination is also 
effected by a finite number of trials. Methods of limiting the number of trials 
have been given by Kronecker,* Runge,} and Mandl,t who at the same time 
show how to find the factors when the polynomial is reducible into factors. 

The decomposition of polynomials in two or more variables with integral 
coefficients into their irreducible factors, has been treated by Meyer|| and the 
author.§ 

The next problem which we have to consider is the decomposition of poly- 
nomials in one variable with integral coefficients into their irreducible factors, 
when the coefficients are taken with respect to a modulus which is a prime inte- 
ger. For example, the polynomial 


f(x) = + + .... +4,, 
where the integers a,,@,, ....a, are taken with respect to the modulus p, is 


decomposable into factors when it is possible to find three integral functions in x 
with integral coefficients f, (x), f, (x) and , (x) such that 


(x)= fi (@) (2) + Ph (2); 


or f (a) =f (mod. p). 
* Kronecker, ‘‘ Grundziige,”’ etc., §4, p. 11. t Runge, Crelle, Bd. XCIX, p. 89. 
t{ Mandl, Crelle, Bd. CXIII, p. 252. || Meyer, Math. Ann., Bd. XXX, p. 30. 


§ Hancock, Ann. de l’Ecole Norm. Sup., t. XVII, p. 89. 


+ 
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In this case we say that f(x) is decomposable into factors (mod. p) ; otherwise 
we say that f(x) is irreducible (mod. p). 

In Crelle’s Journal, Bd. CXXII, p. 269, the author has indicated by a simple 
example the methods which are to be employed in the general case. 

In the same way we may consider a polynomial F (x, y) in two variables 
with integral coefficients, where the polynomial, when expanded, has the form 


F(x, y)=a)(x)y + +a, (x). 


We suppose that the coefficients a) (x), a,(x), .... a, (x) are taken with respect 
to an integral function in x with integral coefficients, g, (x), say, and that the 
integral coefficients in g,(x) have been reduced with respect to the prime inte- 
ger p. We further assume that g, (x) is irreducible (mod. p). 

We say that F(x, y) is reducible into factors with respect to the prime integer 
p and the irreducible (mod. p) function g,(x) when two factors F, (x,y) and 
F, (x, y) can be found so that 


F(a, y)=F, (x,y) y) + po, (ey) +H (x,y), 
or F(x, y)=F, (a, y) y) [modd. p, 9, (x)], 


where ¢, (x, y) and y, (x, y) are two polynomials integral in x, y, with integral 
coefficients ; otherwise F(x, y) is irreducible with respect to the modular system 

In the same manner, if g, (a, y) is an integral function in a, y with integral 
coefficients, and is irreducible with respect to the modular system [p, g,(x)], we 
say that a function G(x, y, 2) integral in x, y, 2 with integral coefficients is decom- 
posable into factors with respect to the three moduli, p, g,(x), g.(x, y), when we 
can find functions G, (2, y,z), y, 2), y, 2), Ws 2), 2) 
integral in these variables with integral coefficients such that 


G (x, y, 2) = G(x, y, Ge(x, y, 2) + pos (a, 2) 

+ gi (x) Y, 2) + Go y) 2), 
or 
G (x, y, 2) =G,(a, y, 2) G, (a, y, 2)[modd. p, 9g, (x), go (x, y)]. 


When such functions cannot be found, the function G (a, y, z) is irreducible with 


respect to the modular system [p, 9, (x), 9,(x, y)]. 
Such conceptions may be extended as far as we choose. 


| 
f 
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In the first case considered above we have to consider polynomials in one 
variable taken with respect to the prime integer p as a modulus; in the second 
case we consider polynomials in two variables with respect to the prime modular 
system [ p, g, (x)], cf. Kronecker (Werke III’, p. 158); in the third case polyno- 
mials in three variables with respect to the prime modular system [>p, g; (x), 


92 (x, y)], ete. 
Let us take the polynomial 


(x) = + + .... $a, 
when a;(t= 0, 1,.... 7) are integers that are not divisible by p. Then itis 
always possible to find two other integers, positive or negative, a) and p such that 


+ pp = 1. 


Hence instead of considering functions like / (x) with respect to the modulus p, 
we may consider the function a, f(x) = f, (a), say, where 


Jo (x) = 1. +b, 071+ + .... +56, (mod. p), 


and the integers b,, b,, .... b, have all been reduced (mod. p) and consequently 
are to be found among the numbers 0, 1, 2,.... p—1. For it is seen that if 
we multiply the function f, (x) in turn by the complete system of incongruent 
(mod. p ) numbers 1, 2, .... p — 1, we have the same p — 1 functions (mod. p) 
as we have when / (x) is multiplied by these numbers. 
Next write 
F(a, y) =a (z)y +a (xy + +4, (x), 


where a; (x) [i =0, .... p] are integral functions in x with integral coefficients 
and consider this function with respect to the modular system [p, g; («)]. 

We assume that none of the function a, (x), a, (x) ...- a, (x) is divisible 
by the modular system [p, g, (x)], that is, we cannot find two functions a (x) and 
2 (x) integral in « with integral coefficients so that | 


ty (a) = pa (x) + gi (x) B (a). 
This assumption granted, since g, (x) can have no factor in common with a (2), 


it is always possible to find two functions a, (x) and g, (a) integral in x with 
integral coefficients, such that 


where m is an integer. 


6 
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We can further find two integers m and 2 so that 
mm =1+ pn. 
Hence m My (x) ay (x) + mg, (x) = 1+ pa, 
and finally 
M (%) Ay (x) = 1 [mod. p, g; (x)]. 
Consequently writing m a, (x) F(a, y) = F,(a, y), we have 
ys=1y +h (a) + +, (x) [modd. p, (x)]. 
By means of the function g, (x) the degrees of the functions b, (x), .... 6, (a) have 


all been reduced so as to be less than the degree of g, (x) and owing to the 
presence of p, all the numerical coefficients that appear are less than this prime 


integer. 
Suppose next that 


gr (x) = 1. + ya + 


where the integers 71, Y2, ---- Yn,—1) Yn, are found among the integers 0, 1, 2, 
I. 
By giving in turn these p values to each of the integers y,, 72, ---- Yn, We 


derive p™ = p,, say, functions which form the complete system of incongruent 
residues with respect to the modular system [p, g, (x)]. 

If we multiply the function / (x, y) in turn by the x =p" — 1 functions 
other than g, (x) we derive the same system of functions with respect to the mo- 
dular system [p, g, (x)] as is had when we multiply the original function F(z, y) 
by this same system of functions (cf. Crelle’s Journal, Bd. CX XII, p. 271). 

Proceeding in the same manner let g, (x, y) be an irreducible function with 
respect to the moduli p, g,(x), and with respect to the prime modular system 
[p, 9 (x), y)] consider the function 


G (x,y, 2) = a(x, +a +a,(x, y), 


where a) (x, y), (x,y), ---+ a, (x, y) are integral functions in x, y with integral 
coefficients and are not divisible by the modular system [p, g, (x), g2(a, y)]- 

We can always determine a multiplier m, $,(x) a) (x, y), where m, is an 
integer, @, (x) is an integral function in x with integral coefficients and a (x, y) is 
an integral function in x, y with integral coefficients such that 


m,9, (x) (a, y) (x, y) =1 [modd. p, g(x), g (x, y)). 


| 
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Consequently if we write mq, (x) a (x, y) G (a, y, 2) = G, (a, y, 2), it is seen 
that G, (x, y, z) has the form 


+ b, (x, y) [modd. p, (x), 


where 6, (x, y), b, (uw, y), .-.- 6, (x, y) have been reduced with respect to the 
modular system [p, 9, (x), 9. x, y)]. 

Suppose next that with respect to the modular system [p, g, (x)] that the 
function g, (x, y) has the form 


y) = 1y™ + 4, (x) +4, (x) + (2), 


where 4, (x), (aw), .--- (x) may be any of the p™ functions that constitute 
the complete system of incongruent residues with respect to the modular system 
Lp, 

There are consequently [p”]" = p”” = p, (say) such functions of the form 
gz, (x, y) including, of course, the function g, (x, y) itself, and these p, functions 
constitute with respect to the modular system [p, 9 (x), g, (x, y)] a complete 
system of incongruent residues. It is also seen that the function & (a, y, z) 
when multiplied in turn by the p,— 1 functions other than g, (x, y) produces 
the same system of functions with respect to the modular system [p, g, (a), 
J2 (x, y)| as those derived by the multiplication of G (x, y, z) by the same system 
of functions. 

Continuing this process let us form modular systems as follows: let p be a 
prime integer; then let g, (a,) be an irreducible (mod. p) function of the n, degree 
in x, (all constant coefficients are once for all assumed integral); let g, (a, 22) 
be irreducible [modd. p, g, (a,)] and of the n, degree in a, and form the 
modular system [p, 9 (2), J2 let gs (a1, 22, a3) be irreducible [modd. 
Ps Ji Jo and of the n; degree in ete. 

We may thus form the modular system 


[M] = [p, 91 Jo (1 +++ + Lu) 
With respect to this modular system there are a system of p™™*""" = p,, incon- 
gruent residues which we may denote by 7 (a, ---- Xm), %2 (1, Lg, Bm), 
Tym Lm), Of which one is the function g,, (a, .--- Wm) itself. 


With respect to these residues and the above modular system, there exist 
the same relations for the integral functions in these m variables as those 
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expressed by the theorems of Fermat, Wilson, etc., in the theory of rational whole 
numbers, where the integers are taken with respect to a prime integer as modu- 
lus. Indeed, all the theorems given in §§26-31 of Dirichlet’s “Zahlentheorie ” 
(Dedekind, 4th edition), regarding congruences, primitive roots, etc., have their 
exact analogons here. 

We come next to the consideration of functions f(a, %,,..-- , &n,#) taken 
with respect to the modular system [J/]. 

As above, it is seen that we may multiply this function by another function 


(xy, Say, So that when expanded in descending powers of x, the 
form 


F (a, Ho, Lmy 2) = 1.0" + a, Ho, Lm) 
+ a, (%; 


Such functions may be called primary functions in the m+ 1 variables 

Regarding primary functions in one variable, see Galois (Journal de Math., 
t. XI, p. 398) Dedekind (XI Supplement to Dirichlet’s ‘ Zahlentheorie,” 
p. 571 and other references of his works there cited ; also, the numerous applica- 
tions in C. Jordan’s “ Traité des Substitutions,” Paris, 1870). 

The first question which presents itself is: to determine the number of pri- 
mary functions in which the variable x occurs to the x degree, which are irre- 
ducible with respect to the modular system [M]. Such functions are called 
primary prime functions. 

The question may be expressed as follows: to determine the number of pri- 
mary prime functions that exist with respect to a given prime modular system, when 
the variable that does not appear in the modular system is of a given degree n, say. 

When z= 1, the function in question is 


1) w+ a(a, ---- 


where a(a, %,.-.-- 2) is an integral function in the variables and has been 
reduced by means of the modular system [J/]. 

There are consequently p":*™:""" = p,, such functions, viz., the functions 
that are had when for a(a,, 22, .--+ %m) is replaced each of the p,, functions 
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If we denote by «, the number of primary prime functions, where 1 =1, 
we have* 
@; = 
When x = 2, we have the primary functions of the second degree in x, the form 
being 


2) + a(x, sees Lm) + 5 (a, Xm) 
where, in the places of a(a,, 22, %m) and 6 (2, there may occur 
any of the p,, functions 7, (a, 


There are consequently 3, functions of the form 2), that is, primary func- 
tions of the second degree in x, where the coefficients have been reduced with 
respect to the modular system [/]. 

To determine which of these functions are prime, we have only to subtract 
from p;, the number of primary functions which arise from the multiplication of 
two primary functions of the first degree. This number is, since repetitions are 


allowable, (p +) Hence, if a, denotes the number of primary prime func- 


tions of the second degree in « whose coefficients have been reduced with respect 
to the modular system [J], we have 


2 m m 1 
= p,—F 
4 Pn (Pn — 1). 


A primary function of the third degree in « has the form 


and we have all primary functions of the third degree in x whose ‘coefficients 
have been reduced with respect to the modular system [M] when, in the places 
of the functions @ (21, 2%, O(a, Xe, Xm) and Ly), We 
substitute any of the p,, functions 7; (a, %, Lm), 

We thus have p%, such primary functions. These functions are either prime 
functions or products of a prime function of the first degree and one of the second 
degree or products of three primary prime functions of the first degree. 


* The present method is similar to that employed in the lectures at Berlin in 1894 on “‘ Zahlenthe- 
orie,’’ 2nd Part, by Professor George Frobenius for functions in one variable. I take the opportunity 
here of thanking this eminent mathematician for his courtesy in allowing me to make use of these 
lectures. 


‘ 
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The number of the products of a primary prime function of the first degree 
with a primary prime function of the second degree is @,a,; and the number of 
the products of any three primary prime functions of the first degree is equal to 
the number of combinations of p,, elements taken three at a time admitting repe- 
m+ 1)(Pm + 2) 

1.3.3 

Hence, denoting the number of primary prime functions of the third degree 
in « whose coefficients have been reduced with respect to the modular system 
[M] by a3, we have 

Pn = O3 + + Ps (Pn 


titions, that is, equal to Pu(P 


+1)(Pn+ 2) 
1.2.3 


from which it follows that 


=f Pm + Pm (Pm 1) Pm (Pm + 1)( Pn + 2) 
2 6 


— Pn 


3 
We go now to the general determination of the number of the primary 
prime functions of the degree / in the variable x whose coefficients have been 
reduced with respect to the modular system [J/]. 


The number of primary functions of the degree hf is p,, since each of the h 
coefficients of the primary functions may be replaced by any of the functions 


Such a primary function of degree h can be either a primary prime function of 
the degree / or a product of a primary prime functions of the first degree, } 
primary prime functions of the second degree, c primary prime functions of the 


third degree, etc., where a, b,c, .... are arbitrary integers (> 0) which are 
subjected to the only condition that 
a+2b+ 38+ ....=A. 


Now in how many different ways is such a formation of a product of a primary 
prime functions of the first degree, 6 primary prime functions of the second degree, 


etc., possible ? 


| | 
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There are w, primary prime functions of the first degree; these may be 
combined taken together a at a time and allowing repetitions in 


+ 1)(a, + 2) (@; + a— 1) 


different ways. Similarly the , primary prime functions of the second degree 
may, when 6 of them are taken together and allowing repetitions, be combined in 


+ 1)(@, + 2) (a +b—1) 


ways, etc. 
Hence a product of a primary prime functions of the first degree, b primary 
prime functions of the second degree, etc., can be formed in 


a! b! 


ways. 


We define the symbol (7) by the well known relation, 


(3 (x — 1)(x — 2) +1) 


n |! 


where ~z is quite arbitrary, while x is a positive integer. 
By means of this symbol we may write the above product in the form 


If we take the summation of this product over all systems of numbers a, b, c,.... 
which satisfy the relation 


a+26+3c+....=h, 


we have the number of all primary functions of degree h, i. e. 


Qy — @2 
where the summation is to be taken over all systems of numbers a, 4, ¢, 


which satisfy the condition 
a+ 8&+....=A. 


| 
| 
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Let x be a variable ; we then have 


20 


and if we multiply the above expression by 2", it follows that 


where the summation is to be taken as before. 
This formula is true for all values of 
h=0, +1, +2,.... ad infinitum. 


If y is an arbitrary variable, whose absolute value is < 1, then is 


1 h 
2 
Accordingly, if we assume that p,,|”|< 1, then is 
h=o 
1 
Pm h=0 
and, consequently, 
h =o 
(a+ 26+ 3c+ .... =h), 


since, in this manner for the above double summation, we may write a product of 
an infinite number of single summations owing to the convergence of the series. 
Further, since, in the double summation, A is taken from 0 to », it follows also 
in the single summations that we must also cause the summations to be made 
from 0 to ». From the binomial theorem it follows that 


etc. 


|| 
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Consequently, we have 
— py = (1— a) 


— 


From this equation we may easily determine the quantities @, @:, @3, -++- 


tum, by equating like powers of x. 
We further have from this relation 


log (1 — pao) = log T] | (1 — “| 
=> — 
=> og log (1 


If we differentiate this equation with respect to x, we have 


d= 


But, owing to the identical relation, 


dn | 
> | 

n=] ‘d=l] 


On the other hand we have 


49 


ad infini- 


= 

p d gore 

and, multiplying by =, it follows that 
~ 
the above equation becomes 
(phx, 
1 — Pit 2, 
7 
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and consequently it follows that 


n=1"d=1 h=1 
Since this equation must exist identically, we have by equating like powers of 
x on either side, the relation 
da, ; 
(4) 
where, in the summation d is to be taken over all values for which A = d,, that 
is, d is taken over all divisors of h, including A. 

An immediate application of the above results is to be found in an exten- 
sion of a theorem due to Dedekind, a theorem which in the further development 
of the theory of algebraic numbers will hold the same important position as do 
the theorems of Fermat and Wilson in the ordinary theory of rational numbers. 

Consider the algebraic numbers that belong to a fixed realm of rationality * 
(K6rper), which denote by Q and let v be the totality (Dedekind, p. 537) of all 


the algebraic integers of the realm of rationality Q. 
This modul v (see Dedekind, p. 537) has the same relations with respect to 


the realm Q as unity has in the realm of rational numbers, for example 
9, 


and every algebraic integer in © is divisible by the modul v. 
Further let p be arational prime integer that is divisible by the prime ideal 
py [in v] (Dedekind, p. 560). 
Then the norm of » is 


N(p) =p", 
where / is a rational integer such that 


n being the degree of the realm Q (Dedekind, p. 565). 


* Dedekind, XI Supplement to Dirichlet’s ‘‘ Zahlentheorie,” fourth edition, p. 452. 
We shall in the following refer to this supplement by using merely the name of the author. 
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The number / is called the degree of the ideal ». 

If a and b are two arbitrary moduls, then the number of classes into which 
the algebraic integers that are contained in a may be distributed with respect to 
b is represented by the symbol* 


(a, b) =m, say. 


If we choose a definite integer out of each class, we have a complete representa- 
twe system of the modul a with respect to the modul 6. 

These m integers may be denoted by g, p, ---- pa. They have the fol- 
lowing characteristics : 

1) Hach of the m numbers is divisible by a. 

2) The difference of any two of these numbers is not divisible by 6. 

3) Every number that is divisible by a is congruent to one of these m 
numbers (mod. 6). 

Dedekind (p. 564) shows that 


(v, p) = N (p) =p’. 


Let p’ =x and let 9, p», ---- 9, be a complete representative system of the 
integers contained in the modul v with respect to the modul p. As unity is to 
be found among the integers in v, we take unity as the representative of the 
class to which it belongs and write one of the numbers 9,, p,, ..-- p, equal to 
unity, say = 1. 

Dedekind (p. 570) further shows, if is any algebraic integer in Q, that 


=o (mod. p). 
The following theorem follows at once: 
a? 1 =II (x — (mod. 


where x is a variable and the product is to be taken over a system of integers 


incongruent and relative prime to p. 
Since this congruence exists identically for all values of ~, we have, when 
x = 0, the analogon of Wilson’s theorem in the theory of rational numbers: 


Ilo = — 1 (mod. p), 


* Dedekind, p. 509. 
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where the product is to be taken over a complete system of integers w which are 
incongruent (mod. p) and are relative prime to p. 
If a is an algebraic integer in Q, and if 


a”* =a [mod. p], 


where h is the smallest rational integer that satisfies this congruence, then h is 
called the height (Dedekind, p. 571) of the integer a with respect to the modu- 
lus p. 

It is clear that h </. 

Consider the infinite series of numbers 


p) 93 


with respect to the modulus », and let / be the height of a. The first A of these 
numbers are incongruent (mod. p), and it is seen that after the first h of these 
numbers, the next / of them are repeated in the same sequence, etc. 


are called the period of the number a. 
It may be proved that the congruence 


a?” — =0 (mod. p) 


has exactly p* incongruent (mod. ») roots; and, indeed, this congruence is satis- 
fied by all quantities a whose height is # or a divisor of h, the number of such 
quantities being p”. 
We therefore have 
1) (mod. »), 


where the product is to be taken over a system of p” incongruent (mod. p) inte- 
gers whose height is / or a divisor of h. 
In this product there appears, if a is an integer whose height is A, the 


product 
(x—a)(x —a?)(a—a?’) .... 


a product which we may replace by a congruent (mod. ») primary prime func- 
tion of the A degree in x with rational integral coefficients. 
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In the same way, there enters in the product 1) a product of the form 
(x — — — BP) .... 


if @ is an integer whose height is d; this latter product may also be replaced by 
a congruent (mod. ») primary prime function of degree d with rational integral 
coefficients. 


It is thus seen that 
— x=TIP (x) (mod. 


where, since p* = > dw,, the product is to be taken over all the existing pri- 
(d) 
mary prime functions whose height is / or a divisor of h (Dedekind, p. 572). 


The preceding investigations have been made for algebraic integers in the 
fixed realm of rationality ©. We denote the realm containing all these 
integers by [v]. 

Instead of considering algebraic integers we shall now consider integral 
functions of several variables x,, %,, ...- 2, whose coefficients are those algebraic 
integers. We say that such functions belong to the realm of integrity [v, a, a, 

. 2m], this realm being composed of all integral functions in these variables 
with constant coefficients that belong to the realm [v]. 

Let us consider first the functions belonging to the realm [v, x] and sup 


pose that | 


where a, a, ---- a, are algebraic integers in the realm [v]. 
Taken with respect to the prime ideal p, the algebraic integers in v may be 
distributed, as shown above, into 


(v, p) = p’ = x classes. 


Further since the norm of », that is V(p) = x, it follows that the rational 
integers N (p,), N(p.), ---- N(p,) are all less than x, the algebraic integers 
Po, being as defined above. 

In another paper* the author has shown that one of the representatives 9,, 
say, is such that 

Pi = 1 (mod. p), 


* Mémoire sur les syst¢mes modulaires de Kronecker (Ann. de l’Ecole Norm. Sup., t. XVIII, Sup- 
plement I, p. 64). 
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and further with respect to the modulus p, we have the same system of functions 
when we multiply the function / (x,) in turn by the numbers .--- p, as we 
have when the function p; / (x) is multiplied by this same system of numbers. 
Hence instead of considering the original function f(x,) with respect to the 
modulus (p), we may consider the function f/, (x,) = p,/(2,) with respect to this 
modulus. 

The function /, (x,) has the form 


So = + 4+ agar? tan, 


where a, @, ---- a, are to be found among the integers ree 

It is clear that the number of functions having the form /, («,) is x”. 

This then is the number of incongruent functions of degree n in the realm 
{v, x,] with respect to the modulus » and these functions together with the prime 
ideal p constitute the modular system 


So 


Next, suppose that g,(x,) is an irreducible function with respect to the 
modulus » and is of the form 


= at + Bap + ....+8,,, 


where (;, .--- are to be found among the integers .--- 
Let us form the prime modular system 
Ly, (a)]. 


Then the number of incongruent (modd. », g, (,)) functions in the realm 
[v, is a. 

Let @ (a, 2) be an integral function in x, x, with integral coefficients that 
belong to [v], and when expanded in descending powers of x, suppose that the 
form of (a, x2) is 


P Xp) = Ay (xy) x} + + .... +d, (a). 


With respect to the modular system [}, g, (x,)] we may always find a function 
d, (;) integral in x, with coefficients that belong to [v] such that 


dy (21) do (a) = 1 [modd. p, g, (2,)]. 


— 
—— 
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Hence, with respect to this modular system, the function d, (a, 22) 
= 18 of the form 


where the functions d,(z;), ..-- belong to the realm [v, 2,] and 
are of degrees at most = n, — 1 in 2. 

Consequently, the number of functions of this form is x™’, and these func- 
tions form a system of incongruent residues in the realm [v, 2, x,] with respect 
to the modular system [p, 9, (2), (a, x2) ] 

Next suppose that, taken with respect to the modular system [p, 9, (a)], 
the function 


is irreducible, and form the prime modular system 
91 (a1), g2 
With respect to this modular system, the number of incongruent functions in the 


realm [v, x, x] is 
Continuing this process, let 


Js (21; 23) = x3? + (2, ag?" + +n, Xo) 


be an irreducible function with respect to the modular system [}p, g, (21), g2(2, %2)] 
where the coefficients y, (x,, 2), .--- y"*(a, x) belong to jthe realm [v, a]. 
Then, with respect to the prime modular system 


[p, (a, Io) (x, 23) |, 


there are x™-™-": incongruent functions in the realm [v, 2, 2, x]. 


By extending this process, we form the prime modular system 


Ly, 91 (1) Jo (X1, Xe), Ja Le, Wg), (ay, - - - Xe) 
where the function g, (x,, 2, .---«) is irreducible with respect tothe modular 


and is of degree in 


—— 
—»«, | 
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Then with respect to the modular system [Jf] there are x"-"""" incon- 
gruent functions in the realm [v, a, Um]. 


For brevity write 


and let us denote the above residues by 


of which one is the function g,, (a, 
Omitting for the moment this residue from the consideration, it is seen that 


if (a, ---++%m) is any quantity belonging to the realm [v, a, 2m] 
then is 


[¢ (a1, +++ [modd. p, gy (a1) ++ Ym Xa, ++ 


THEOREM. If r is any of the above residues r,, T2, .--+ T,,,, where we have used 
the functional signs instead of the functions themselves and if 


+ + .... 
+ A,=0 [modd. p, (a), Jo (a1, Xe), Pm 


where Ay, Ay, .... A, are functions of the realm [v, x1, X,---+ 2m], and of further 
Ay = O[modd. p, Ym Lm)], then the congruence 1) cannot 
have more than v incongruent [modd. p, (a), La) + +++ Lm) 
roots ; if further 


G 0 [modd. fi (x, , Jm (21; Lo, 


has exactly v incongruent roots h,, R,,.... R,, say, with respect to this modular 
system, we have the identical congruence 


G (r) = Ay [] (7 — (moda. p, gy (21), go (a1, Gm 
i=1 


Hence since 


— 70 [modd. p, g, (2%), (a1 %), -- 


has the x,, incongruent [modd. p, (21), +++ %, roots 
11, %, ---+ 7, above, it is seen that we have the identical congruence: 


i=v 
| 
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re 1=[] (r—r,) [modd. p, (a1) go, (a, Ym (ry Im) | 
A 
where the congruence is to be taken over the x, —1 residues 7,, 7, ..-- 7,, not 
Including gm %_, Lp) - 


Hquating the coefficients of r on either side of this congruence, we have the 
very general Wilson Theorem 


1 = [modd. p, Ji (2), G2 (xy, Xe), Im (a; 
A 
where the product is to be taken as above. 
Let & (a, %, ..-- @,) be any quantity of the realm [v, 7, a, ...- 2m] 80 
that therefore 
[é (x, Le» tm) |" = X25 Lin) 


Hence if we write the functional sign for the function itselfand give to ~x,, its 


value = then is 


Following the analogy of Dedekind we may call A the height of the function 


n (a, With respect to the modular system gy, (a), 22), - 

Jm (21, Zp, +--+ L,)] when A is the smallest rational integer such that 

=m [modd. p, g; (a1), Jm(X1, Lz, ++ Lp) and consequently 


The functions 
h—1 


0 1 2 
D. Pn Pp Pp 


constitute the period of the function 7 with respect to the modular system 


Ly, fi (a), 92 (x, Tp) (at, Macy, Im) 
The product 


is congruent to 
(x, Hey [modd. Ps 91 (x), 22), Im (xy, Xn) 
8 
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where P(x, 7;, 2, ---++ %,) iS © primary prime function of the h™ degree in a, of 
degrees not greater than 1in 1in a, 1in zg, %m—1in 


x, and whose constant coefficients are rational integers. 
It is easy to prove that the congruence 


— = 0 [modd. p, (2), (4, Pm (1, Le, Lm), 


has exactly incongruent [modd. p, g; (a), go (21, Ym (Li, Ley +++ + Lm) 
roots. 
Hence we have 


where the product is to be taken over a system of p*, incongruent [modd. p, g, (x), 
Jo +++ Ym Lo, ++ Lm) ] quantities which have a height / or a height 
d, where d is a divisor of h. 

In this product, if ¢ is a function of the height 4, there appears as a factor 


the product 
(x — — — .... (wn — 


a product which may be replaced by a primary prime function as seen above. 
There appears also as a factor of the product 1), if d is a divisor of h, the 
product 


— — — (@ EY), 


where @’ is a function which has the height d. 

This product may also be replaced by a primary prime function. 

It is thus evident that we may replace the product 1) by a product of prim- 
ary prime functions and we have in this manner 


where the product is to be taken over acertain number of primary prime functions. 

Since every congruence between rational integers with respect to the modulus 
p, is also true when taken with respect to the modulus p, it follows, since all the 
coefficients in the primary prime functions are rational integers, that instead of 


the modular system 


Lp, 91) (2), 92 (x, 2), (x1, Lm) 
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we may write the modular system 


where (2,7, ...-2;) are the resulting functions when in g; (a, 
[¢=1, 2,.... m] we write instead of the algebraic integers p,, p,, ---- p, which 
appear as coefficients the rational integers which belong to the same classes of 
which the integers 9, fo, +--+ ~, have been taken as representatives; these 
rational integers are supposed reduced (mod. p). 

We thus have the identical congruence 


where the product is taken over all primary prime functions of degree h or a 
divisor of h, the number of such functions being given by the formula (see 


p- 50): 
Pn = > dog 


(4) 

In this connection, attention is called to two papers by the author: 1°. Mémoire 
sur les Systemes Modulaires de Kronecker, pp. 83 and 108, a paper which was pre- 
sented as a doctor’s thesis to the University of Paris and published i eztenso in 
the Ann. de I’Ecole Norm. Sup., t. XVIII. 2°. Some Remarks on Kronecker’s 
Modular Systems, Compt. Rend. du Congrés des Mathématiciens. Paris. 1900. 

I add a more general statement of a theorem first given in the above thesis, 
p. 42. 

Let 


1). A(x), A (2), (x), h, (x), h, (x), h,, (x) 


be a modular system in which p is a prime ideal, and let the functions 


Ai(x), fo(x), fn (x), (x), he (x), An (x) belong to the realm [», z]. 
Further let the functions h, (x), h, (x), .... A, be linearly dependent with 
respect to the modulus p upon the functions /, (x), .--- (x), e., let 


h, (a) he; (x) = fi (x) (©) + (&) dai (a) +A. (©) [mod. p], 


where the functions (x), a: (a), ---- (x) belong to the realm [1, x]. 
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Then, if we suppose that the functions f, (x), (x), ..-- f(x) are linearly 
independent with respect to the modulus », it may be shown precisely in the 
same manner, as was given on p. 42 of the thesis, that the system 1) may be 
replaced by an equivalent system which contains only m independent elements 
with respect to the modulus p. 

The theorem may be further generalized by considering functions of several 
variables taken with respect to the modularsystem [J/] of page 43. 


UNIVERSITY OF CINCINNATI, December 21, 1900. 
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On Certain Properties of the Plane Cubie Curve in 
Relation to the Circular Points at Infinity. 


By R. A. Roserts. 


Part II.—On Certain Plane Cubic Curves and their Angles of Intersection, with 
some Account of Conics Cutting Orthogonally. 


I propose to investigate here some methods of generating certain plane cubic 
curves in such a way that their angles of intersection assume a simple form. 

Let us consider a system of conics passing through four fixed points. Let 
U, V be any two conics of the system, where 


U = ax” + by’ + 2hay + 2gu + 2fy +c, 
t+ by’ + Way + + +d, 


the axes being rectangular, then 
U—aVv=0 (1) 


is any conic of the system. Now, let us seek the locus of the points of contact of 
tangents of (1) drawn parallel to the axis of «. For these two points we must 
have 


dU, dV_ 


if Z, M, N are the three first differential coefficients of Uand L', M', N’ the 
similar functions for V. Hence, for the locus we have 


_ dV dU _ 
(3) 
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Similarly, for the locus of the points of contact of the tangents parallel to the 
axis of y, we have 


— =o (4) 


dy 


and for the locus of the points of contact of tangents parallel to the line 
lx + my = 0, we have 
hy —mp=0. (5) 


These curves are evidently cubics passing through the four points V=0, V=0. 
Further, they pass through the intersection of the diagonals and opposite sides 
of the quadrangle formed by the four points; for, putting 

+ My +N, 

Myt+ 


as is identically the case, it is readily seen that both (3) and (4) are satisfied by 
_ M' _ N' 
(6) 


which gives the vertices of the common self-conjugate triangle of U, V, namely, 


the three points just mentioned. 
Differentiating (3) and (4), we have 


d d 
al aV, ip U—hV + 2J, (7) 
dy _ dy 
dV dU dV aU _ 
where — 4J. (9) 


Thus for the four points V=V=0, we have = = 0; that is, the tangents to the 


cubic at these points are parallel to the axis of~. Again, these tangents are 
parallel to an asymptote of the cubic, for, seeking the points at infinity on (8), 


we obtain 
(a’x + h'y)(aa? + + by*)— (aa + hy)(a'a? + Uy’ + =0, 

(10) 
y {(a'x + h'y)(ha + by) — (ax + hy)(h'a + =0 


or 


} 

: 
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The curve ¢ is then a general cubic described in a unique manner corresponding 
to a given direction ; that is, the cubic passes through the four points so that its 
tangents at these points are parallel to an asymptote, there being but one cubic 
corresponding to a given direction, as we see by considering the fact that the cubic 
passes through the intersections of the diagonals and opposite sides. The latter 
points are always on the cubic, when the tangents at the four points pass through 
a point P on the curve (see Salmon’s “ Higher Plane Curves,” §150), the tan- 
gents at the three points passing through the tangential of P. Hence, the cubics 
, ¥ cut at right angles at the four points U = V= 0, and the cubics hy — mo = 0, 
Ua) — m'o = 0 cut, at the same four points, at an angle equal to that between 
the lines /x + my = 0, x + m'y=0. It may be observed that the cubics 9, y 
or the cubics h) — m9, /) — m’¢ intersect at two other points beside the seven 
points already determined. These two points are the directions of the two 
other asymptotes, which are common to all the cubics, as we see from (10). 
These two directions are evidently those of the axes of the two parabole which 
can be described through the four points. Let us now seek the angles of inter- 
section of the cubics o, at the vertices of the common self-conjugate triangle 
of U, V. For these points we have J=0 in (7) and (8), and if V—a~aV=0, 4, 
is one of the roots of the cubic obtained by taking the discriminant of U—aAV, 


namely, 
We thus obtain 
dy dy a 
dy dy dz (Aa! a)(Ab! b) (Ah’ h)? (12) 


ton de dy (ahi —h)i(a 
dx dx dy dy 


Suppose h = hf! = 0, then the two cubics corresponding to the two rectangular 
directions parallel to the axes of coordinates cut at right angles at the vertices 
of the common self-conjugate triangle of the conics, In this case one of the 
conics, V, say, is a circle, and the axes of all the conics of the system are parallel 
to the axes of coordinates. Thus the two cubics in this case are the loci of the 
vertices of a system of conics passing through four points on a circle. [ 
— F, these loci are 

(a —b) xy’? + — 2”) — — I? (ax + 9)—cx = 0, (13) 

(a— b) + f(y’ — 2’) + (by +f) + (14) 


; 
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so that they touch infinity and meet it again in a rectangular direction. We 
have thus proved that the cubics (13) and (14) cut at right angles at their seven 
finite points of intersection. 

Now, suppose a+ =a! + b' =0 in (12), then, as in the preceding case 
the cubics @, y cut at right angles at the three points. All the conics passing 
through the four points are then equilateral hyperbole, so that one of the points 
is the intersection of the perpendiculars of the triangle formed by the other three 
points. Considering then a triangle formed by three points of intersection of 
U and JV, we see that the cubics intersect at the intersection of the perpendicu- 
lars and the feet of the perpendiculars, besides the three points themselves. 
Again, for the two points at infinity common to the cubics, we have, from (10), 


(ax + hy)(W'x — aly) — (hz — ay)(a'x + h'y) =0 
or (ah' — + 0; (15) 


that is, the two cubics are circular. But two circular cubics cutting each other 
at right angles at their seven finite points of intersection are confocal. Hence, 
we see that the two curves 9, } are in this case confocal circular cubics. Sup- 
pose we consider now, in the same case, two cubics corresponding to directions 
which are not at right angles to each other. For the angles of intersection of 
hy— mo, ')—m’'> at the feet of the perpendiculars of the triangle formed by 
three points of intersection of the equilateral hyperbole, U, V, we have, instead 
of (12), " 
do d dp dy 


But from (7) and (8) we have 


_ _ db _ 
dx ‘dy dy de’ 
which gives —I'm | 
tan = (16) 


that is, the angle @ is equal to the angle between the real asymptotes of the cir- 
cular cubics. The two circular cubics thus cut at the same angle at all their seven 
finite points of intersection. It may be observed that if S,, S,, S; are the circles 
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described on the sides of the triangle formed by three points of intersection of 
the equilateral hyperbole as diameters, one of the cubics can be written 


ISS; + m8,8, + nS, 8, = 0, (17) 


where 1+ m+n= 0, for this represents a circular cubic passing through the 
vertices, the intersection of the perpendiculars and the feet of the perpen- 
diculars. 

Let us now consider the locus of the points of contact of tangents drawn 
from a fixed point to the system of conics passing through four fixed points. If 
Q, P are the polars of the fixed point with regard to the conics U, V respectively, 
the locus is found to be the cubic 


PU— QV=0. (18) 


This cubic, like the preceding ones, passes through the four points V=0, V=0, 
and the intersections of diagonals and opposite sides of the quadrangle formed 
by the four points, namely—the three latter points—the vertices of the common 
self-conjugate triangle of the conics U, V. Let us now consider the angles of 
intersection of cubics corresponding to two different points at the seven points 
of intersection that we have just mentioned. Let the axes be taken so that the 
two points are +k, 0, then P=N+KkL'’, P=N—KI/, Q=N+EL, 
Y=N—KkL. 
For one of the four points given by V= V=0, we get 


L")(L?+ + 2(NN'—2LL') (LL + 


cot 2k LN' — LM’ — 


_ (LN'— + (MN'— M'N)?— (LM — 
2k (LN' — L'N)( LM' — 


but we have Ix+ My+N=0, My+N=0, 


from U=0, V=0, and from these we obtain 


MN'— MN NL LM —L'M’ 
so that we get (19) 
2hy 


9 


‘ 
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that is, the angle of intersection at 0, one of the four points U = V=0, is equal 
to the angle subtended at 0 by the points + &, 0, A, B, say. This is also appa- 
rent from the fact that the tangents to the cubic (18) at the four points all pass 
through the point A, which is on the curve, a result that can be proved by projec- 
ting what we have already arrived at with regard to the locus of the points of 
contact of parallel tangents. Hence two cubics such as (18) corresponding to 
two points A, B will cut orthogonally at such of the four points as are made to 
lie on the circle described on AB as diameter; for instance, if we have a system of 
conics passing through four points on a circle, two cubics correspending to the 
points A, B at the extremities of a diameter of the circle will cut orthogonally 
at the four points. I now seek the angles of intersection of the cubics at the ver- 
tices of the common self-conjugate triangle of the conics U, V. 

Putting V=AU, where @ is determined by the cubic (11), we easily find 


2k —a' — (ag—q')(ah — h’)t 

This expression simplifies if the two points lie on the locus of the centres of 

the conics of the system, namely, the conic passing through the middle points of 
all the lines joining the four points. We may then take Uso as to have its centre at 
k, Oand V its centre at —4,0. This giveska+g=0, kh+f=0, —ka'+g'=0, 


—kh' + f' = 0, whence 


Gg tf? =h(a’+h’), af —gh =0, (21) 
g? +h”), — = 0, (22) 
so that (20) becomes 
__ aa’ + Al’ 
or 


that is, the angles of intersection at the three points are the same and equal to 
the angle between the polars of the origin with regard to the two particular 
conics U, V, of the system. In this case the circle circumscribing the common 
self-conjugate triangle passes through the tangentials A’, B’ of A, B with regard 
to the two cubics, respectively, for the tangents at the vertices to the cubics are 
concurrent at A’, B’, respectively. Hence, if A’, B’ are at the extremities of a 
diameter of the circle, the cubics cut orthogonally at the vertices of the triangle. 
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I have noticed that in the case of a system of conics passing through four 
concyclic points the locus of the vertices consists of two cubics. The locus of the 
foci in the same case, as has been shown by Sylvester, consists of the two circular 
cubics having the four points for foci. It is thus suggested that the locus of points 
on the major axis of the conics, at a distance x from the centre given by 
x’ =a’? + kl, where a, b are the semiaxes and & is a constant, is also a cubic, 
and this, in fact, is found to be the case. Let 8, S’ denote the two cubics (13) 
and (14), then the equations of two such loci corresponding to the axes of x and 


y, respectively, are found to be 
S+kY=0,8S+ (25) 


where Yand X are, respectively, the equations of the three parallels to the axes 
of x and y drawn through the vertices of the common self-conjugate triangle of 
the conics. The confocal circular cubics, of course, correspond to k = k' = — 1, 
and by taking k=k'=1, we get the locus of the points where the director 
circles are met by the axes of the conics. 

I now consider the problem of describing a cubic through six points on a 
conic, so that the tangents at these points all pass through a point P, that is, so 
that the conic is the polar conic of the point P with regard to the cubic. If we 
consider two solutions of this problem and P, Q are the two corresponding points 
the angle of intersection at one of the six points O is evidently the angle subtended 
at Oby PQ. Also if P, Q be taken on the line at infinity, the angles of inter- 
section at all the six points are equal to the angle between the directions P, Q. 
Let x, y be the tangents from P to the conic, and z the chord of contact, then 
the conic may be taken as z* — zy = 0, and the cubic is easily seen to be of 
the form 

UO = 2 — 3xryz + + 3b2’y + 3ery’? + dy = 0. (26) 


For the six points of intersection of the cubic and the conic, putting « = 1, 
y = 6, z= we get 
+ 3cht — 24+ +a=—0, (27) 
in which it is to be observed that the coefficients of # and 6 are absent. Nowa, 
0 are the values of 6 corresponding to the tangents x, y drawn from P to the 
conic. Thus we see that these values are such that the corresponding factors 
being taken as lines of reference the binary sextic giving the six points on the 
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conic wants its second and penultimate terms. Now if we have a binary sextic 
U = (dy, Gy, Gz, Az, Ay, a5, Ag{x, y)® and transform to anew set of variables and 
make the coefficients of the second and penultimate terms vanish we get 
, du , du du! du! 
from which by elimination of 2/, y! we get an equation in z, y of the 26™ degree; 
but this must be divisible by U as (28) are satisfied by ay’ — yz = 0, u=wu =0. 
Thus the result of elimination is of the twentieth degree, that is, it consists of 
ten quadratic factors. We thus see that there are ten cubics and ten points 
such as P. Let us now consider two of the cubics, taking the lines joining 
P, Qand the pole of PQ with regard to the conic as triangle of reference. 
Let the conic be 
= ax? + + + hazy, (29) 
dU, 
then if U,, U, are the two cubics, a and -F must be proportional to UJ. Hence 
x dy 
integrating we get 
U, = 8xU — (2ax? + 3ha*y) + + + yy? + (30) 
U, = — (2by® + 8hay*) + + + + 


but U, and U, intersect on U, so that we must have 


L(ay? + + yy2 + 62) — 1 (2ax? + 8h2’y) 
+ m (ala? + + + — m (2by? + 8hay’) 
= (Aw + py + + ax” + by’ + 2hay) (31) 


from which, by comparison of the coefficients of z, we obtain 


IBy? + mB'x? = v (ax® + by’ + 2hzy), 


which gives 0 = ~’=y=0. Hence as the cubics intersect again at three 
points on the line 2x + wy +172, which takes the form Ax + uy = 0, we see 
that the cubics U,, U, intersect again at three points lying on the line passing 
through the pole of PQ with regard to the conic. Let z be at infinity and a, y 
rectangular coordinates then U,, U, cut orthogonally at six points on U. 

In the case in which the tangents at four points on the cubic pass through a 
point not on the curve, then ifz=la, y= m6, z= ny, where a, y are the 
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perpendiculars from a point on the sides of the triangle of reference, we may 
take a” = y’ = 2 as the four points, and then if a, b, c is the intersection of the 
tangents thereat, the cubic takes the form 
a” (by + cz)(y® — 2) + B (cz + ax)(2 — a”) + & (ax + by)(a’? — y’) 

+ 6 fax — 2) + by (2 — + cz — y’)} = 0, (32) 


where 6 is arbitrary. ‘The polar conic of a, b, ¢ is, it may be observed, 


+ — + + 0)(c* — a’) y? + (8c + — = 0, (33) 


which, of course passes through the four points and also meets the cubic again at 
two points lying on the line 


3 (a? — b*)(b? — — a*)(ax + by + cz) + ax (b? — c*)(0 + 8a”) (6 — a’) 
+ by (e — a’)(0 + 36°)(6 — cz — b’)(0 + = 0, (34) 


which, when @ varies, envelopes a conic. 

Hence, if we take two cubics, such as (32), corresponding to two points, 
P, FP’, the angle of intersection at one of the four points, O say, is equal to the 
angle subtended at O by PP’. 

I observe here that if a cubic be referred to an inscribed triangle, the tan- 
gents at whose vertices pass through a point a, b, c, the equation of the curve 
can be written 


bex (y? — 2”) + cay (2 — 2”) + — y’) + 2mayz = 0, (35) 


in which case we see that the lines joining the vertices to the points in which 
the opposite sides respectively meet the curve again, pass through a point, 
namely, bc,ca,ab. Ifm=0O in (35), we have a cubic already considered, 
namely, that on which the four points 2 =y’=7 are such that the tangents 
thereat intersect in the point bc, ca, ab on the curve, and the tangents at the 
vertices of the triangle of reference, namely, the intersections of diagonals and 
opposite sides of the quadrangle formed by tbe four points, intersect at the point 
a, b, c, the tangential of bc, ca, ab. If these cubics are both circular, it may be 
observed that the satellites «, ¢ are either parallel or at right angles to each other. 

Again, let a, 8, y, 6 denote the lengths of the perpendiculars from a point 
on four lines, then it is readily seen that two cubics cutting each other at right 
angles at the three collinear points ad, 83, yd can be written 


(a + + d)(y + 8) kde = 


(a —8)(8 —8)(y — = 0. (36) 


| | 
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We can hence show that the cubics 


(a+ An’) (my? — nz’) + (6 + y (n? — Iz’) 

+ (e + Ac’) z (la? — my’) + 2pxyz=0, (37) 
where /, m, n, p are variable, are such that the tangents at the vertices of the 
triangle pass through a point. This point is given by (a+Aqa’)a = (b+ al')y 
= (c+ Ac’)z, so that if A is variable, it lies on the conic 


(bc! — U'c) yz + (ca! — Ca) 2x + (ab! —a’b) ay = 0. (38) 
If this conic is made to coincide with the circumscribing circle, namely, if the 
points be, ca, ab; b/c, ca’, a'b’ lie on the circumscribing circle, two cubics inter- 
sect at the vertices at an angle equal to that subtended by the two points at any 


point of the circle. 
I now mention a case in which two cubics intersect orthogonally at six 


points of their intersection. Let u,v be circular coordinates; that is, let 
ty = u,x— where z, y are rectangular coordinates, then let us con- 


sider the quartic curve 


+ + 0°) + e( + +l? + mu 
+ auv(u? + Buv(u+v). (389) 


Now, let us take @, so that proportional to (w—v) We thus 


du dv 
get 
4a (u?+ wv) +36 (u+ v) +2¢ = kh} + v’) +238 (w+ v)}, (40) 
whence a = b== 
3k +1’ 2h +- 
6a 1) 2c (41) 


It then readily follows that the cubics -4- + where //' 


+ mm’ = 0 or, which is the same thing, the cubics <3 ps og , cut orthogonally 


at six points on the conic 5+ namely, 


4a(u* + + + 3b(u+v) + 0, 


Z 
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or 4a (32° — y*) + +ce=0. (42) 


Let us now consider a cubic and a conic cutting each other orthogonally at 
their six points of intersection. Since a cubic and a conic together involve 14 
constants and 6 conditions are involved in the orthogonality, there only remain 
8 constants, which thus are one too few in number to give a general cubic involv- 
ing nine constants. It hence appears that a cubic must satisfy one relation 
with the circular points at infinity if it is capable of being cut orthogonally by a 
conic at six points. I now propose to determine such a cubic when the conic 
is given. 

Let the conic referred to its principal axes be aa? + 6y’ + 1, then if the 
cubic is @, we must evidently have 


ax = + By 4 3 + kp = (lx + my + n)(aa’? + By’ + 1). (43) 


Now let ?=9$; + + +, where >, is a rational integral homoge- 
neous expression in a, y of the n degree, then we must have 


= by + ko; = (la + my)(ax + By’), 


aa + By + kp, = n (ux’ + By’), (44) 
do, + ko, = la + my, 
dx + By dy Ikoq=n. 


In the case of ¢, there is an ambiguity, for if @, = az? +by’+ 2hay, we have 
from the coefficient of zy,h (a + @ + k)=0, which gives either h =0 or 
a+@+k=0. In the first case the cubic is 


38a 2a + +k 2W+atk 30+k %+k 


and in the second case 


_ + (aa” — 


a — B 


(46) 
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The latter cubic, it may be observed, can be written 


lag ty + a 
+7 + 2hey = 0, (47) 


in which the three conics multiplied by /z, my and n, respectively, are all confocal 
with the given conic aa® + Gy’ +1=0. Again, if the cubic (45) be written 


lx U0, + my U, +nU;= 0, (48) 


the three conics U,, U,, U; are confocal with ax’ + Gy? + 1, corresponding to 
three values, 4 (4 +a), respectively, of in the equation 


aa” By” 


Similarly in the case of the sphere we can show that the most general equa- 

tion of a cubic cone cutting orthogonally the cone aa” + by* + cz? = 0 is 
lxU, + my U, + nzU;,= 0, (50) 
where U,, U,, U; are the three cones confocal with the given one, which are 
obtained by taking 4 equal to 4 (38k —a), 4 (8k — b), 4 (8k —c) respectively, in 


ax” by’ .. 


Again, if 3k = a+ 6+, the most general equation of the orthogonal cubic cone is 
leU, + my + nzU; + pryz = 0. (52) 


As an extension of the preceding results | may notice that we can obtain in 
the same way the equation of a cubic surface cutting a given quadric orthogo- 
nally along the entire curve of intersection. If the cubic be written 3+ $+ 9, 
+ $,, where , is a homogeneous expression in a, y, z of the mn” degree, we have 


if the quadric is az” + by’ + cz’ + d, 


lx 


d l d 
(ax + by dy +z + bo) + bi + do) 
= (le + my + nz + p)(aa? + by’? + cz?+d). (53) 
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We thus obtain the equation of the cubic in the form 


+ my U, + nzU, + pU,= 0, (54) 


where U,, U;, U;, U, are four confocal quadrics involving the parameter &, If 
k have acertain determinate value we may add to (54) the term gayz, and further, 
if there is a relation connecting a, b,c, a term such as ray or ryz or rz may 
be added. 

I now proceed to consider some properties of confocal nodal circular cubics. 
Such a curve involves six constants, so that when the two foci are given, there 
are still two indeterminate parameters. By inverting the equation of a conic 
from a point on itself, we get the equation of such a cubic in the form 


PBp, + PAp, + (PA+ PB)p=0, (55) 


where A, Bare the foci, P is the node, and 9, p,, p are the distances of a point 
from A, B, P, respectively. 

[It may be observed that A, B, may be imaginary, that is, A, B may be 
the antipoints of two real points, A’, B’, in which case, the points A’, B’ are foci, 
and the equation (55) gives another solution of the problem to describe a nodal 
circular cubic with given foci and node. Thus there are four solutions of the 
problem altogether. Now let us make use of elliptic coordinates, the points 
A, B being taken as the foci of the system of confocal conics, that is, let the 


conics be 


x? 

whence cx = wv, cy = &\(e — (56) 


Now let the node of (55) lie on the axis of y, then from (55) we have 
(57) 


whence wu” =z” + (y — 3)”, where 0, @ are the coordinates of the node. From 

this we obtain 

— (ui — = 8, (58) 
vay (59) 


9 


whence 5 


10 


< 
4 
} 
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Again consider the cubic with a node on the axis of x, the points A, B in 
this case in (55) being the imaginary foci of the system of conics. We have then 


= — a)? +y’, (60) 
and dy (62) 


Now if two curvesare represented by the differential equations 
Pdu+ Qdv = 0, P'du+ = 0, 


and there is 
PP' (wv — &) + (e —v) = 9, (63) 


then these two systems of curves cut orthogonally. But this condition is satisfied 
for (59) and (62), so that the systems of cubics we have been considering cut 
orthogonally. This orthogonality occurs at only one point of intersection of the 
cubics, which, we see from (57) and (60), intersect on the line p? — p”=c’. It 
may be observed that the remaining four points of intersection of the two cubics 
lie on a point circle, for from (57) we have u = p, and for (60), we may substitute 
v? — 9", whence + v? —c? = + p”, that is, (ec (y— = 

In the general case when the node of the cubic is at an arbitrary point, its 
equation in elliptic coordinates can be written 


{rcosa + sina v — c)| = ep, (64) 
or, in x, y coordinates 
+ y°— 4p(xcosa+ysin a) + 2p? + ¢’cos 2a 
= ph + — 22 (a? —y’)+ (65) 


Now when two curves are represented by Pdu + Qdvy=0, P'du + QY'dv = 0, 
the angle @ between them is given by 


Hence for the cubic (64) and a similar cubic with @ instead of a we find @=a— £, 
that is, the angle at one point of intersection is equal to the anyle between the 
asymptotes, for from (65) we see that x cosa + y sin a = 0 is parallel to the real 
asymptote of the curve. This point is one of three points of intersection lying on 


| 
7 
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a line, as we see from (65), from which also we see that the other four points of 
intersection lie on a circle. 
With respect to the system of circular cubics 


le(e?+y my (2+ t+ n(et+y)=0, (67) 


where /, m,n are variable, I observe that they all have the origin, which they 
pass through, as a double focus. Hence two of the system intersect elsewhere 
in four points, two points being real and two imaginary; the two latter being the 
antipoints of the former two. 

Since (67) can be written in the form 


where x + iy= u, ty =v, we can easily deduce that two cubics of the system 
(67) cut each other at all their five finite points of intersection at an angle equal 
to that between their asymptotes 


a+ my+tn=0, le+tmyt+n' =0. 
With regard to the system of equilateral hyperbole 


xy — ab —m(bx — ay) = 0, (68) 


passing through the fixed points + a, + b, I observe that they are cut at right 
angles, at all the six points of intersection, by the systein of cubics 


—3 (ax + by) = ¢. 
a 


I now proceed to consider some cases of conics cutting each other ortliogo- 
nally at certain points of their intersection. First of all, I shall obtain a locus 
passing through all the points of intersection of two conics at which they cut 
orthogonally. Let (a, b,¢, f, 9, h§x, y, 1)>=0 be the equation of a conic U in 
rectangular Cartesian coordinates, and let (A, B, C, F, G, u,v)? =0 be 
the corresponding tangential equation, then it is easy to see that 


S= C (a? + y’)— 2Gz —2Fy+ A+ B=0 (70) 


| 
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gives the director circle, viz., the locus of intersection of rectangular tangents 
of U. Hence, the director circle of U, +AU, is 


Si + AS: + Se = 0, (71) 


where 


Sho = + ba, — 2hy hy)(x* + — ( + folky — 4192 — b29;) 
— 2y + — Af, — fi) (a, + 
+ (a, + by) 29192 2/A/- (72) 


The circle §,, is in fact the director circle of the covariant conic ®, namely, the 
envelope of lines divided harmonically by U,, U,. Now, suppose the conics 
U,, U, to cut orthogonally at a point P, then taking the origin at this point, we 
have c, = c, = 0, + = 0, and when these relations are satisfied, we see 
from (72) that S,, also passes through P. It may be observed that the equation 
of the director circle in circular coordinates is 


S= Cry — Gy —Fa+ H=0, (73) 
and that of Sj». is 
— Gyy — + Hy. = 0. (74) 


Hence, if U,, U, cut orthogonally at all their four points of intersection, we 
must have (U, +mU,=S8\,, or the circle S,. must vanish identically. Taking 
U, referred to its principal axes, we have 


(a,b, + bya,)(x" + + + + (a, + by) + (a, + by) 
= (aya? + by? + + + 2Zhy + + m + by”? + c), 


whence, by comparison of the coefficients of xy, x and y, we obtain 
h=0, (75) 


Taking = = 4; = 0, we come upon the case of confocal conics. Again, let 
= 0, in which case vanishes identically ; that is, 4 = g, = 0, and remains 


2 


2 
indeterminate. In this case, if UV, is + —1=0, 
a b 


a” y (a’*— 


+ 2hxy = 0, (76) 
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in which it is to be observed that the conic corresponding to A= 0 is a confocal 
given by a’b? + b’a?= 0. The equation (76) evidently denotes a system of 
conics passing through the vertices of a rhombus, which is real if the conic U, 
is a hyperbola. 

Again from (75), we can take h;, = 0, J=a, and g,=0. This gives the 
system of conics 


orthogonal to = + - — 1=0, the conic corresponding to f=0 being a con- 
focal given by 6° + 6°=0. In this case, it may be observed, the four points of 


intersection lie on a circle passing through the four foci. In the same way we 
get the orthogonal system 
(78) 
— 
If we want to find the condition that two conics should cut orthogonally at 
one point of intersection, we have to express that U,, U, and S,, have a point 
incommon. This gives (see Salmon’s Conics) a relation of the form 7?= 64M. 
This will be found to involve the coefficients of each of the conics U,, U, in the 
eighth degree. It may be observed that the Jacobian of U,, U,, Sj, gives a 
locus which passes through all the points at which U,, U, cut orthogonally. 
Referring U,, U, to their common self-conjugate triangle in trilinear coordinates, 
we have 
U, = ha? + mB" + ny’, 
U, = la? + + nzy”, 
and if A=mn,—mn,, B=nl,—nJl,, 
A=mn,+ mn, B= C=hm, + km, 
we obtain 
J = Ala cos A(By* + CB’) + cos B(Cy’+ Aa’) + cos C (AP? + Ba’) 
+ (A+B) aPy=0, (79) 


this is the Hessian of another cubic, viz. 


V= R (BCB'C'a’ cos B cos C + CAC'A'B’ cos Cocos A + ABA'B'y’ cos A cos B) 
— ABC (aB’'C' cos Bcos C+ BC'A'cos Ccos A + yA'B' cos A cos B) = 0, (80) 


4 
4 
j 
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where 
R= AB"C" cos* Bcos*? C+ BC” A” cos* C cos? A + CA” B” cos’ A cos* B 
— A'B'C' cos A cos B cos C}A'(B+ C)+ A) + C'(A+ B)}, (81) 


which represents another locus passing through all the points at which U,, U, 
cut orthogonally. The conics U,, U,, S\, are polar conics of this cubic V. 
It is to be observed that if U,, U, cut orthogonally at two points, then 
U,, U,, Sj, have two points in common and their Jacobian consists of a conic 
and a line intersecting in the two points, as we see by considering the Jacobian 
of three circles. Hence, in this case, we have 
—— cos* A = —— cos’ B, 
A B 
{A'(B+ C)+ Bh (C+ A)+ C'(A+ =4ABC" cos’ Ct, (82) 


in which case J is divisible by 


Ala cos A, BIB cos B_ (83) 


A B 


the line on which U,, U, cut orthogonally. Of course there are two other simi- 
Jar pairs of relations obtained by interchanging a, @, y, etc. If U,, U, cut 
orthogonally at three points, we have, in addition to (8 2), 


in which case 
T= (Ax + uB)(uB + vy) (vy + Aa), (84) 
where A= AlcosA _ BoosB C' cos C 


In this case it can readily be shown that the three points of intersection of 
U,, U, lie on the circular cubics 


+ 7° + cos A) + (y? + a? + cos B) 


cos 
2 2 
(4 + 2? + 2a cos C)=0, (85) 


which curves, it is easy to see, are the Joci of the foci of conics inscribed in the 
triangle and touching the radical axis of the circumscribed and nine-points circle 
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and the lines joining the feet of the perpendiculars respectively. Hach of the 
three points lies on one of three properly selected cubics of the form comprised 
in (85). Fora locus passing through all three points, we have, from (84), put- 
ting A= A” cos* A, B= B” cos* B, C=C” cos’ C, 


G cos A cos B + cos ABy + B' cos Bya 


+ cos Ca/3)—aBy. (86) 


Now, let Z be the polar of the intersection of the perpendiculars of the self-con- 
jugate triangle with regard to the covariant conic ®, namely, 
BNW + CAL? + 

and 

J(L, U,, U,) = A! cos ABy + B' cos Byau + C' cos Caf, (88) 
and we get J(U,, U,, Sy) in the form 

LJ (L, U,, U,) — kJ (U,, U2, ®), (89) 


where & can be determined in terms of invariants of U,, U, and the circular 
points. This cubic, of course, is another locus in addition to the circle 


Sip = A’ + + 2By cos A) + (y’? + + 2ya cos B) 
+ C' (a? + + 2a cos C). (90) 


Again, from geometrical considerations, we can obtain a circular cubic pass- 
ing through all the points at which U,, U, cut orthogonally. If, from any point 
P, tangents are drawn to the system of conics inscribed in a quadrilateral, they 
belong to a system in involution, of which the tangents to the two conics of the 
system which pass through P are the double lines. Hence, if the latter pair of 
lines are at right angles to each other, the tangents from P to one conic of the 
system must pass through the circular points at infinity, or, in other words, P 
must be a focus of that conic. Thus we see that the circular cubic, which is the 
locus of the foci of conics inscribed in the quadrilateral formed by the common 
tangents of U,, U, passes through all the points at which U,, U, cut orthogo- 
nally. Taking circular coordinates, the tangents drawn from the circular points 


| 
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to the system of conics >, + A>, touching the common tangents of «, ¢ are, 


respectively, 
Oa? — + A, +4 + A;) = (91) 


Cy’ — + +a( Gy? — + B,) = 0, 
and the locus of the foci is 
— 2Ga, + A)(C,y’— 2F + B,) 
— — + A,)( hy? — + B,)=0, (92) 


which represents a circular cubic, as the coefficient of xy’ vanishes. If we take 
the origin at the focus of the parabola touching the four common tangents, the 
latter curve may be written Fiv (A+ u) + A.Au=0, and (92) then becomes 


Cry (x — y) — 2(G4G— F) ay + Ay— Br = 0. (93) 
Combining this with S,, (74), we get the conic 
(Frey + Gye — Ay)) y) + — + (Ay — Byer) = 0. (94) 


If we now express that this conic and U;, U,, and S,, are connected by a 
linear relation we evidently obtain the systems of conditions which must be 
satisfied if U,, U, cut orthogonally at three points of their intersection. When 
U,, U, are referred to their common self-conjugate triangle, the circular cubic 
(92) is 

+ (Gy sin A + ya sin B + af sin C) 


=(asn A+ sin B+ ysin C)(Adla’ cot A 


+ Bmm, cot B+ Cnyny* cot C). (95) 
Kliminating ay between this and J (79) and introducing the relations 
= 5. = £- we get the line 
A B 


2 (All, + Bmym, + Cnyn,)(A'BC cos Aa + B'CA cos B3 + C'AB cos Cy) 

+ Mj}acos A (A*l,/, — B*mym, — C*nn.) 

+ 8 cos B(B*mm, — C*nyny — 

+ y cos (Cnn, — — B’mym,)' = 0, (96) 
where M= A'(B+ C)+ B(C+ A)+ C'(A+ B). 


Hence, if U,, U, cut orthogonally at two points, this line must be a chord of 


| 
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intersection, and if they cut orthogonally at three points the three coefficients of 
the line must each vanish identically. Again, combining (95) with S), (90) we 
obtain the conic, as at (94), 


Alla , Bmm. asin B sin C 


sin A + sin B sin C 
+ (C'+ A’) @ sin Csin A + (A4’+ B’) ysin A sin 
= (A’ sin?’A + B' sin? B + C sin? cot A 
+ Bmym, cot B+ Cnyn,y’ cot C}. (97) 


If both the conics U,, U, are parabole, the cubic (92) reduces to a circle, 
namely, as is well known, the circle circumscribing the triangle formed by their 
three finite common tangents, or, in other words, the nine-points circle of their 
common self-conjugate triangle. Hence, if the parabole cut orthogonally at two 
points, these points must be the intersections of the circle just mentioned and Sj. 
Again, if the parabole cut orthogonally at three points, these two circles 
must coincide. Now S, (90) being of the form sin? A + sin? B 
+ C'p; sin? C= 0, where 9, p:, p3 are the distances of a point from the vertices 
of the common self conjugate triangle, respectively, is readily seen to cut ortho- 
gonally the circuinscribing circle. Hence, the self-conjugate triangle must be 
such that the nine-points circle cuts orthogonally the circumscribing circle. This 
gives 

P= (98) 
where 7 is the radius of the polar circle and / that of the circumscribing circle, 
or sin’A + sin’ B sin? C= 1. (99) 


The trilinear equations of the two parabolee are then 
*sin B sin A 
AsinG sin B#sin a) ( 
where it is to be observed that the three points of intersection are the reciprocal 
points (i. e. such that aa! = 63' = yy’), of the intersections of parallels to the 
opposite sides drawn through the vertices. 
We might also consider parabole cutting each other orthogonally at three 
points in the following manner. Let the curves be 
ue + 2mv+n ) 
(101) 
+ 2m'v+n' =0, J 
11 
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where u=axcosa+ysina, v=2xcosa—ysina, then expressing that these 
cut orthogonally we obtain a hyperbola of the form 
Auv + Bu+ Ww+D=0. (102) 
Now let the origin be taken at the centre of this hyperbola, then 
B= C= 0, or m+ cos 2a = 0,2 + m' cos 2a = 0. (103) 
We thus get uv = k’, where k’ = Im’ cos 2a sin’ 2a. 
Hence from (101) we must express that the equations 


w+ Ql? + nu + 2mk? = 0, 
2l'u + n'u? + 


coincide. We may thus take /=b, m= — bcos6, ! = —acos6, m' =a, 

n= n! = — 4ab cos 6, where 2a = 0, and cos 6 = V5 — 2; that is, the parabole 
u” + 2b(u— vcos 6) — 4ab cos 0= 0, (104) 
v” + 2a(v— ucos 6) — 4ab cos 6 = 0, 


whereu= 2 2a,and1+2sina= V5, 
cut orthogonally at three of their points of intersection. 

If a parabola be given and we wish to find another parabola cutting it ortho- 
gonally at three points, we may proceed as follows: taking circular coordinates we 


write the first curve Vx + /y = 1, or 


— — 2x 2y+1=0, (105) 
and the second 
AW? + Bu? + 2Fuv + + = 0, (106) 
in tangential coordinates. The circle passing through the foci is then 
2(G—F)ay — Ay+ Ba=0. (107) 
Expressing that this must be identical with the circle S,,, namely, 
— Pye — + Ay, = 0, (108) 
we obtain F—G=2,8+G +a~A=0, (109) 


6+ F?—aB=0, s= AB— H*=H(F+ G)— AF— BG + FG. (109) 


Putting F=0+4+1, G=0—A, we get A+ B= 46, and hence we take A = 20 
+ 9, B= 20— 9, so that we have 

20H = 27 + Ap, and 1664 + 46 (A? — 9”) = 
which gives 4? + 46° = 0, the factor 46” — 9” being neglected. 
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Thus the parabola (106) becomes 


(20 + (26— 9) + (0 + tp) 
+ (1+ 2%) + 2600 (1 — 2%) = 0, (110) 


where 7? = — 1. This represents a system of parabole having the axis in com- 
mon with the parabola 


3a” + 3y? + +3+4+ (111) 
and touching this same parabola at the point of contact of a tangent inclined at an 
angle of 45° to the axis of the parabola (105). The curve (111), it may be 
observed, in Cartesian coordinates, is 

(40 + 2y)* — 4a — 24y+3=0, 


the parabola (105) at the same time being 4y*=4a2+1. From the results just 
obtained, we see that two parabole cannot cut orthogonally at more than three 
points. If the parabola y? — px =0 is cut orthogonally by a conic U at four 
points, U must be the ellipse y+ 2x*= a, in which case two of the points are 
real and two imaginary. It may be observed that y’ = ~ is cut orthogonally at 
three points by the conic 


+ Way + A? (Qa —1)+2A(1+A)y=0. (112) 


Again, I observe that if the angles of the triangle of reference in trilinear coor- 
dinates are such that 1+ cos A + cos B + cos (= 0, then the equation 


(8? — y*)? cos B cos C + — cos Ccos A + (a? — cos A cos B=0 (113) 


represents two equilateral hyperbole cutting each other orthogonally at the 
centres of the three circles escribed to the sides. In the case of conics cutting 
each other orthogonally at three points, we have, referring them to the triangle 
formed by the points, , 
0, + mya + a8, (114) 
U, = + mya + 
and 
Ll, + mym, = (l,m, + cos C, mym, + nyn, = (myn, + cos A, 
+ Lyn, = (ln, + cos B, (115) 
Eliminating 0,, m,, n,, we get 
(cos B cos C — cos A) 1 (m? + n*) + (cos C cos A — cos B) m (n’ + P) 
+ (cos .A cos B — cos C)n m*) + 2(1 —cos A cos B cos C)lmn=0. (116) 
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If 7, m, n are tangential coordinates, this shows that the lines 


a a 

passing through the points where the tangents of U,, U, respectively, at the 
vertices, meet the opposite sides, are corresponding tangents of the curve of the 
third class (116), namely, tangents such that the line joining the points of con- 
tact touches the curve. 

Again, if 1, m, n are the trilinear coordinates of a point, U,, U, are the polar 
conics of such points with regard to the triangle and (116) shows that the points 
are corresponding points of a cubic curve passing through the vertices, through 
the points where 


a 


cos A — cos B cos C . cos B — cos A cos C + cos C—cos A cos B (118) 


meets the sides, and through the middle points of the perpendiculars. If one of 
the angles is right, (116) breaks up into factors. Taking C= 90°, we get the 


factors 
B, (119) 
sin A , sinB 
— — = (120) 


In the first case, the three points are the three vertices of a rectangle inscribed 


in the curve, and in the second case, the line = + a + 7 =0 is at right 


angles to the side y opposite the right angle. 

By combining the equation (116) with the condition J, cos A + m, cos B 
+n,cos (= 0 that U, should be an equilateral hyperbola, we get the three 
equilateral hyperbolee described through the vertices of the triangle so as to cut 
orthogonally a conic passing through these points. If the orthogonal conic is an 
equilateral hyperbola, that is if two equilateral hyperbole can cut each other 
orthogonally at the three points, the angles of the triangle must be such that 


1= sin’ A + sin’? B + sin’ C. (121) 
Again, combining the equation (116) with 
(i sin A) sin B) + V(n sin C), (122) 


the condition that U should be a parabola, we get the six parabole that can be 
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described through the three points to cut orthogonally other conics at three 
points. A few observations can be made with regard to conics having a focus in 
common. Ifthe conics 


bytky, ly +h)? (123) 
cut orthogonally at two points on the chord of intersection 
(ata')x+ (64+0)y+ 2#=0, (124) 
the relation 
aa’ + +1=0 (125) 


is satisfied. In this case the latera recta of the conics are equal and the eccen- 
tricities are such that ee’ cos@= 1, where 6 is the angle between the directrices. 
With regard to the angles of intersection of two such conics, I observe that from 
geometrical considerations we see that the angle of intersection at a point P is 
equal to half the angle subtended at P by the two other foci H, H’. Let the 
distances of a point from H, H' be ,,p,, and let a, @ be the corresponding 
directrices, then the conics are pj = eja*, p3 = & 2”. Suppose a, @ at right angles 
to each other, then the four points of intersection lie on the circle 


2 2 
+ = (126) 


where pis the distance of a point from the intersection O ofa, @. Now, suppose 
= + , where a, b, c are 
the sides of the triangle O, H, H’. Subject to these three conditions, the angle 
HOH' = 30° and the conics intersect at all their points of intersection at an 
angle of 30°. 


With regard to the concentric conics 


ax’ + by’? + 2hay + c= 0, aa’? + + =0, (127) 


that this circle passes through H, H’, then e,; = 


I observe that if a'b + b'a — 2hh’'=0, or the asymptotes are harmonically 
connected, then 
'+ 
where 6 is the angle of intersection at four points. 
Again let as consider the angle of intersection of the parabole 


pi=(e—a) + (y—BP =e, (y—PY=y, (129) 
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with rectangular directrices. These curves intersect on 
= (130) 


which is a circle passing through the foci, if the foci and the intersection of the 
directrices form an equilateral triangle. From geometrical considerations we have 


then 26 = w+ > where @ is the angle of intersection at a point P, and o is 


the angle subtended at P by the foci. But from (130) a= 30°, which gives 
@ = 60°, that is, if two parabole are such that their directrices are rectangular 
and the triangle formed by the foci and the intersection of the directrices is equi- 
lateral, then they cut at an angle of 60° at their four points of intersection. 


Estimate of Peirce’s Linear Associative Algebra. 


By H. E. Hawkgs. 


In the fourth volume of this journal appeared a remarkable memoir by 
Benjamin Peirce* in which the author made the first systematic attempt to 
classify and enumerate hyper-complex number systems. Though his work 
attracted wide and favorable comment in England} and America at the time, conti- 
nental investigators on the subject during the last fifteen years have given him 
scarcely the credit which his results and his methods deserve. Adverse criticism 
has been due in part to a misunderstanding of Peirce’s definitions, in part to the 
fact that certain of Peirce’s principles of classification are entirely arbitrary and 
quite distinct in statement from those used by Study and Scheffers, in part to 
Peirce’s vague and in some cases unsatisfactory proofs, and finally to the extreme 
generality of the point of view from which his memoir sprang, namely a ‘“philo- 
sophic study of the laws of algebraic operation.” If Peirce’s work is to receive 
its due recognition, three questions must be discussed. First. What problem did 
Peirce attack, and to what extent did he solve it? Second. What relation does 
this problem bear to that treated by Study and Scheffers? Third. To what 
extent do Peirce’s methods assist in the solution of that problem ? 

In this paper I propose to discuss the first and second questions. The third 
question the writer considers elsewhere. 


[Mstorical Review. 


With the discovery and general use of the geometrical interpretation of the 
ordinary complex number, the question naturally arose whether a number system 


*** Linear Associative Algebra,’’ American Journalof Mathematics, vol. IV, p. 97,1881. This memoir 
was read before the National Academy of Sciences in 1870 and a few lithographed copies were made 
in the same year. 

+t Spottiswoode, Proceedings of the London Mathematical Society, vol. IV, p. 152, 1872. Cayley, 
Collected Works, XII, p. 465; XI, p. 457. 
} Transactions of the American Mathematical Society, vol. III. 


‘ 
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could be found which was susceptible of an interpretation in space, somewhat 
analogous to that of the ordinary complex numbers in the plane. Gauss* felt 
the need of and attempted to form such a system. Whether he did or did not 
anticipate Hamilton in the discovery of quaternions,} his work in that direction 
has not until recently been published { and could have had no influence on Peirce’s 
investigations. ‘That Gauss was very familiar with certain properties of hyper- 
complex numbers is evident from his well-known query regarding the inadmissi- 
bility into arithmetic of number systems in more than two units, which stimulated 
Hankel,§ Weierstrass,|| and many others to make investigations in this field. 

In 1835 Hamilton§[ developed a complete theory of ordinary complex 
numbers in two units under the name of number couples. His definitions of 
complex numbers and the operations on them though ostensibly associated 
with “steps” of time have no immediate logical connection with the intuition** 
of time, and may be considered (essentially) as a discussion of pure complex 
numbers. De Morganty} in his Double Algebra took the short step necessary to 
place complex numbers on a purely symbolic basis, in a form now very generally 
adoptedf{{. After defining equality and the operations of addition and subtrac- 
tion of two complex numbers, Hamilton discusses$§ the operation of multiplication 
He defines the product 

(0, 6,)(9, b,) — +- 12212), 


where 7,1, 122 are arbitrary constants independent of 6, and b,. He proceeds to 
investigate the values that these “constants of multiplication” can have without 
introducing divisors of zero into the system, and determines on y,.,;= —1, 
Yi = 0 as the simplest possible values. This evidently leads him to the ordi- 


nary complex number system. This is, so far as I know, the first use of the 


* Klein, Gottinger Nachrichten, 1898, p. 15; Tait, Proceedings of the Royal Society of Edinburgh, 


vol. XXIII. 
t Life of Sir William Rowan Hamilton, by Graves, vol. III, p. 312. 
t Werke, vol. VIII, p. 358. 
§ ‘* Theorie der Complexen Zahlensysteme,’’ 1867, §29. 
|| Gottinger Nachrichten, 1884, p. 395. 
{ Transactions of the Royal Irish Academy, vol. XVII, p. 293. 
** De Morgan pointed out this fact in the Transactions of the Cambridge Philosophical Society, vol. 


VII, p. 175, 1842. 
++ ‘* Trigonometry and Double Algebra,’’ London, 1849. 
tt Burkhardt,‘ Analytische Functionen,” pp. 1-9; Study, Encyklopadie der mathematischen Wissen- 


schaften, vol. I, p.149; Weber, ‘* Lehrbuch der Algebra,” Einleitung, p. 19. 
§§ Hamilton, loc. cit., p. 400. 
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constants of multiplication of a number system. In 1843* Hamilton deter- 
mines the values of the sixty-four constants of multiplication in quaternions. 
Hamilton does not at this time consider systems, in three units, but it appearst 
that as early as 1834 he was attempting to find a system in three units which 
would have a useful geometric interpretation, but was deterred by the presence 
of divisors of zero which he correctly believed existed in every such system. 
The fact that quaternions contained no divisors of zero Hamilton considered 
one of its chief merits. { 

In 1843§ Hamilton first discusses number system in» units. He defines 
operations on such numbers and gives the condition 


s=] s=1 


that a system be associative.|| In his treatment of division he does not arrive at 
divisors of zero explicitly, but contents himself with the remark that “the n 
sought coefficients of the symbolic quotient can in general be determined.” 
(The italics are mine.) Had he considered the case where the coefficients 
of the desired quotient could not be determined, he would have been lead to a 
discussion of divisors of zero. Hamilton attempted to develop the theory of, and 
perhaps to classify, systems in 2 units, but the existence of the n* equations (1) 
that the constants of multiplication of an associative system must satisfy seemed 
to offer insuperable difficulties.** Hamilton was considerably embarrassed in his 
early work}+ by the lack of a useful definition of equality of two hypercomplex 
numbers. The assumption that 


n n 
> 4, ¢, = = b; é; 
1 1 


* Transactions of the Royal Irish Academy, vol. XXI, p. 241. 

t ** Lectures on Quaternions,”’ preface, p. 16, also p. 20. 

t Life of Hamilton, vol. III, p. 254. 

§ Transactions R. I. A., vol. XXI, p. 231. 

| Ibid., p. 231; Schubert, (Encyc. math. Wiss., vol. I, p. 7) and Hankel (loc. cit., p. 8) state that the 
term ‘‘ associative’’ goes back to Hamilton but give no reference. The word is used for the first time 
by Hamilton in Proceedings of the Royal Irish Academy, vol. II, p. 4380. 

¥ Transactions R. I. A., vol. XXI, p. 227. 

** ‘* Tectures on Quaternions,”’ preface, p. 31. 

tt Life of Hamilton, vol. III, p. 247, 
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when, and only when, 
a, 6,, 
de Morgan* first gives for n= 3. 

De Morgan, in 1844,} discusses the general commutative and associative 
systems with a modulus in three units. He arrives at several particular systems 
which he considers distinct though in somec ases they are equivalent, and gives 
several examples of divisors of zero. His systems, as well as those considered by 
Hamilton, have real parameters. 

The pluquaternions of Kirkman,f{ the clefs of Cauchy, § Grassmann’s “ Aus- 
dehnungslehre,’ Hankel’s|| alternating numbers, and the Situation Kalcul of 
Scheffler make little or no advance in the problem of classifying number systems, 
though Grassmann admits complex parameters. Important investigations were 
made by Frobenius, C. 8. Peirce, and Clifford, subsequent to the appearance of 
Peirce’s memoir, and on that account are not noticed here. 


Peirce’s Problem. 


We have seen that previous to 1870 the number in n units and operations 
on it were defined, and the conditions imposed on the constants of multiplication 
that a closed system be associative were stated. There was, however, no method 
suggested by which one closed system could be grouped with an infinite number of 
other systems and a classification of all closed systems arrived at. The great use- 
fulness of certain systems as Cauchy’s clefs and quaternions would indicate that 
by an exhaustive search after all number systems, others might be found which 
would be adapted to various domains of research. The problem that Peirce 
set for himself was :** 

1°. To enumerate exhaustively all types of number systems for a small 
number of units. 

2°. To develop a calculus for some or all of these systems. 

3°. To make application of these calculuses. 


* Transactions of the Cambridge Philosophical Society. vol. VII, p. 177, 1842. 
+ Trans. Cam. Philos. Soc., vol. VIII, p. 241, 1844. 

{ Philosophical Magazine, 3rd Series, vol. XX XIII, pp. 447 and 494, 1848. 

|| Comptes Rendus, vol. XXXVI; pp. 70 and 129, 1853. 

§ Loc. cit., p. 119. 

** Loc. cit., pp. 98 and 119. 
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The first part of the problem occupies practically all of Peirce’s published 
work on the subject. 

In order to discuss the two questions proposed at the beginning of the 
paper, I shall treat in turn the principles of classification’ used by Peirce, and 
show their relation to those employed by more recent investigators. These prin- 
ciples of classification are five in number. 

I. Number of Units.—Systems in the same number of units are thrown into 
the same group. This principle Peirce uses in common with all other writers on 
the subject. 

II. Equivalence—Two systems in the same number of units, ¢, & .... e, 
and ej, €,..+. ¢,, are considered equivalent if linear relations exist of the type 


Peirce evidently assumes, though not explicitly, that |a,;| 0, and that for any 
value of &, the coefficient a,4-0. The latter unnecessary restriction is not 
always followed by the editor, Mr. C. S. Peirce.* This devise of classification 
Peirce justly considers one of the leading elements of originality in his work 
This principle has been used by most subsequent writers. 

III. Pure Systems.—Peirce further distinguishes between pure and mixed 
systems, but proposes to enumerate only the former. His definitions of these 
terms are not precise, but an inspection of their use shows that a system is called 
mixed if its units may be divided into two or more groups (which may have 
common units), such that the product, if non-vanishing, of two units of the same 
group is a number in that group, while the product of units which are not 
found in the same group is zero.{ For illustration, on p. 123 [13], we have the 


system 


* Loc. cit., for example, p. 136 (foot-note) ; p. 205 (foot-note). 
+ Equivalent systems are of the same ‘‘typus”’ (see Study, Géttinger Nachrichten, 1889, p. 240). 
{Cayley gives substantially this definition for the case n = 2, Collected Works, XII, p. 61. 


| 
i=1 
k 
t| ¢ | j | 0 
3 0 0 | 0 
k 0 | 0 


92 Hawkrs: Estimate of Peirce’s Linear Associative Algebra. 


In this mixed system the groups are i,j andi, k. Evidently the product inside 
each group is in that group while the products of 7 and & vanish. On p. 129 
[12], we have 

ok 


ig | &k l 


jl j | lo} o 


k| k 0 0 0 


1} 0 0 0 0 


In this mixed system the groups are 7, 7, & and 7, @. 
Again, on p. 133 [162] we have 


i og k 


0 


2 


The groups here are 7,7; 1,4; 1,k, and 1,7. 

Peirce’s definitions of pure and mixed algebras correspond exactly to the 
definitions of irreducible and reducible number systems used by Scheffers,* 
except that the groups in a reducible system can contain no common units. 
Thus in Scheffer’s enumeration appear several systems that Peirce rejects as not 
pure. In fact, every system given by Study or Scheffers which is not included 
in Peirce’s enumeration he rejects as mixed, either in particular or under some 
general rule. An understanding of the definitions under which Peirce placed 
himself renders some of the criticisms of his work less forcible. For example, 
Study} states that Peirce gives only one of the five existant distinct systems in 


* Mathematische Annalen, vol. 39, p. 317. + Gottinger Nachrichten, 1889, p. 240. 
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ilalg | 0 | 0 
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three units. On comparing the systems given by the two writers, we see that 
all but one, (III), of Study’s* systems are mixed and are rejected by Peirce on 
that ground. This system Peirce gives. 

IV. Reciprocity.—Study} has defined two systems to be reciprocals of each 
other when the multiplication table of one is derived from that of the other by 
an interchange of rows and columns. Peirce gives no definition corresponding 
to this, but his usage follows it rather closely, and he assumes throughout his 
memoir that reciprocal systems are ‘virtual repetitions” of each other; for 
example, on p. 121, Peirce derives the system in two units 


a j 
7 (1) 
9 0 
and states that 
a j 


is a ‘virtual repetition.” Notwithstanding the fact that Peirce assumes continu- 
ally that such systems are not to be distinguished from each other, Cayley{ com- 
plains that (2) is lacking since (1) and (2) are not equivalent. Bucheim§ in 
attempting to show what Peirce means by “virtual repetition ” and to justify his 
position, arrives at a necessary and sufficient condition that two systems be 
reciprocals. In only one respect Peirce does fail to follow the present usage in 
regard to reciprocal systems. If a subsystem in one system is the reciprocal 
of a subsystem of another, while in other respects the systems are identi- 
cal, Peirce calls them “ virtual repetitions” of each other. For example, on p. 
154 [111] the following systems are not considered distinct, since the subsystems 
formed by the units 7, m in the systems are reciprocal. 


* Loc. cit., p. 246. T Loc. cit., p. 240. 
ft Collected Works, XII, p. 61. § Messenger of Mathematics, vol. XV, 1886. 
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a ke m a k l m 

a} 2 J 0 0 0 a ) J | 0 0 0 
J | 0 0 | | 0 0 | | | bop J 
€3 

0 0 Cyk | m 0 |egk| 0 
m| 0 0 Crk | O 0 m| 0 0 Cs3k | m 0 


V. Idempotent Numbers.—Peirce defines an idempotent number as one, say a, 
for which a positive integer m exists so that a" =a. If we define the modulus 
of a system as the number wu such that xu = ux =a@ for every number « in the 
system, we see that the existence of an idempotent number is the necessary, 
though not sufficient, condition to the existence of a modulus. Peirce divides 
his systems into two groups, one of which contains systems with an idempotent, 
while the other contains systems without such a number. The former systems 
he considers of chief importance, and derives other systems only to assist in 
obtaining systems with an idempotent number. Thus he obtains all pure, ine- 
quivalent systems with a modulus, and several with no modulus: for example, 
each of the systems /,, ¢,, p. 130; hy, p.133, possesses an idempotent number, but 
no modulus. 

The very close relation that exists between systems with idempotent units 
and those with a modulus, and the modifications necessary to make in Peirce’s 
method, to derive all such systems are indicated elsewhere by the writer.* 

We can now state precisely the problem that Peirce set for himself. He 
aimed to develop so much of the theory of hypercomplex numbers as would 


* Loc. cit. 
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enable him to enumerate all inequivalent, pure, non reciprocal number systems 
in less than seven units. The relation to the problem treated by Scheffers is 
plain, if we remember that the first two of Peirce’s principles of classification are 
identical with those of Scheffers, and the other three are only slightly modified. 
Peirce solved this problem completely. The theorems stated by him are in 
every case true, though in some cases his proofs are invalid. 

It is remarkable that Peirce did not avail himself of the clear and compact 
definitions of equality, and the fundamental operations given by De Morgan and 
Hamilton. Had this course been followed it must have lead to a lucidity of 
development the lack of which Study and Molien justly deplore. 


YALE UNIversitTy, February, 1901. 
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Groups Defined by the Orders of Twe Generators and 
the Order of their Product. 


By G. A. MILLER. 


If the three numbers /, m, n are the orders of three operators such that one 
of these operators is the product of the other two, it is known that the group gene- 
rated by any two of these operators is completely defined by 7, m,n, provided 
two of these numbers are equal to 2; or one is 2, the other 3 while the third is 
one of the three numbers 3, 4, 5.* In what follows we shall prove that these two 
operators may be so selected as to generate any one of an infinite system or 
groups of finite orders whenever J, m, n do not satisfy one of the given condi- 
tions. In particular, if only the orders of two operators and that of their product 
are fixed, and if at least two of these orders exceed three, these operators can 
be so chosen as to generate any one of an infinite system of groups of a finite 
order. Hence two such operators generate a group of infinite order whenever 
they satisfy no conditions except such as depend upon their orders and the order 
of their product. 

The method employed may be briefly described as follows: Since the order 
of a transitive substitution group of degree m is a multiple of » and a divisor 
of n! this order is finite or infinite as 7 is finite or infinite. If two substitutions 
of fixed orders can be so chosen that they generate a transitive substitution 
group whose degree is any multiple of a certain number, the order of such a 
group may have any one of an infinite number of values. Hence these substitu- 
tions can be so chosen as to generate any one of an infinite system of groups. 
The object is, therefore, to find two substitutions of the required orders such 
that their product is of the required order, and that they generate a transitive 
group whose degree is an arbitrary multiple of some number. 


In what follows the three operators will be represented by Z, M, N and 
: * Bulletin of the American Mathematical Society, vol. VII, 1901, p. 424. 


MILLER: Groups Defined by the Orders of Two, ete. 97 


their orders by 7, m, m respectively. It will be assumed that MZ = N and that 
l=mc<n, since these assumptions do not affect the generality of the results. 
The cases when / = 2 and when /= 3 will be considered separately, beginning 
with the former. The product of the following two substitutions 

is composed of & cycles of degree 6, where & is any positive integer. In general, 
the product of the two substitutions 

is composed of & cycles of degree 3a, a>>1. Hence two substitutions of orders 
two and three respectively, whose product is an arbitrary multiple of three, 
can be so chosen as to generate any one of an infinite system of groups of 
finite order. When a > 8, there are at least two letters which do not occur in 
L,, in each of the cycles of degree 3a mentioned above. By adding transposi- 
tions to LZ, each of these cycles can clearly be made of degree 3a +1 or of degree 
3a + 2 instead of 34. When a=3, we may make the cycles of degree 10 by 
the same method. The remaining cases, i. e. when n= 7,8 or 11 may be 
treated separately as follows, the substitutions being chosen in such a manner as 
to give the fundamental transitive group by omitting the last cycle of Mand the 
last two cycles of Z. To obtain the generators of the transitive group whose 
degree is any multiple of the degree of this fundamental transitive group, it is 
only necessary to increase the subscripts of Z and M by multiples of this degree. 
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This completes the proof that there is an infinite number of groups for every 
value of n > 5 whenever /=2 and m= 8. We proceed to the cases when = 2 
and m= 4. It is easy to see that the product of the following two substitutions 
is composed of & cycles of degree 4: 


From this it follows that we may select Z in such a manner that LJ is of order 
4a, and that L, M generate a transitive group of degree 4ak, a and k& being arbi- 
trary. To effect this, it is only necessary to select Z in such a manner as to 
connect some of the cycles of M by a single transposition, while others are 
connected in the same manner as in Z,. When a > 2, the order of the cycles of 
N can be increased by three or less and diminished by at least one by means of 
additional transpositions in Z. When a= 2, the order of N can clearly be 
increased by one or two in the same manner. It remains only to consider the 
cases when 7 is one of the three members 5, 6, 7, The following substitutions 
prove the existence of an infinite number of groups in each of these cases: 


ML, = Ay AeA . . AyAyo - - 


From the two substitutions M4, L, it follows directly that it is possible to 
select a substitution of order m>8 and a substitution of order 2 so that the 
order of their product is an arbitrary multiple of m, and that they generate a 
transitive group whose degree is an arbitrary multiple of the order of their 
product. When m>6, we can evidently make the order of this product any 
number 5m by the addition of transpositions in Z. Moreover, it is clear that 


* Since two new elements are added by L,, the remaining subscripts are obtained by increasing the 
given ones by 12 instead of by 14. 
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n = 9 is the only case which requires special considerations when m= 6. That 
there is also an infinity of groups in this case follows from the facts that there 
are substitutions of orders two and six whose product is of order 9,* and that 
there is an infinite number of groups when /=2, m=3,n=9. Whenm=5, 
there is also only one special case, viz. n= 7. The following two substitutions 
prove the existence of an infinite number of groups of finite order in this case : 


This completes the consideration of all the cases when J = 2. Some addi- 
tional cases may be reduced, in the following manner, to those which have been 
considered above. If a group is generated by two operators (s,, s,), s; and all 
its transforms with respect to s, generate either the entire group or an invariant 
subgroup whose index under the entire group is a divisor of the order of s,. In 
particular, if the order of s, is 2, s, and its transform with respect to s, generate 
either the entire group or a subgroup of half its order. In this special case, when 
s§= 1, the product of s, and sz's,s, is (s,s,).. Hence, it follows from the pre- 
ceding paragraphs that two operators of the same order > 2 whose product is 
also of a higher order than 2, can always be so selected that they generate any 
one of an infinite system of groups. For instance, from the fact that two ope- 
rators of orders 2 and 5 respectively, whose product is of order 8, can be so 
selected as to generate any one of an infinite system of groups of finite order, it 
follows that two operators of order 5 whose product is of order 4 have the same 
property. Since the group generated by two given operators is identical with 
the one generated by one of these operators and the product of the operators, 
it remains only to consider the cases when no two of the numbers /, m, n have 
a common factor > 2 and when /> 2. 

When /=3 and m= 4, we need to consider only one value of n, viz. 5, 
since in all the other cases it has been proved that M/ can be replaced in part by 
an operator of order two, which can be so selected that any one of some infinite 
system of groups is generated by Zand M. ‘The following substitutions prove 


* American Journal of Mathematics, vol. XXII, 1900, p. 185. 
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that this special case does not present an exception to the general theorem under 
consideration : 


My Ly, = Ay AghyAyyAgAs 


When /= 38 and m= 5, we may assume that n is odd, for if it were divisible 
by 4 or contained either 3 or 5 as a factor, it would come under the preceding 
cases. Hence it must contain some odd factor greater than 5. It is now clear 
that it may be assumed that both m and m are odd whenever m > 4. Since the 
Ay aaa, is of order five and involves an arbitrary multiple 
of 5 letters, and since a,4,0j;4,A5 .Ag1,4,4g4) into a,aga, is a cyclic substitution of 
degree 11, it is evident that when = 8 and m>4, Land M can be so chosen 
as to generate a transitive group whose degree is any multiple of a fixed 
number.t 

It may now be assumed that each of the three numbers 7, m, m is odd and 
exceeds 3. The method employed in the preceding paragraph requires only 
slight modification to apply to all of these cases. It is based upon the following 
two propositions: 1). In combining two cycles, any odd number (< /— 1) 
of letters may be added; e. g. INtO a,aga,a,A, 
and into a,a,a,a,a, gives substitutions of order 17 and 15 respectively. 2). In 
closing a cycle, any even number (<_/— 2) of letters may be added; e. g. 
Ay AgGAghyAgU gly INTO AyA,A, Ag A, ANd into 
Ay,4,4,a, gives substitutions of orders 9 and 7 respectively, each of which is 
composed of two cycles. These propositions combined with the fact that the 
order of N can be increased by any even number < m by means of additional 
cycles in Z complete the proof of the required theorem, viz. Jf two of the three 
numbers 1, m, nare equal to 20rif l= 2, m= 3, and n=3, 4, or 5, the group 
generated by L and M is completely defined by the values 1,m,n. For all other sets 
of values of 1, m,n any two of the substitutions L, M, N can be so constructed as to 
generate any one of some infinite system of groups of finite order. 

IrHaca, N. Y., August, 1901. 


* The fundamental transitive group is of degree 10 and the subscripts are increased by multiples of 
8 to obtain the other transitive groups. To obtain a definite transitive group, the last cycle of L is to 
be changed,so as to‘contain two letters not found in M. 
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Canonical Form of a Linear Homogeneous Transform- 
ation in an Arbitrary Realm of Rationality. 


By LEoNARD EUGENE DICKSON. 


1. In volume XXII of the American Journal of Mathematics, the writer 
investigated the canonical forms of linear homogeneous transformations in a 
finite field (necessarily a Galois Field). It was shown that the type of canonical 
form obtained by M. Jordan for the case of the field of integers taken modulo p 
is capable of immediate generalization to an arbitrary Galois Field. Instead of 
the direct, but lengthy, method of proof employed by M. Jordan, the paper cited 
gives a proof by induction from a smaller to a greater number of irreducible 
factors of the characteristic determinant. The latter method leads to a canonical 
form of linear transformations in an arbitrary field #. The formal process of 
reduction is the same as in the case of a Galois Field.* But the proof that the 
reduced form has the desired properties} is necessarily more complicated for the 
general field F than for a Galois Field. Indeed, the content of the theorem is 
essentially greater for the general field, since the roots of an equation (4) = 0, 
belonging to and irreducible in #, may not all be rational functions in F of a 
single root, as is the case when Fis a Galois Field (see §4). The object of this 
paper is to give the desired additional proof and thereby establish the validity of 
the canonical form for an arbitrary field.{ In §6 is given an example to illus- 
trate the generalized theorem. 


* American Journal, vol. XXII, pp. 121-127. The paper will be designated A. J. 

t Properties (a) and (b) below (§3), corresponding to (a) and (b) of A. J., p. 123. 

tThe theorem is stated in a different, but more compact, form by the writer in the Transactions 
of the American Mathematical Society, vol. 2 (1901), p. 393. 
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2. Proceeding as in A. J., pp. 124-6, we obtain the preliminary form S,: 


01 = Ky + = Ky (Vy + | 
+1— Ky Voa,+1 + +5 = (You +5 + 
= =L (4; + 


the expressions for Y;,, Z/; being conjugate to those for Yj,, Z;. We proceed to 
prove that a, G4 are polynomials in A, with coefficients in F’, and that the 


variables Y,;,, Z,; have the properties : 
(a). The variables Y,; are linear homogeneous functions of the initial vari- 


ables &,,..--, &, whose coefficients are polynomials in A, with coefficients in F. 


The Y,, are derived from the Y,; by replacing A, by K;. 

(b). The variables Z,; are linear homogeneous functions of &, ..--, &m 
whose coefficients are polynomials in ZL, with coefficients in F. The Z, are 
derived from the Z, by replacing LZ, by JL,;. 

By the hypothesis made for the induction, the variables y,; have the proper- 
ties (a), the variables ¢;, have the properties (b). Also 


A;= X,+ + K2X,+ (1) 


where the X; are linear homogeneous functions of &, ...- , &, with coefficients 
in F. Hence, in the transformation § (A. J., bottom of p. 125), the sums 


k—1 k—1 
2, > Bids 
t=0 


are linear functions of £,, ...-. , &, whose coefficients; are polynomials in K, with 
coefficients in F. Applying the lemma below (§3), 


= 9; (Ko, Ki), KH), (2) 


a 
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where @;, ¥; are rational functions of their arguments with coefficients in F. 


k—1 
Similarly, = aj; is a linear function of £,, .... , &, whose coefficients are poly- 
i=0 
nomials in Z, with coefficients in F. Hence, 
aj = 4; (Lo, K), (3) 
where y; is a rational function with coefficients in F. 
k—1 
Now (A. J., p. 126) 2, =lce + >) Buds, where 
+=0 
/ / 
In view of (1) and (3), it follows that Budi, are symmetric 
in Ky, Ay, ...-, &,_;, and hence are rational functions of £,,...., &,, and LZ, with 
coefficients in F, A like result therefore holds for Z,, Z., ...- In the field F 
a rational function of Z,) equals a polynomial in Ly. 
k—1 


Next (A. J., p. 126), Yos= 05 + >) Audi, where 
i=0 


Ky a; 
10 K, ’ li 20 ’ K, Ky’ 
etc. for i= 1, 2,....,—1, while A, 440, ---- remain undetermined. 
In view of (1) and (2), it follows that Aj, Ay, .... are rational functions 


of K, with coefficients in F, and that the sums 


k—1 
i=1 


are symmetric in K,,.... , A,_,, and hence are rational functions of £,, ...- , Em 
and K, with coefficients in F. A like result therefore holds for Y, Yoo, ----; 
Yoa,-1- The only modification necessary for, Yoa,, Yoa,+a, +--+ 18 to choose 
A,o, Aa,+a0,---- to be rational functions of K, with coefficients in F. It follows 
that every Y,; is a linear function of &,.... ,&, whose coefficients are poly- 
nomials in K, with coefficients in F. 
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Incidentally, it was shown that aj, By, ..-- are polynomials in AK, with 
coefficients in F. Denote them by (K,), ¥(),...- Proceeding as in A. J., 
p. 127, we obtain the desired canonical form upon variables possessing the prop- 


erties (a) and (b). 


3. Lemma.—Let the A, be defined by relations (1), and let the y, be independent 


of &, ----, Lf, m the linear function 
k-—1 
=> vidi 
i=0 
of &,... , En, the coefficients are polynomials in o with coefficients in the field F, 


then will 


y= So, K), (6220, 1, 
where f is u polynomial in o and K; with coefficients in F. 
By hypothesis, the expression 
A=X Syit + t+ + 
is a linear function of &, ...., &, whose coefficients are polynomials in o with 


coefficients in F’. Since X), X,, ...- , X;,~, are linearly independent linear func- 
tions of £,,.... &, with coefficients in F, it follows that 


where fi, fi, - --,/¢—; are polynomials in o with coefficients in F. Hence 


where A, is derived from by replacing fi, fe, ---,fc-1 by 1, K,, K}?,..., 
K;—' respectively. Since A,is a product of the differences of the Kj, it does 


not vanish. By the interchange of A, with K,, where a and 6 differ from 7, A; 
and D, only change in sign. Hence y,; is symmetric in Ky, Ky, ...- , 
It follows that y; is a rational function of f,,f,, 
and £; with coefficients in F, 


=O(fr As H); 


Transformation in an Arbitrary Realm of Rationality. 105 


the form of the function @ being the same for each value of 7. Moreover, a is 
linear in fy, f, ----,f¢-1. Hence y, is a polynomial in o whose coefficients are 
rational functions (and hence polynomials) in A; with coefficients in F. 


4. For a finite field, the proof may be somewhat simplified. In that case, 
Ky, K,, ...., are polynomials in a single root In view of their 
origin, the Y,, are linear functions of &, .... , &,, whose coefficients are rational 
functions of K,, A,, .-.-, A, with coefficients in F, and, therefore, are poly- 
nomials in Ay with coefficients in F, if F be a finite field. But the Z,; might 
involve K,, A,, ..--, as well as Z,. By means of the above lemma, it 
was readily shown that the Z,; involve only Z,. An independent proof* is 
given in §5. The method involved does not seem to apply to the case of the 
variables Y,; for a general field P. 


5. In view of the hypothesis for the induction, we may set 


= Yj + + Ky + + 15; 


where the y,; are linear homogeneous functions of £,,....,&, with coefficients 
in Ff. The y, are linearly independent since the y,; are. Since the determi- 
nant | Ki] $0, yy, Yy---+» Ye—-1y Cam be expressed as linear functions of 
Nos Similarly, fy, depend upon independent 
functions ---- belonging to while the latter depend upon the 
former. Set 


In view of formulee (1), %, depend upon X,...., 
and inversely. 

Take as independent variables the functions X,y,z. Then & replaces 
each X by a function of the X only, each y by a function of the X and the y 
only, each z by a function of the X and the z only, the coefficients of these func- 


tions being in / Let S replace %; by Ym, + YX, It is possible to 


*It is merely a new form of that by Jordan, ‘‘ Traité,’’ pp. 121-122. 
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determine a set of functions 


= + > (4) 
such that S replaces z,, by > MWe. One set is given by 


where the Z,, are the functions determined in A. J., p. 126. To show that this 
is the only set, consider any set (4). In terms of the variables 4,, n,, 
6, =f (yj; the transformation replaces each by by a linear 


function of the %,, only. Now ¢, has the form %,, +> Yij-A,» But the only set 


of functions of this form which & replaces by functions in which the coeffi- 
cients of the XY, vanish was shown to be the set Z,;. Hence Cy = Z;, so that 


= But, when is expressed in terms of the vari- 
ables K, y, z, the unique set (4) can be determined by the method of undeter- 
mined coefficients, so that the x;, will belong to the field F. Hence the 


functions %, belong to F. But the coefficients in f,(a, ..-+. %—1;) are poly- 
nomials in Z,; with coefficients in /. Hence the same is true for 


6. HxampLeE.—The general theory is well illustrated by the following 
example: Consider a linear transformation whose characteristic determinant is 
(p? — 2). By a general theorem (Amer. Journ., vol. XXIII, p. 37), one such 


transformation is 


A: = — 4£,, 6,, &, = &,. 


The functions which A multiplies by p, where p= 2, are 


Denote the function by %, or according as p= 4/2, or 
p =a 2 respectively, where o=—}+4</—3 is an imaginary cube root of 


r,s 
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unity. Taking as new variables the linearly independent functions 4, A», As, 
&,, &5, &, the transformation A becomes 


[f= 2 (A, + @A, + 0°A;)]. 


The folle .ing transformation of determinant 2 
Es = hi, Ss, 
multiplies the function £, + pf, + p’_(p? = 2) by p. Set 


+074, 
Yq = Ey + + 4 &. 


Then A replaces y,, 72, y; by, respectively, 


By introducing as new variables 


= + ax, + — 23)/(1—o), 
GAs, Ne = Y2t ba, + (ox3 — x,)/(1—«), 
GA3, 3 = Y3 + Cas + (wx, — 22) /(1 —o), 


we obtain the canonical form 
rl = JS 2 x, av 2a, = a? 


nl = 2(m+ 21), = OV 2 2), 13 = 


Here z,, 22, x3 are of the respective forms 


where @ is a linear function of its arguments, the coefficients being rational 
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numbers. Again, we have 
m=Et VER t+ Sat t+ + VTE), 
Hence 7, 7, “3 will be of the respective forms (5), if we take 
2), 


where / is a rational function with coefficients in ¥. Whatever be the field F 
the variables in the canonical form have the desired properties (a).* 


THE UNIVERSITY OF CHICAGO. October, 1901. 


*I take this occasion to note certain errata in my article in vol. XXIII: 
Page 351, line 25, for 4£, read yé,. 
Page 864, line 20, for 2” read 2m. 
Page 366, bottom, for ), read ). 
Page 8738, bottom, for read Fi. 
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A New Theory of Collineations and their Lie Groups. 


By H. B. Newson. 


INTRODUCTION. 


1, Among the groups of transformations discovered by Lie and used by him 
to illustrate his theory of continuous groups, the most important by far are the 
projective group and its subgroups. But a projective transformation, or colline- 
ation, may be studied synthetically as well as analytically, and hence arise the 
possibility and the desirability of a purely geometric theory of collineations and 
their groups. This consideration has led the writer to seek to develop such a 
theory. The investigation has been undertaken in the spirit of the following 
from Klein’s Hrlangen Program ”’: 

‘(His ist zwar immer an der Forderung festzuhalten, dass man einen mathe- 
matischen Gegenstand noch nicht als erledigt betrachten soll, so lange er nicht 
begreiflich evident geworden ist, und es ist das Vordringen an der Hand des For- 
malismus eben nur ein erster aber schon sehr wichtiger Schritt.” 


Consequently, the present memoir is in no sense to be regarded as a contri- 
bution to Lie’s theory of continuous groups, but its object is rather to set forth 
an independent geometric theory of the projective group of the plane. Starting 
with Lie’s concepts of Transformation and Group, I have developed a new tlieory 
which is not based upon the infinitesimal transformation. A similar theory has 
already been published* by the writer for the projective transformations of the 
points on a line and the extension of the theory to the projective group in three 
dimensions is an easy and natural step. 

Certain theorems and results reached in the above-mentioned paper will 
recur here, and reference will usually be made to that paper. Two important 


* **Continuous Groups of Projective Transformations Treated Synthetically.’’ Part I. Kansas 
University Quarterly, vol. IV, pp. 71-93. 
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theorems on projective transformations in one dimension not found in the above 
paper will be frequently used and will be proved when introduced. 


§1.—PERSPECTIVE COLLINEATIONS; THEIR PROPERTIES AND LiE Groups.” 


2. Construction of a Perspective Collineation of the Plane. Let p and p’ be 
two planes intersecting in a line 7 and making any convenient angle with one 
another. From O, a point not in either plane, draw a bundle of rays each inter- 
secting p and p’. Any ray a of the bundle cuts p and jp’ in the points P and P’, 
a pair of corresponding points in the two planes. In this way the field of points 
on p= is projected into a new field of points on p’. If, now, p’ be revolved about 
Z until it coincides with p, the two fields of points, i. e. the original field and its 
projection on p’, may be considered as existing in the same plane. 

The result of these two operations of projection and revolution is to shift the 
points of the plane p into new positions so that there is a one-to-one correspon- 
dence between the old and new positions of the points. Evidently, the right 
lines of p are also shifted into new positions and remain right lines after the 
operation. Any operation which transforms points into points and right lines 
into right lines is called a collineation, or projective transformation, of the plane. 
The most simple form of a plane collineation is the one constructed above, and 
is called a perspective collineation. We shall use S to denote a perspective col- 
lineation. 


3. Invariant Figure of S. Any point or line of p which, after the opera- 
tion S, coincides with its corresponding point or line, is said to be invariant 
under S. Evidently, from the construction, every point on / is an invariant 
point of S. The perpendicular from O on the plane bisecting the angle pip! 
cuts pin A and p’in A’; the revolution about 7 brings A’ to A, so that A is also 
an invariant point of S. 

Let B be any point on /; the lines g and g! joining A and B, A’ and B 
respectively are corresponding lines in the two planes. The revolution about / 
makes g/ coincide with g, so that g is an invariant line of S. In like manner 
every line through A is an invariant line of §. Every invariant line has on it 
two invariant points, viz. A and the point where it crosses 7. 


*Many of the properties of perspective transformations contained in §1, were given in Professor A. 
Emch’s dissertation, ‘‘On the Continuous Groups of Perspective Collineations in the Plane,’’ published 
in the Kansas University Quarterly, Vol. V, pp. 1-86. 


| 


Newson: A New Theory of Collineations and their Lie Groups. 111 


Every pencil of rays whose vertex is on 7 is invariant under 8. Every 
invariant pencil of this sort has in it two invariant rays, viz. 7 and the ray 
through A. It should be noted that the invariant figure of 8 is a self-dualistic 
figure. The point A and the line / are called the vertex and axis respectively of 
the collineation S. 


THEOREM 1.—A perspective collineation S leaves invariant a self-dualistic figure 
consisting of a point A, every point on a line 1, every line through A, and every 
pencil of rays with its vertex on I. 


4. Characteristic Cross-Ratio of S. Let q be the plane determined by O 
and /, and let 7 be the plane through 7 parallel to OA; let & be the cross-ratio 
of the pencil of planes /(grpp'). Every line of the projecting bundle through O 
is cut by these four planes in ranges of four points, all of which have the same 
cross-ratio k. Any selected ray a of the bundle cuts these four planes in the 
points O, Q, P and P’ respectively, and the cross-ratio a(OQPFP’) is equal to k. 
If, now, every ray of the bundle be projected orthogonally on the plane p by 
lines parallel to OA, the four points O, Q, P, P' will be projected into 
A, B, P, P, and the cross-ratio (ABPP,)=k. In like manner the cross-ratio 
of the two invariant points and every pair of corresponding points on every 
line through A is constant and equal to k. 

Thus the perspective collineation S produces a one-dimensional projective 
transformation along every line of the plane through A, and the characteristic 
cross-ratio has the same value along all these lines. In like manner S pro- 
duces a one-dimensional projective transformation in every pencil of lines with 
its vertex on /, and evidently the characteristic cross-ratio has the same value k 
in all these pencils. 


THEOREM 2.—A perspective collineation S is completely characterized by tts 
invariant figure and a cross-ratio k which is the same along all invariant lines 
(except l) and through all invariant points (except A). 


5. One-Parameter Group of Perspective Collineations. The perspective col- 
lineation S' is not the only one that can be constructed which leaves invariant 
the figure (A, 7). Take O,, asecond point on OA, and proceed as before to 
construct a second collineation S,. The invariant figures of S and 8, will be the 
same, but the cross-ratios & and &, will not be the same; for the reason that the 
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cross-ratios of the axial pencils /(grpp') and 1(q,rpp’), where q, is the plane 
determined by / and O,, are not the same, Thus we see that an unlimited num- 
ber of perspective collineations can be constructed, leaving invariant the figure 
(A, 

Consider, now, the operation whose effect on the points of the plane is 
equivalent to the effect of the successive operations of Sand S,. Since Sand 4, 
both transform points into points and lines into lines, their resultant must be a 
collineation; and, since S' and S, both leave the figure (A, /) invariant, their 
resultant must also leave (A, /) invariant, and hence is a perspective collineation. 

Let S transform the point P into P,; the points P and P, are collinear with 
A and their joining line cuts 7 at some point B. Let S, transform the point P,; 
to P,; P, will also lie on the line AB. The resultant of Sand S, is 8, a per- 
spective collineation which transforms the point P directly to P,. This may be 
expressed by the equation SS, = &). 

The characteristic cross-ratios of and S, are respectively = (ABPP,), 
k, =(ABP,P,) and k, =(ABPP,). Expanding these equations, 


Eliminating the fraction nel from the first and second by multiplication, we 
1 


have 
kk 


1= Pp, 


Thus we see that the cross-ratio of S, is equal to the product of the cross-ratios 
of S and §;. 

We have now found that there are an unlimited number of perspective col- 
lineations leaving the figure (A, 7) invariant, and that the resultant of any two 
of these is another of the same system. This is what is known as the group 
property, and hence we conclude that the aggregate of all perspective collinea- 
tions leaving (A, 7) invariant is a group. The natural parameter of this Lie 
group is the characteristic cross-ratio k. 


THEOREM 3.—The aggregate of all perspective collineations having the same 
vertex and axis ts a Lie group of one parameter ; the natural parameter of the group 
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is the cross-ratio k; the cross-ratio of the resultant of any two collineations of the 
group is equal to the product of the cross-ratios of the components, 1. e. ky = kh. 


6. Properties of the Group H,(A,1). For the sake of generality, we shall 
suppose that the point A and the line 7 are either real or imaginary, in general, 
imaginary. The points of the plane as P, P,, etc., are also either real or imagi- 
nary, and hence the cross-ratio & is, in general, a complex number. Evidently 
there is a collineation in the group, which will be designated by H, (A, 2), for 
every value of k. 

The most important properties of the group may be enumerated as follows: 
If & =1 in the cross-ratio k = (ABPP,), P, must coincide with P, since A and B 
are separate points. Thus every point in the plane is an invariant point under 
this collineation, which is the identical collineation of the group. 

Two collineations of the group for which & and &, have reciprocal values, 
have the effect of exactly neutralizing each other. Their resultant is the identi- 
cal collineation, and they are called inverse collineations. Every collineation in 
the group has an inverse also in the same group. 

There are two collineations in the group which are their own inverses, viz. 
those for which & = 1 and k= —1;; the first is the identical collineation and 
the second is called the involutoric collineation of the group. The effect of the 
involutoric collineation is to interchange every pair of corresponding points in 
the plane. 

All collineations in the group for which k= 1+, where d is an infinitesi- 
mal complex number, are called infinitesimal collineations of the group. Since 
d may be written in the form de’, where 6 varies from 0 to 21, we see that the 
group contains an infinite number of infinitesimal collineations. If the values of 
k are represented in the usual manner by points in the complex plane, the infini- 
tesimal collineations are represented by points infinitely near to the unity point 
and are distinguished according to the directions of their points from the unit 
point. 

Let the infinitesimal collineation k= 1+ de” be repeated n times; the 
resultant is a collineation of the group for which & =(1 + de)”, a number which 
can be made to differ as much as we please from 1 by taking n sufficiently large. 
If 6 be constant, the locus of the point &, as n varies, is a logarithmic spiral about 
the origin. There is a separate spiral for each infinitesimal collineation of the 
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group. Every collineation, whose cross-ratio is represented by a point on one of 
these spirals, is said to be generated from the infinitesimal collineation of the 
spiral. These spirals all pass through the unit point and lie infinitely close 
together. There are two families of these spirals, one right-handed and the 
other left-handed. They cover twice over the entire plane, and hence every col- 
lineation in the group, except those for which k=0 and k=, may be gene- 
rated from at least two infinitesimal collineations; those for which & is real and 
positive may be generated from three infinitesimal collineations.* 

The two collineations for which 4 =0 and k=~ are essentially different 
in character from all other collineations in the group. Their corresponding 
points in the plane of & are the points toward which all the spirals converge 
without ever reaching them. The effect of the collineation 4 = 0 is to transform 
every point of the plane, except A, toa point on/; the effect of the other one, 
k = w, is to transform every point of the plane, except those on /, to A. These 
two pseudo-transformations are called the essentially singular collineations of the 
group. 

A Lie group is defined to be continuous when every transformation in it 
can be generated from an infinitesimal transformation of the group. Hence the 
group of perspective collineations H,(A, 2) is continuous everywhere except for 
k=0 andk= 


THEOREM 4.— T’he one-parameter group of perspective collineations H, (A, 1) is 
continuous everywhere in the plane of its complex parameter k, except at k=0 and 


b= 


7. Resultant of Two Coaxial Perspective Collineations. Let S and S, be two 
perspective collineations having the same axis / and their vertices at A and A, 
respectively. Let the line joining A and <A, be /, cutting the axis / at B; let k 
and k, be the cross-ratios of S and S, respectively. The resultant of S and S, is 
a collineation and leaves invariant every point on the axis/. The line 7 is an 
invariant line of both S and §,, and is, therefore, also an invariant line of S,. 


* For a fuller discussion of this theory, see the Bulletin of the American Mathematical Society (2), 
vol. IV, pp. 118-114. 

+ In his definition of a projective transformation, Lie explicitly lays down the condition that the 
determinant of the transformation shall not vanish ; this condition excludes from consideration the 
transformations of the group for which k=0 and ™. Lie’s group thus defined is everywhere continu- 
ous for the reason that he has excluded the discontinuity points. 
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Along the line // we have two one-dimensional projective transformations whose 
invariant points are (A, B) and (A,, B) respectively. Their resultant is a one- 
dimensional projective transformation whose invariant points are A, and B, 
where A, is some other point on 7. Since S, leaves invariant every point on / 
and the point A,, it must be a perspective collineation, and also must leave inva- 
riant every line through A, and every pencil with vertex on /. 

Since §, is a perspective collineation, it is characterized by a constant cross- 
ratio k,, which we wish to determine. Consider the pencil of lines through the 
point B; the invariant rays of this pencil in all three collineations S, S, and 8, 
are /and/’. The one-dimensional transformations of this pencil due to S and 8S, 
have cross-ratios & and k,; hence, the cross-ratio of their resultant is k,= kh,. 
Hence, the cross-ratio of one of the invariant pencils of S, is k, = kk,; but it has 
been proved that a perspective collineation is characterized by a constant cross- 
ratio in all invariant pencils and along all invariant lines. Therefore, the char- 
acteristic cross-ratio of S, is everywhere equal to the product of the cross-ratios 


of Sand 


THEOREM 5.—The resultant of two coaxial perspective collineations is a perspec- 
tive collineation having the same axis ; the characteristic cross-ratio of the resultant 
as equal to the product of the cross-ratios of the components. 


8. Resultant of Two One-Dimensional Transformations with a Common Inva- 
riant Point. From the last result we are able to infer an important theorem for 
one-dimensional projective transformations. Along the line 7’ the two one- 
dimensional transformations have one invariant point B in common, and it was 
shown above that the cross-ratio of the resultant is equal to the product of the 
cross-ratios of the components. In every pencil with vertex on /, except at B, 
the two one-dimensional projective transformations have only one invariant ray 
7 in common and the cross-ratio of the resultant is equal to the product of the 
cross-ratios of the components. We know also that this law of combination of 
the cross-ratios always holds good when the two invariant elements are in com- 
mon. Weare able, therefore, to state the following theorem :* 


* This theorem properly belongs to the subject of one-dimensional projective transformations, but 
I had not observed it at the time the former paper was written. An analytic proof was given by the 
writer in Bulletin American Mathematical Society (2), vol. IV, p. 110. It was there shown that the 
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THEOREM 6.— The cross-ratio of the resultant of two one-dimensional projective 
transformations, which have one or both invariant elements in common, ts equal to the 
product of the cross-ratios of the components. 


9. Invariant Figure and Properties of an Elation. The vertex A, of the 
resultant of two coaxial perspective collineations may be anywhere on the line /’. 
We wish to examine the case when A, coincides with B. The cross-ratio of the 
resultant is given by (A,BPP,)=kk,. When kk, =k,=1, either P= P, or 
A,= B. In the first case, the resultant is the identical collineation; in the 
second case, it is a special kind of perspective collineation in which the vertex A 
falls on the axis 7. This special kind of perspective collineation is called an 
Elation. It is the resultant of two coaxial perspective collineations having dif- 
ferent vertices and reciprocal values of k. 

In the case of an elation, there is no longer a characteristic cross-ratio, for 
there are only three elements, e. g..B, P and P,; but a new relation can be 
found between the segments BP and BP,. We shall suppose, for simplicity, 
that the line 7 is perpendicular to 7. When A and B are distinct points, we 
have k= (ABPP,), whence (APBP,)=1—k. Expanding, we get 


AB PP, 
PB’ AP, PB.AP, 


1—k or 


Writing AP, — AP for PP,, we get 


PB.AP,~ AB’ 


Taking the limit of both sides of the last equation as A approaches B and setting 


1—k _ 
lim R= we find the relation | 
1 1 _ 1 _ 1 


cross-ratio k, of the resultant of any two one-dimensional transformations is given by 


Viz J kk; Sik,’ 


where 1=(A,ABB,), one of the cross-ratios of the two pairs of invariant points (AB) and (A,B,). 
When A = A, or B=B,, or both are simultaneously equal, A=1 and k, =kk,. 
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where « is a constant for all pairs of corresponding points, because & is such a 
constant. Let P; be the point on 7’ into which the point at infinity is trans- 
formed. Then 


thus a is the reciprocal of the segment BP,. 

The elation S’ leaves invariant every point on the axis 7; and every inva- 
riant pencil with vertex on / has only one invariant ray, viz.7. Let us consider 
one of these pencils with vertex at C on 7. We have in the general case 
C(ABPP,) =k, whence C(APBP,;)=1—k. Expanding this, 


sin (ACB) sin (PCP,) _ nae, sin (PCP,) _ 1—k 
sin(PCB) ‘sin (ACP,) sin (PCB).sin (ACP,) sin (ACB) 


For PCP, write BCP, — BCP, whence, 
sin (BOP,) cos (BOP) —cos (BOP,) sin(BOP)__1—k 


sin (PCB).sin (ACP,) gin (ACB) 


Take the limit of both sides as A approaches B and put 
1—k AC(i—k) pg 


sin (ACB) fim 
We thus find — cot (BCP)+ cot(BCP,)= BCu; let BCP=0, BCP, =4,, 


and BC =a,;; we then have 
cot 6, = cot 6 + aa. 


This relation is constant for all pairs of corresponding rays in any given pencil 
whose vertex is at a distance a from B. 

When the vertex of the pencil is at B, a= 0; in this case 0, = 6, and every 
ray of this pencil is an invariant ray of S’. This is as it should be, for in a per- 
spective collineation S, of which S’ is a special case, every ray through the 
vertex is invariant. 

Along every ray of the pencil through B we have a one-dimensional projec- 
tive transformation of the second* kind ?¢, viz. with only one invariant point B. 


* There are two kinds of one-dimensional projective transformations ; the first kind has two inva- 
riant elements, and is designated by t, the second kind has one invariant element, and is desig- 
nated by ?t’. 

16 
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Along l’, any ray of this pencil making an angle @ with /, the characteristic con- 
stant is not the same as along 7. Let g be the line through P parallel to 7; S’ 
transforms g into g,, the line through P, parallel to/7. Let g and g, cut 7 in Q 
and Q,; then @ is transformed by S’ into Q,. Since AP=AQsing and 
AP, = AQ, sin 9, we have the relation 


= iG +a sing. 

An elation §’ is thus seen to have properties quite different from those of a 
perspective collineation S. The invariant figure of S’ consists of all points on / 
and all lines through A, some point of 7. S! produces along all lines through A, 
and in all pencils with vertices on 7, one-dimensional projective transformations 
of the second kind, viz. with only one invariant element. It is fully character- 
ized by its invariant figure and a constant a. 


THEOREM 7.—The resultant of two coaxial perspective collineations with different 
vertices and reciprocal cross-ratios is an elation, having the same axis and its vertex 
collinear with the vertices of the components. An elation is completely determined by 
tts invariant figure and a characteristic constant a. 


10. The Group H{(Al) and its Properties. The aggregate of all elations 
with the same invariant figure Al has the group property and forms a group as we 
proceed to show. Let S’ and S{ be two such elations whose constants are a and 
a, respectively. The effect of S’ on a point P of the plane is to move it to P, 

1 
1 


The effect of S{ on P, is to move it to P, such that ap? aR. + a, sin 6, 


such that a + a sin ™, where @ is the angle made by the line AP and J. 


Eliminating AP, from these equations, we find AP, — AP + (a + a) sin 6; 


hence, the resultant of §’ and S{ is an elation with the same invariant figure and 
a characteristic constant a,=a-+a,. Therefore, the aggregate of all elations 
with invariant figure Al form a group Hj (Al). 

The group Hj(A/) contains an elation corresponding to every value of a, 
which is, in general, a complex number. Let the values of « be represented by 
points in the complex plane. The following properties of the group may be 
enunciated ; 


&§ 
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The group Hj (A/) contains one identical elation for which a=0. The ela- 
tions of the group for which a and a, have equal numerical values but of oppo- 
site signs, are inverse to one another, and their resultant is the identical elation 
of the group. Every elation in the group has its inverse in the same group. 
The group contains o! infinitesimal elations represented by the points adja- 
cent to the origin; the corresponding values of a are de®. Let one of these 
infinitesimal elations be repeated nm times; its final resultant is an elation 
of the group for which a = nde*. If 6 is a constant, the locus of the point a as n 
varies is a half ray proceeding from the origin and making an angle 6 with the 
axis of real numbers. Every elation of the group which is represented by a 
point on this half ray is generated from this infinitesimal elation. ach infini- 
tesimal elation of the group has its corresponding half ray, and these rays lie 
infinitesimally close together and cover the entire plane. Thus every elation in 
the group (except that for which a=) is generated from an infinitesimal 
elation of the group. Hence the group is continuous everywhere in the plane of 
its parameter a except at the infinity point. The elation corresponing to a = 
is an essentially singular elation of the group; its effect is to transform every 
point in the plane, except those on the line /, to the vertex A. 


THEOREM 8.— The one-parameter group of elations is continuous for all values of 
the parameter a except for a = @. 


11. Number of Perspective Collineations and Elations, The number of per- 
spective collineations in the plane is determined by the number of one-parameter 
groups of the kind H,(A, 1) and Hj(Al). There are * lines and ? points in 
the plane, and hence there are * combinations of line and point such as (A, /) 
and oo® lineal elements (A/) in the plane. Hach of these figures is the invariant 
figure of a one-parameter group of perspective collineations ; in the case that the 
point A falls on 7, the resulting group is a group of elations. Hence, there are 
in the plane o‘ one-parameter groups of perspective collineations, «* of which 
are groups of elations. Since each one-parameter group contains ' collinea- 
tions, there are * perspective collineations in the plane, »* of which are 
elations. 

We shall next concern ourselves with the question whether these ' col- 
lineations form a five-parameter group, and what groups of order higher than the 
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first may be built up out of these «4 one-parameter groups. We shall first look 


for other groups of elations. 


12. The Group Hj(l). Let us consider the aggregate of all coaxial one- 
parameter groups of elations, / being the axis. Every point on / is the vertex of 
such a group, and hence there are «? elations leaving invariant every point on /. 
To ascertain if this system of elations has the group property, we find the resultant 
of any two elations S’ and S/ of the system. Let S’ be taken from the group 
whose vertex is at A and Sj from the group with vertex at A,; let their charac- 
teristic constants be a and a, respectively. 

Let us first examine the effect of S’ and Sj on the pencil of lines through C, 
a chosen point on 7. 4S’ produces in the pencil (C’) a one-dimensional projective 
transformation of the second kind of which 7 is the single invariant ray. If p 
and p, are two corresponding rays of the pencil making angles 6 and 6, with /, 


we have 
cot 6, = cot@+aa. 


Let S{ transform p, to p,, where the angle between p, and 7 is 6,; then we have 


the relation 
cot 6, = cot 6, + 


Eliminating 6, from these equations by addition, we have 


cot 6,= cot 6+ anus, 


where a,a4,—=aa +a,a,. This shows that Sj, the resultant of 8’ and Sj, is an 


elation whose axis is / and whose vertex is some point on /; for it produces a 
one-dimensional projective transformation of the second kind in every pencil 
with vertex on /. Thus the group property is established and we have found a 
two-parameter group of elations, the parameters being a and a; this group will 
be designated by H; (/). 

Let us next consider the effect of S’ and S; on the pencil whose vertex is 
at infinity on 7. Since the rays of the pencil are parallel to 7, S’ transforms g 
into g, such that 1/p;=1/p+ a, where p and p, represent the perpendiculars 
from / on the lines g and g,. Sj transforms g, into g, so that 1/p,=1/p, + a ; 
eliminating p,, we get 1/p,—=1/p+a,, where a,=a-+a,. ‘Thus the values 
of a, and a, are obtainable from the equations 


and 
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Since the values of a, and a, are unaltered when a and a,, a and a, are inter- 
changed, it follows that the elations of the group H} (/) are commutative. 


THEOREM 9.—The doubly infinite system of elations having a common axis I 
forms a two-parameter group H; (1) in which the elations are commutative. 


13. The Group H}(A). We next consider the aggregate of all one-parame- 
ter groups of elations which have a common vertex A and whose axes are in 
turn every line through A. We shall find that this system also possesses the 
group property. 

Since every elation of the system leaves invariant the point A and every 
line through A, it follows that the resultant of any two elations of the system 
must also leave this point and pencil invariant. Take any two elations of the 
system S’ and S{ whose axes are the lines 7 and J, and whose constants are a 
and a, respectively. Along every invariant ray of the pencil the resultant of the 
two one-dimensional projective transformations of the second kind with common 
invariant point at A, is also one of the second kind having the same invariant 
point A. Hence 8S}, the resultant of 8’ and S{, is also an elation with vertex at 
A and whose axis is some line /, through A. The group property is thus estab- 
lished. 

In order to determine the value of a, and the position of the axis /, of S}, 
we proceed as follows: Along any chosen ray g of the pencil through A, the 
constants of S’, and S} are a sing, a, and a, sin where and 9, 
are the angles which g makes with /, J, and /, respectively. But the constant of 
the resultant is equal to the sum of the constants of the components; hence, 
Sin —asingd+a, sin 

Along /, the resultant is an identical transformation and its constant is 0; 
hence, we have « sin (?,— ) + a, sin = 0. Expanding and collect- 


ing, we get 
(a cos + a, Cos sin = (a sin @ + a, Sin ,) Cos = a, SiN P, COSG,, (a) 
whence, a cos @ + a COS ; = az COS Gy. 
From the two equations 


a, Sind =asingd+a,sing,, and  (b) 
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we can calculate the values of a, and @,. Thus: 
a, = Va" + ai + 2aa, cos (> — (c) 
When ¢, = 9, this reduces to a, = a + a, which is as it should be. 
Evidently, from equations (b), the elations of the group H(A) are commu- 
tative. 


THEOREM 10.—The doubly infinite system of elations having a common vertex 
forms a two-parameter group H}(A) in which the elations are commutative. 


14. No other Groups of Elations. There are only two other relative positions 
besides those discussed above in which two lineal elements A/ and A,/, can be 
placed : 

Ist. Let S’ and S| be two elations whose lineal elements Al and A,/, are so 
situated that A, lies on 7. The effect of S’ is to leave invariant A, and 7, but 
no other line through A,. If, now, S{ operates on the points of the plane, it 
leaves invariant A, and 7, but no other point on/. Hence, the resultant of S’ 
and S} leaves invariant A, and 7 but no other points on 7 and no other lines 
through A,. Therefore, the resultant §}, although a collineation, is not an ela- 
tion; and the aggregate of all elations whose invariant figures have this relative 
position, does not form a group. The resulting collineation in this case is very 
important, and will be discussed later. See article 62. 

2d. In the second case, let S’ and S} be two elations whose invariant lineal 
elements A/ and A,l, are in the most general relative position. Let 7 and 4 
intersect in A,, and let the join of A and A, bed. The resultant of §’ and S{ 
leaves invariant A, and 7,, but not every point on /,. Hence, the resultant S, 
though a collineation, is neither an elation nor a perspective collineation. There- 
fore, the aggregate of all the «* elations of the plane does not form a group. 

Thus we see that there are only three kinds of groups of elations, viz. 


H; (Al), and Hy (A). 


15. The Groups H,(l) and H,(l/Bl). We found in article 7 that the 
resultant of S and S,, two coaxial perspective collineations, is, in general, a per- 
spective collineation S, whose axis is also 7 and whose vertex A, is collinear with 
A and A,; and, furthermore, that k= kh,. From these results we may draw 
important conclusions: Ist, the aggregate of all coaxial perspective collineations 
has the group property and forms a Lie group of three parameters, the param- 


— 
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eters being & and the two coordinates of the vertex A; 2d, the aggregate of all 
coaxial perspective collineations whose vertices are collinear, forms a two-param- 
eter Lie group, the parameters being & and one coordinate of A. 

The first group, designated by H;(/), contains »? one-parameter subgroups 
H, (A, 7), one for each point in the plane. It also contains »” subgroups of the 
second variety, designated by H, (JBl’), one for each line 7’ in the plane. But 
two of these latter groups always contain one one-parameter subgroup in com- 
mon, viz. H,(A,, 7), where A, is the intersection of l/ and Uj. 

The group 4, (/B/’) contains «1 subgroups H,(A,/), one for each point on 
l’; it also contains one subgroup of elations, viz. H{(Bl); the group H;,(/) con- 
tains one two-parameter subgroup of elations, viz. H} (). 

Within the groups H;(/) and #H,(/Bl’) the collineations are, in general, not 
commutative ; the value of /, is independent of the order of S and S,, but the 
position of A, is not independent of the order of S and §). 


THEOREM 11.— The aggregate of all coaxial perspective collineations forms a 
three-parameter group H; (1); the aggregate of all coaxial perspective collineations 
whose vertices are collinear forms a two-parameter group H,(lBl). The collinea- 
tions of these groups are not commutative. 


16. The Groups H;(A) and H,(Al'B). We next proceed to find the result- 
ant of two perspective collineations S and S, which have a common vertex A 
and whose axes / and /, intersect in B. It is evident that the resultant S, leaves 
invariant A, B, and every line through A. Also the two one-dimensional pro- 
jective transformations in the pencil through B have one invariant /’ in common, 
and hence their resultant leaves invariant /’ and some second ray /, through B. 
Since A, /’ and every line through A are invariant, every point on /, must also 
be invariant under S,; and hence 8, is also a perspective collineation with vertex 
at A. Thus the group property is established, and we infer that all perspective 
collineations with vertices at A form a three-parameter group H;(A). Along AB 
and also through B we have k,=kk,, and hence the cross-ratio of S, is every- 
where given by k, = kh,. 

From the above discussion we also infer that all perspective collineations 
whose vertices coincide and whose axes are concurrent in B form a two-param- 
eter group, H,(Al’B). Evidently the group H,(A/'B) contains one subgroup of 
elations, H; (Al’); and H;(A) contains H}(A) as a subgroup. The collineations 
of these groups are not commutative. 
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THEOREM 12.— The aggregate of all perspective collineations which have a com- 
mon vertex forms a three-parameter group, H,(A); within the group H, (A) all 
collineations whose axes are concurrent form a two-parameter subgroup, H,(AlB). 
The collineations in these groups are not commutative. 


17. No other Groups of Perspective Collineations. We now proceed to show 
that the resultant of two perspective collineations, whose invariant figures are 
in any relative positions different from those discussed above, is not a perspec- 
tive collineation, and hence there are no other varieties of groups except the 
eight already found. There are four other cases to be considered where the 
relative position of the invariant figures of S and S, are different from those 
above. 

ist. Let the invariant figures (A, 7) and (A,, Z,) be so situated that A falls 
on /, and A, on /; let the intersection of 7 and J, be B, and the join of A and A, 
be 7,.. The resultant of S and S, leaves invariant the triangle (AA,B,), but not 
every point on any side of it; hence, the resultant is not a perspective collinea- 
tion, and all perspective collineations in this relative position do not form a 
group. 

2d. Let the point A fall on Jd, but A, not on J, or vice versa; along /,, the 
join of A and A,, the two one-dimensional projective transformations result in 
another of the same kind, leaving invariant A and (, some other point on J. 
Thus the resultant leaves invariant a triangle (ACB,) and is, in general, not a 
perspective collineation. 

3d. Let the points A and <A, of the first case be collinear with B,; the 
resultant collineation leaves invariant B,, A, some point on AA, and some line 
1, through B,. But every line through A, will not be invariant, nor every point 
on J,. Hence, the resultant is, in general, not a perspective collineation. 

4th. Let the figures (A, 7) and (A,, 7,) be in the most general relative posi- 
tion so that 7 and /, meet in B,, the join of A and A, does not pass through 6, 
and A and A, do not fall on 7, and / respectively. The resultant collineation 
leaves invariant a triangle (A,B,C,), where A, and C, are points on /,, but it is 
not a perspective collineation. Hence, the aggregate of all »° perspective col- 
lineations of the plane do not form a five-parameter group. 

Therefore, there are no four- or five-parameter groups of perspective colline- 
ations, and no other kinds of one-, two- and three-parameter groups besides those 
discussed above. 
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18. Dualistic and Self-Dualistic Groups. From the dualistic character of a 
collineation, we infer that its fundamental invariant figure is self-dualistic. 
When there exists a group of collineations, leaving a certain figure invariant, 
there must also exist a second group leaving invariant a figure dualistic to the 
first. T'wo such groups are said to be dualistic to one another ; if the invariant 
figure of the group is a self-dualistic figure, the group is called a self-dualistic 
group. 

As examples, we may cite the following pairs of dualistic groups: H, (A) 
and H;(/), H,(/Bl’) and H,(Al’B), H}(A) and Hj (/); the one-parameter groups 
H, (A, 1) and H; (Al) are self-dualistic groups. 

This principle holds for all collineations of whatever kind, and hereafter, 
when the existence of a certain group has been proved, it will be assumed, with- 
out further proof, that the dualistic group also exists and has properties dualistic 
to the first. 


19. Resumé of Perspective Collineations. In the following list, the structure 
of all groups of perspective collineations is indicated. A dash above a letter 
indicates that the line or point thus marked takes on different positions in the 
invariant figure of the group. Thus H;(/) = Hj (Al) indicates that the point 
A takes all positions on the line 7. Dualistic groups are bracketed together, and 
self-dualistic groups are bracketed alone. 


{H; (AD)}, 
{H,(A, Df, 

(Hi) = (Al) 


H, (IBV) H,(4, Hi(Bl), 

H, (ABI) = H, (A, 0) + Hi(A?), 

H,(A) (A, + Hj (A). 


§2.—CoLLINEATIONS WITH INVARIANT TRIANGLE. Type I. 


A.—The Group G,(ABC) and its Subgroups. 


20. The Two-Parameter Group G,(ABC). The most general form of a col- 


lineation in the plane leaves invariant a triangle. Such a collineation is the 
17 
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resultant of two perspective collineations whose invariant figures are so situated 
that the vertex of each is on the axis of the other. Thus, let S and S, be two 
such perspective collineations whose invariant figures are (A, 7’) and (B, /’) and 
whose cross-ratios are & and i, respectively. Let 7’ and / intersect in C, and let 
the join of Aand Bbe/. JS produces along the lines 7 and 7’ one-dimensional 
projective transformations whose cross-ratios are each & reckoned from A to B 
and C. (By this we mean that, if P and P, are two corresponding points on /, 
the cross-ratio & is that of the points taken in the order (ABPP,)). 48, pro- 
duces along / and /’ one-dimensional projective transformations whose cross- 
ratios are each equal to /, reckoned from Bto Cand A. Thus along / we have 
the resultant of two one-dimensional transformations whose cross-ratios reckoned 
from A to B are k and 1/k,; hence, the cross-ratio of their resultant is k/h,. 
The three cross-ratios taken all in the same order around the invariant triangle 
(ABC) are k/k,, k, and 1/X% and their product is unity. 

Thus the resultant of two perspective collineations in this relative position 
is a non-perspective collineation which we shall designate by 7. The funda- 
mental properties of 7 are as follows: Its invariant figure is a triangle (ABC); 
along each side of the invariant triangle there is a one-dimensional transforma- 
tion, and the product of the cross-ratios of these three transformations is unity 
when they are reckoned in the same order around the triangle; there is also a 
one-dimensional transformation of the pencils of rays through each vertex of 
(ABC), and the cross-ratios of these are the same as along the opposite sides. 
A collineation 7 is completely determined by its invariant triangle and its three 
cross-ratios. 

Since the product of these three cross-ratios is unity, only two of them are 
independent. These two independent parameters may assume all possible 
values, and hence we see that there are »? different collineations of this type 
having the same invariant triangle (ABC). The resultant of any two of these 
collineations is evidently another of the same set, and hence the set forms a two- 
parameter group, which will be designated by G, (ABC). 


THEOREM 13.—There are « collineations T, leaving one and the same triangle 
invariant ; these form a two-parameter group G,(ABC); each collineation of this 
group is determined by the cross-ratios along the sides of the invariant triangle. 


21. One-Parameter Subgroups of G,(ABC). We shall now show that the 
two-parameter group G,(ABC) contains ' one-parameter subgroups. Let the 
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three cross-ratios along the sides AB, BC, and CA be k, k, and &,; replace k, by 
k-* and k, by k’~'. The condition that the product of these cross-ratios around 
the triangle is unity is evidently fulfilled. A collineation 7 is now characterized 
by two constants & and r. Take from the group G,(ABC) two collineations 
T(k,r) and 7,(%, 7) and form their resultant 7,(%,,7,). Along the side 
AB we have k,=kk,; along BC we have ky>"=k-"k>"; along CA we 
have kp = kp 

If, now, Z’and 7, be so chosen that 7,=7, we see that also 7,==7r. Thus 
= kh,, =k-"hy” and Hence, the resultant of two col- 
lineations in G,(ABC), for which the 7’s are the same, is a collineation with the 
same value ofr. If 7 be kept constant and & made to vary, the resulting col- 
lineations have the group property and form a one-parameter subgroup of 
G,(ABC). There is a one-parameter subgroup of G,(ABC) for every value of 
r; thus the group G,(ABC) contains «* one-parameter subgroups, one of which 
is designated by G,(ABC)r. 


THEOREM 14.— The two-parameter group G,(ABC) contains «1 one-parameter 
subgroups G,(ABC)r; each subgroup is characterized by a constant r, and its 
variable parameter is k. 


22. The Path-Curves of G,(ABC)r. The analytic expressions for a one- 
parameter group G,(ABC)r can readily be written down. Let the triangle of 
reference be the invariant triangle (ABC), and let 7 be the collineation which 
transforms the point P= (x, y, 2) to Pj; = %). Tis characterized by 
and 7; the cross-ratio of the pencil C(ABPP,) isk. 

In terins of the coordinates of P and P, we have 


= 


7 4 


The effect of all the transformations of the one-parameter group G, (ABC)r 

upon a point P is to move it along a curve which is called its path-curve. There 

are o} of these path-curves so situated that every point of the plane lies on one, 

and only one, of these curves. The equation of this family of path-curves is 
found by eliminating / from the above equations; this gives 


r 


= af) yar” = C, or y= CF’. 


| 
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Thus the path-curves of the group G, (ABC) r are curves of order r and form a 
family whose parameter is C. 


THEOREM 15.— When the invariant triangle is taken as the triangle of reference, 
the family of path-curves of a one-parameter group G, (ABC) r is given by 
a’—ly = Cz’, where r is a constant. 


23. Geometric Meaning of r. It is not difficult to determine, from the equa- 
tion of the family of path-curves, the geometric meaning of r. Take any point 
P = (a, y;, 2) and draw a tangent at P to the path-curve through Pand join P to 
the vertices of the triangle (ABC). The equation of the tangent to the path- 


curve at P is 
PT = 2 (r— 1) + — = 0. 


The lines PA, PB, and PC are given by the equations 
PA = yx,— xy, = 0, 
PB= yz, — zy, = 0, 
PC= xm — 2x, = 0. 


The cross-ratio of the pencil P (BATC) is found to be r. It is evident that this 
cross-ratio 7 is a constant for every point on every path-curve of the group 


G, (ABC)r. 


THEOREM 16.— The constant r in the one-parameter group G, (ABC)r is one 
of the cross-ratws of the pencil of four lines formed by a tangent to one of the path- 
curves and the three lines drawn from its point of contact to the vertices of the 
invariant triangle. 

Having the equation of the family of path-curves given in the form 
a"—1y = Cz, their chief properties may readily be deduced. The curves will 
be algebraic or transcendental, according as 7 isa rational or irrational num- 
ber. The vertices of the invariant triangle are singular points on all curves of 
the family, when r is irrational ; one vertex is a singular point when 7 is rational, 
except when the path-curves are conics. 


24. Path-Curves when r=1, 0,0. The path-curves of a one-parameter 
subgroup of G, (ABC) reduce to straight lines for three values of 7, viz. 
r=(1,0,0), Let r=1ina’-'y= C2, and we get a pencil of lines y = Cz 
through B; let r = 0 and we get y = Cx, a pencil of lines through A; let r = 
and we get « = Cz, a pencil of lines through C. 
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The three cross-ratios around the sides of the invariant triangle are respec- 
tively k,k—-", k’—', starting from AB. When r= 1, these become k, 1; 
thus the one-dimensional transformation along CA is the identical transformation 
and every point on C/A is an invariant point. Consequently, every line of the 
pencil through B is an invariant line. Hence, the subgroup of G, (ABC) for 
7 = 1 is a group of perspective collineations. In like manner we see that when 
7 = 0, we have asubgroup of perspective collineations with vertex at A and axis 
i”; when r= , we have a third subgroup of perspective collineations. 

Take any two of these perspective groups, as for example H, (A, 7’) and 
H, (B, 1); there are ! collineations in each group, and hence there are ? resul- 
tants obtained by combining each collineation of the one group with every one 
of the other. These »? resultants constitute the group G, (ABC); in fact, every 
collineation in G, (ABC) is the resultant of two perspective collineations, one 
from each of the groups F, (A, /’) and H,(B, 7’). Since there are three such 
subgroups of perspective collineations in G, (ABC), viz. H, (A, 1"), H,(B, 
and H, (C, 2), it follows that every collineation in G, (ABC) is in three different 
ways the resultant of two perspective collineations. 

THEOREM 17.—The group G, (ABC) contains three subgroups of perspective 
collineations, viz. the subgroups for which r= 1,0,%. very collineation in 
G, (ABC) is in three ways the resultant of two perspective collineations of the group. 


25. Path-Curves when r= — 1, 2, 1/2. There are three other specially 
important subgroups of G,(ABC); these correspond to the values r= —1, 2, 1/2. 
Putting r = —1 in a! y=C2, we get yz = Cz’; the path-curves reduce in this 


case to a system of conics having double contact at A and C. BA and BC are 
common tangents to the pencil of conics and AC is the chord of contact. In like 
manner, when r= 2, the path-curves are zy = Cz; when r=1/2, the. path- 
curves are xz = Cy’. These are also pencils of conics having double contact ; 
in each case two sides of the invariant triangle are common tangents and the 
third side is the chord of contact. 

THEOREM 18.— The group G, (ABC) contains three special subgroups for which 
the path-curves are conics having double contact; these are the subgroups for which 
r=—i1, 2, 1/2. 


For any rational value of 7, except the six special values 1, 0, , —1, 2, 1/2, 
there are six subgroups for which the path-curves are algebraic curves of the 


| 
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same order, viz. for 7, 1/7, 1—7,1/(1— 7), (r—1)/r, r/(r—1). Thus for 
r = 8 the path-curves are cubics, viz. «*y =Cz; the path-curves are also cubics 
for r= 1/3, — 2, — 1/2, 2/3, 3/2, and for no other values of r. 


26. Properties of the Group G,(ABC)r. Let the collineation 7 be a com- 
plex collineation, i. e. let the invariant points (ABC) be real or imaginary , and 
let the cross-ratios k, k,, k, be complex numbers. The two parameters of the 
group G, (ABC) may be conveniently taken to be & and k’, where & is the cross- 
ratio along AB and k’ is that along AC. Then the cross-ratios of all collinea- 
tions which belong to the subgroup G, (ABC) r satisfy the relation /’ = k'~’, 
the constant r is, in general, a complex number. 

The independent parameter & of G, (ABC), takes on all complex values, 
so that this group has many of the properties of the one-parameter group of 
perspective collineations. The identical collineation of the group G, (ABC) is 
given by k= 1 and k4’!=1; this is contained in every one-parameter subgroup 
G,(ABC)r. The group G,(ABC)r contains o! infinitesimal collineations from 
which the group may be generated. For k=0 and k=. the group has two 
pseudo-collineations; it is continuous everywhere except at the points k= 0 and 
k = 

The subgroups of G, (ABC) for which 7 is rational (and hence real) have an 
important property which is not possessed by the groups for which , is irrational. 
To exhibit this property we proceed to find all collineations common to any two 
groups G,(ABC)r and G,(ABC)7’. This is equivalent to finding all the roots 
common to the two equations’ = k'~" and’ =k'—". Besides the identical 
and pseudo-collineations, these two groups have in common all collineations cor- 
responding to values of & which satisfy the equation £”"~-"=1. If 7 is arational 
number, 1— ris also rational; let even and odd integers be represented by e 
and o respectively, then we have three cases to be considered, viz. 1 —7r = e/o, 
o/o, or o/e. In the first case, the equation k’ = k'~’ is satisfied by the pair of 
values (— 1, 1); in the second case, by the pair (— 1, — 1); in the third case, 
by the pair (1,—1). The collineation corresponding to the values k = —1 and 
k! = 1 is the involutoric perspective collineation belonging to the group H, (B, ’). 
This involutoric collineation belongs to all subgroups of G, (ABC) for which r 
is rational with odd numerator and odd denominator. In like manner, the 
collineation corresponding to the pair of values (— 1, — 1) is the involutoric 
perspective collineation belonging to the group (A, 2’). This collineation 
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belongs to all subgroups of G, (ABC) for which r is rational with even numera- 
tor and odd denominator. The collineation corresponding to the pair of values 
(1, —1) is the involutoric perspective collineation of the group H, (C, 1); this 
belongs to all subgroups of G, (ABC) for which ¢ is rational with odd numera- 
tor and even denominator. None of these three involutoric perspective collinea- 
tions can belong to a subgroup of G, (ABC) for which r is irrational. 


THEOREM 19.—EHvery one-parameter subgroup of G, (ABC) for which r is a 
rational number contains an involutoric perspective collineation. 


27. Number of Collineations of Type I. We have seen that every collineation 
of type I leaves a triangle invariant and is further characterized by two indepen- 
dent cross-ratios k and #’. Every collineation of type I depends therefore upon 
eight parameters, viz. the six coordinates of the three vertices of the invariant 
triangle and these two independent cross-ratios. Since each of these parameters 
may assume o! different values, we see that there are »® collineations of type I 
in the plane. We are also enabled to distinguish two distinct kinds of variable 
parameters, viz. coordinates of invariant points and characteristic cross-ratios. 

Since there are ° triangles in the plane, it follows that there are »® such 
two-parameter groups as G,(ABC) in the plane. Hence, the group of all col- 
lineations in the plane G, contains »° two-parameter subgroups G,(ABC). No 
two of these two-parameter groups can have a collineation of type I in common ; 
for, if two collineations T and 7; are identical, the eight. parameters of the one 
must be equal to the eight parameters of the other. Now, the two cross-ratio 
parameters of the one may readily be equal to those of the other; but if the col- 
lineations leave different triangles invariant, all of the six coordinate parameters 
of the one cannot be equal to those of the other. Hence, 7 and 7; cannot be 


identical. 


28. Three Classes of Groups of Type I. Having now established the exist- 
ence of two-parameter groups of the kind G,(ABC) and their one-parameter 
subgroups Gj (ABC) 7, we shall proceed in the following paragraphs to enumer- 
ate the groups of higher orders which can be compounded out of these one- and 
two-parameter groups. In so doing, we shall find three distinct classes of such 
groups, viz. (1) those which are made up of two-parameter groups of the kind 
G, (ABC); (2) another class of groups in which every collineation is character- 
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ized by the same value of 7; the groups of this class are made up of one-parame- 
ter groups of the kind G,(ABC),r in which r is a constant; (3) finally, a class 
of groups made up of one-parameter groups G,(ABC)7r, whose path-curves are 
conics, i.e. where r= —1, 2,1/2. Strictly speaking, the third class is only a 
special case of the second class, but the special case is so important that these 
groups should be classified by themselves. 


B.—Groups of the First Class. 


By the aid of the principle that all collineations which leave a certain figure 
invariant, form a group, it is not difficult to enumerate all of the subgroups of 
the general projective group G, that can be compounded out of the »° two- 
parameter groups G, (ABC) in the plane. 


29. The Groups G,(/) and G,(A). There are ° collineations of type I 
in the plane and only ~” lines in the plane; hence, any line of the plane can be 
transformed into any other line or into itself in ° different ways. The «° col- 
lineations which transform a line / into itself, form a six-parameter group G, (/). 
There are o‘ triangles having the side 7 in common; each of these triangles is 
the invariant triangle of a two-parameter group G,(ABC). Thus we see that 
G, (2) is made up of »* two-parameter groups G, (ABC). 

In like manner, we see that any point A of the plane is the invariant figure 
of a six-parameter group G,(A). ach of the * triangles having A for one 
vertex is the invariant triangle of a two-parameter subgroup of G,(A). The 
groups G,(7) and G,(A) are dualistic groups. G, contains »* subgroups G;, (/) 
and also »* subgroups G, (A). 

Each of these groups contains, besides collineations of type I, also collinea- 
tions of other types; but the collineations composing a group G;, (/) or G(A) are 
chiefly of type I. After all the types of collineations have been investigated, 
the structure of all these groups enumerated under type I will be examined in 
detail. (See §5.) 


30. The Group G,(Al). The general projective group G, contains »* sub- 
groups G,(Al), one for each lineal element in the plane. Each group G; (Al) is 
made up of »* two-parameter groups G, (ABC) whose invariant triangles have one 
vertex and one side in common. Every group G,(/) contains «' subgroups 
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G, (Al), one for each point on 7; likewise each group G,(A) contains sub- 
groups G,(Al), one for each line through A. The group G,(AJ) is self- 
dualistic. 


31. The Groups G,(AB) and G,(i'). The points AB and their join 7 form 
the invariant figure of a four-parameter group G,(AB). The group G, contains 
of equivalent subgroups G,(AB), one for each pair of points in the plane. A 
group G,(AB) is composed of »? two-parameter groups G, (ABC) whose inva- 
riant triangles have the vertices A and B in common. 

In like manner, G, contains «* equivalent subgroups G; (/’), one for each 
pair of lines in the plane. A group G,(Ul’) is composed of »* two-parameter 
groups G,(ABC) whose invariant triangles have one vertex and two sides in 
common. The groups G,(AB) and G, (i) are dualistic. G, contains 
subgroups G,(AB), also »* subgroups G, (ll’); G,(A) breaks up in a similar 
manner. 

32. The Group G,(A,l’). There are «* combinations of point and line in the 
plane where the point is not on the line. Hach combination of point and line is 
the invariant figure of a four-parameter group G@,(A,l’). The group G;, (A, 2”) 
is composed of o* two-parameter groups G,(ABC) whose invariant triangles 
have a vertex and the opposite side in common. Thus we see that G, contains 
of equivalent four-parameter subgroups G,(A, /’); these groups are self- 
dualistic. 


33. The Group G;(ABl). Triangles «1 in number can be arranged with 
two of their vertices at A and Band their third vertex on a line Al’. Hach of 
these triangles is the invariant triangle of a two-parameter group G, (ABC) ; 
these ! two-parameter groups unite to form a three-parameter group G, (AB). 

The group of all collineations in the plane G, contains «° equivalent sub- 
groups G; (ABI); a group of this kind is self-dualistic. The group G,(A8) con- 
tains «! subgroups of the kind G, (ABI), one for each line through A; also one 
such group for each line through B. The group G, (/’) contains «' subgroups 


of the kind G,(AB/), one for each point on 7’, and also one for each point on 7. 


THEOREM 20.—The group of all collineations in the plane G‘, contains eight sub- 
groups which are made up of two-parameter groups of the kind G,(ABC) ; these 
are G,(A), (1); G;(AD; G,(AB), G (ABI); G, (ABC). 
18 
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C.—Groups of the Second Class. 


34. Groups in which r is Constant. We now proceed to the determination 
of groups of another variety, viz. those in which every collineation is character- 
ized by the same value of 7. It has already been shown that the two-parameter 
group G,(ABC) breaks up into «’ one-parameter subgroups, each subgroup 
being characterized by a constant value of r. If we take all types of groups of 
the first class and in these keep 7 constant and let the other parameters vary, we 
will sometimes find subgroups by this process and sometimes not. The groups 
G,; Ge(l), Ge(A); G (AD; G.(A, G, (AB), G,(U'); (ABI) must each 


be examined separately. 


35. The Group G,(ABl')r. The three-parameter group G; (ABi') is com- 
posed of »' two-parameter groups G,(ABC); for we can construct an infinity 
number of triangles having two of their vertices at A and B and the third vertex 
C on the line 7’. Choose from each of these two-parameter groups the one param- 
eter subgroup characterized by a certain value of rv. It can be shown that the 
aggregate of all collineations belonging to these one-parameter groups charac- 
terized by the same constant r forms a two-parameter group. Let us take two 
collineations 7’and 7, one from each of the groups G, (ABC) and G, (ABQ), 
and find their resultant. The characteristic cross-ratios of 7’ are k,k~" and k’—! 
along the sides AB, BC, and CA respectively ; those of 7, are k,, ky" and k{’—” 
along the sides AB, BC,, and CA respectively. The resultant of 7 (ABC) 
and 7, (ABC,) is T, (ABC,), where C, issome point on the line ACC, or’. Along 
AB we have k, = kk, for the two component one-dimensional transformations 
have both invariant points in common. Along ACC, we have k’—! kj7! 
= (kk,)’- = kj—"; for the two one-dimensional transformations have a common 
invariant point A. The two one-dimensional transformations of the pencil through 
the point A have both invariant rays in common, and are characterized by k-" 
and k,-" respectively, hence their resultant is given by 4," = (kk,)—* and hence 
the transformation along BC, is also given by k,”. Therefore, the three charac- 
teristic cross-ratios of 7, are k,, and 

Since these two collineations 7 and 7;, from different one-parameter subgroups 
but characterized by the same value of 7, compound into a collineation belonging 
to another one-parameter group but with the same value of 7, it follows that all 
the collineations belonging to these one-parameter groups with the same 7 form 


| 


Newson: A New Theory of Collineations and their Lie Groups. 136 


a two-parameter group G,(ABl')r. There is one such two-parameter group — 
within G,; (AB) for every value of r. 


THEOREM 21.—The group G;(ABl') contains «! two-parameter subgroups 
G, (ABI) r, one for each value of r. The groups G; (ABI) and G,(ABl)r have 


the same invariant figure. 


36. The Groups G,(Il')r and G,(AB)r. In like manner it can be shown 
that the four-parameter group G, (il’) can be split up into «! three-parameter 
groups such that every collineation belonging to one of these three-parameter 
subgroups is characterized by the same value of r. Consider ? triangles having 
common the sides 7 and 7’ and the vertex A. Each of these triangles determines 
a two-parameter group @,(ABC); take from each of these two-parameter groups 
the one-parameter group characterized by a certain value of r. These ” one- 
parameter groups form a three-parameter group every collineation in which is 
characterized by the same value ofr. To prove this, take two collineations 
Tfrom G,(ABC) and 7, from G, (AB,C,). Let the three cross-ratios of T be k, 
k-", k”—* and those of 7; be k,,4,",k’—1. The resultant of 7 and 7, is 7. 
Along ABB, we have k, = kk,, for the two one-dimensional transformations have 
the invariant point Ain common; along ACC, we have kj-1 = k*—! k{—' for the 
same reason. In the pencil through A we have k>"=k~" k,-’, for the two one- 
dimensional transformations have both invariant rays in common. Hence, the 
resultant 7, has for its three cross-ratios k,, ky", kj—}. 

Since the resultant of any two collineations of G, (/’) which are character- 
ized by the same r is also characterized by the same 1, it follows that all 
collineations in G‘, (//’) which have the same value of 7 form a subgroup G; (ll’)r. 
There is one such subgroup in G, (2) for every value ofr. The four variable 
parameters of G;, (li') are the segments AB and AC, k and r; if r be kept 
constant and the other three parameters be made to vary, we obtain the subgroup 
Gs (IU) r. 

In a similar manner it may be shown that the group G, (AB) contains », 
three-parameter subgroups each characterized by a constant value of 7. To 
prove this, consider »* triangles having the two vertices incommon and take the 
collineations 7(ABC) rand 7,(ABC,)r; their resultant is 7,(ABC,)r. The 
details of the proof are left for the reader to supply. The two groups G; (/l') r 
and G;(AB)r are dualistic to each other. 


| 
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one for each value of r. 


37. The Group G,(Al)r. The five parameter group G, (Al), whose inva- 
riant figure is the lineal element A/ contains #! four-parameter subgroups each 
characterized by a constant value of 7. To show this, take two collineations 
T(ABC)r and 7,(AB,C,) 7, having the same value of 7, from the two-parameter 
groups G, (ABC) and G,(AB,C,) whose invariant triangles have the vertex A 
and the side7in common. The cross-ratios of 7 are k, those of 7, 
are k,, ky’, ki-1. Along ABB, we have k,=kh,, for these two one-dimensional 
transformations have the invariant point A in common. In the pencil through 
A we have k>"=k-"k;’, for these two one-dimensional transformations have 
the ray ABB,in common. The third cross-ratio of the resultant 7, must be 
kz—*, for the product of the three cross-ratios taken in order around the triangle 
must be unity. The three cross-ratios of 7 are, therefore, k,, k;>", kj—1 and its 
invariant triangle is AB,C, where B, is on the line ABB,. Thus the resultant 
of any two collineations in G, (Al), both characterized by the same value of 7, 
is also characterized by the same vr. Thus we see that the group G, (AJ) con- 
tains subgroups (A/) 7, one for each value of 


THEOREM 23.—The group G; (Al) contains «! four-parameter subgroups 
G,(Al)7, one for each value of r. These subgroups all have in common the same 


invariant lineal element. 


38. Subgroups of G,(A, Ul’), G, (1), G(A), Gs. It is easy to show that the 
remaining groups of the first class,viz. G,(A, 1’), G,(/), G,(A), and G, do not break 
up into subgroups in the above manner. For example, combine two collineations 
Tand T,, characterized by the same value of r, from G, (/) ; the invariant triangles 
of 7 and 7; have the line 7 for acommon side, but no common vertex. Along 
the invariant side / the law of combination hk, = kk, does not hold, because the 
two one-dimensional transformations have no invariant point in common; hence, 
there is no reason why the resultant 7, should be characterized by the same r as 
Tand 7,. Like reasons hold in the case of the other three groups G, (4, 2”), 
G, (A) and G,; thus, in general, the three groups G, (A, /), G,(A), and G;, (/) 
do not break up into subgroups characterized by a constant 7. There is, however, 
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one exceptional value of 7 for which these three groups each yield one subgroup. 
This exceptional case will be discussed later. See articles 44 and 45. 


39. Critical Values of r. The six critical values of r, viz. r= 1,0, —1, 
2, 1/2 are to be excepted for each of these groups of the second class. For 
r= 1,0, & the collineations are all perspective collineations and the groups 
corresponding to these values of 7 are groups of perspective collineations. For 
r= — 1, 2, 1/2 the path-curves are conics and the resulting groups belong to the 
third class to be considered below. 


THEOREM 24.— There are five, and only five, varieties of groups of the second 
class, viz. G,(ABC)r, G,(ABl)r, G;,(AB)r, G, (ll) r, G,(Al) of these the 
two groups G;(AB)r and G;(ll')r are dualistic and the other three are self- 
dualistic. 


D.— Groups of the Third Class. 


40. Groups whose Path-Curves are Conics. We come now to the considera- 
tion of the groups of collineations of type I which are made up of one-parameter 
groups whose path-curves are conics. The groups which we shall find are, in 
many instances, only special cases of the groups G,(ABI) r, G,(AB)r, G, (ll) r 
and G,(Al)r when r = —1, 2, 1/2; but we shall find many groups which are 
not special cases of the above, and hence it is best, even at the risk of being 
tedious, to enumerate all varieties of groups of this class. 

There is only one variety of one-parameter group of this kind; in this case 
the two common tangents to the conics and the common chord of contact form 
the invariant triangle. This group will be symbolized by G;, (X,). 


41. The Groups G;(K) and G,(AKl). A very important group G,(X), 
with invariant conic A, can be built up as follows: ” triangles can be con- 
structed consisting of two tangents to & and their chord of contact. Belonging 
to each such triangle is a one-parameter group G,(X,,) having K among its sys- 
tem of invariant conics. These % collineations, leaving A invariant, form a 
three-parameter group G; (/{) by the principle that the aggregate of all collinea- 
tions, leaving a given figure invariant, forms a group. 

The group G;() contains «’ two-parameter subgroups which may be con- 
structed as follows: take a conic A and a tangent / to it at a point A of the 
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conic. We canconstruct «’ triangles having one vertex at A, another vertex at 
B on 1, and a third vertex C on the conic such that AB and BC are tangents to 
K, and AC is the chord of contact. All one-parameter groups belonging to these 
triangles, whose path-curves are conics touching AB at A, have K among their 
invariant path-curves. Hence, these collineations, leaving invariant A, a point 
on K, and the tangent to at the point, form a two-parameter group G,(AK/). 
The two variable parameters of this group are the cross-ratio & and the position 
of the point C on the conic XK. 


THEOREM 25.—All collineations of the plane which leave a conic K invariant, 
form a three-parameter group G;(K); this group contains ~»' two-parameter sub- 
groups G,(AK1), one for each point on K. 


The groups G,(ABI) 7, G;(AB)7r, G; ()r and G,(Al)r, where r = —1, 
2, 1/2 are all special cases of those of the second class. Three of these groups 
of the same order differ only in the arrangement of the invariant triangles of the 


one-parameter subgroups (Xf,). 


42. The Group G;(S). There is still another three-parameter group of 
collineations composed of one-parameter groups G,(X,). Take a lineal element 
Al and a pencil of conics S' all touching 7 at A and having at A contact of the 
third order with one another. One property of this pencil of conics is that the 
polars of a point on 7 with respect to the pencil S coincide, and this common 
polar passes through A. A pencil of conics having contact of the third order is 
projectively transformed into a pencil of the same kind. We can construct ? 
triangles having one line AB along 7, one vertex at A, and one vertex at Con 
one of these conics, so that BC is a tangent to the curve at C, and AC is the 
chord of contact. Belonging to each of these triangles is a one-parameter group 
G, (ABC) r= —1 such that one conic of the pencil S is included in its family of 
path-curves. Every collineation in such a one-parameter group leaves invariant 
one of the conics of S and interchanges the other conics of S; hence, it leaves 
invariant the pencil S as a whole and the lineal element A/. The aggregate of 
all collineations, leaving S invariant, forms a three-parameter group G; (8). 

Since the group G;() leaves invariant the lineal element Al, and the pencil 
of conics S having contact of the third order with Al, we see that G,(S) can be 
built up out of «' two-parameter groups G,(A//), one for each conic in S. 


€ 
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Again, since the polars of any point B on 7 with respect to each conic of S coin- 
cide in 7 a line through A, we see that G@;(S) is composed of o' subgroups 
G, (ABI) r= 1. 


43. The Structure of G,(Al)r = —1. The group G,(Al) r= —1 breaks 
up into subgroups in several different ways, and accordingly its structure is pecu- 
liar and worthy of special attention. 

There are ° distinct conics touching / at A. This system of conics is com- 
posed of «1 nets; each net contains ” conics having contact of the second order 
at A, and hence all conics of the net have a common circle of curvature at A. 
Each of the circles touching / at A is the circle of curvature of such a net. 

Hach net NV is composed of ' pencils S such that the conics of each pencil 
have contact of the third order at A. The polar of the point at infinity on 7 with 
respect to the conics of the pencil S is a line 7 through A, the line of centres 
of S. Kach line through A is the line of centres of one of the pencils of the 
net VN. Since there are !/ nets WN, each line through A is the line of centres of 
ow pencils S. The system of conics touching / at A is, therefore, composed of 
pencils S. 

Each pencil S is the invariant figure of a group G;(S), hence, there are o? 
such groups all contained within the group G,(Al)r=—1. But since 
G, (Al) r = — 1 contains collineations and subgroups G; (8), it seems 
that two such subgroups as G;(S) and G;(S,) must contain certain collineations 
in common. Let us consider two pencils of conics S and S, which do not belong 
to the same net NV. A given conic K of the pencil S is cut by each conic of S, in 
two points other than A. When the two points of intersection of K and K, 
coincide, the conics A and K, have double contact. Hach conic of § has double 
contact with one, and only one, conic of S,. We wish to find the locus of: the 
points of contact of corresponding conics of S and 4). 

The polars of a point B on / with respect to all conics of S is the same line 
! through A. Thus the range of points on / and the pencil of lines through A 
are projectively related by means of S. In the same manner, by means of Sj, 
the range of points on / is projectively related to the pencil of lines through A. 
These two pencils of lines being projective to one another, have two self-corre- 
sponding rays. One of these is /, since / is the polar of A with respect to both S 
and §,. The other self-corresponding ray is a line 7’ through A. Hence, the 
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polars of a certain point Bon/, with respect to both S and Sj, coincide in /, 
and the locus of the points of contact of conics of S and S, is /’, a straight line 
through A. Therefore, we see that the two three-parameter groups G;(') and 
contain the same two-parameter group G,(ABl') r= — 1. 

On the other hand, if the two pencils S and S, belong to the same net N of 
conics having contact of the second order at A, the conics from S and S, cannot 
have double contact, and hence two such groups G(s) and G;(S;) have no col- 
lineations in common. 

In a certain net N there are ! pencils S, S,, S,, etc.; each of these pencils 
is the invariant pencil of a group G;(S,). «such groups G;(S,), no two of 
which contain a collineation of type I in common, include all collineations 
of this type in G,(Al)r=—1. It is easy to see that the »* subgroups 
G, (ABC) r = —1 in G,(Al)r =— 1 are all included in the ! groups G; (S,) 
of the net VY. If it be true that all collineations of type I in G, (Al) r= —1 are 
included in the ! groups G;(S,) of the net NV, then all collineations of type I 
in a group G;(S’), where S’ is a pencil of conics not included in J, are to be 
found in the «1 groups G;(4,,) of the net NV. In fact, if we take G,(S’) in turn 
with each of the groups G;(S,,) of the net, we see that G; (S’) has a two-param- 
eter subgroup G, (AB/) r = — 1 in common with each group G;(S,) of the net ; 
the common subgroup G,(ABI')r= —1 is different for each of the groups 
G;(S,,) of the net. In this way it can be shown without difficulty that every 
collineation of type I in G;(S’) is also to be found in the net of groups G;(S,). 


THEOREM 26.—The group G,(Al) r= —1 contains «* subgroups G;(S); two 
subgroups G;(S) and G;(S,) contain no collineation of type I in common when 
the two pencils are S and SS, belong to the same net N; they have a subgroup 
G,(ABl) r= — 1m common when S and 8, belong to different nets. Hach group 
G; (S') contains «| subgroups G,(AK1), one for each conic in S. 


44. The Group G,(A, l')r=2. It was remarked in article 38 that the 
group G,(A, 2’) does not break up into subgroups G; (A, 2’) r for all values of 7; 
but that one such subgroup exists, viz. G;(A, l’)r=2. In order to prove this, 
we take two collineations 7(ABC)r and 7',(AB,C,)r characterized by the same 
value of r. Their invariant triangles (ABC) and (AB,C,) have the vertex A 
and the side 7’ opposite A in common. The cross-ratios of 7 are k, k~", k’—! 
along AB, BC and CA respectively; the cross-ratios of 7, are 4,, kh,” and kj— 
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along AB,, B,C,, C,A respectively. The resultant of Zand 7, is 7, and leaves 
invariant a triangle AB,C,, where B, and C, are some pair of points on the line 
BC or I’. 

Introduce now an auxiliary collineation U, leaving invariant the triangle 
ABB, and characterized by 4 andr. We can show that the value of A may be 
so chosen that the resultant of 7 and U leaves invariant the triangle ABB,, 
while the resultant of U~1 and 7; leaves invariant the triangle AB,C,. 

Since the invariant triangles of 7’ and U are respectively ABC and ABB,, 
the resultant 7U of T and U will leave invariant a triangle ABX, where X is 
some point on /’. Since the invariant triangles of U—' and 7; are respectively 
AB,B and AB,C,, the resultant U~!T of U~'! and T will leave invariant a 
triangle AB,X,, where X, is some point on/’. If ~ be made to vary through 
all values, the points X and .X, will each assume in turn all positions on the 
line 2’. The two projective ranges, thus generated by X and Xj, will have two 
self-corresponding or double points, D and D,, in common. Let A, be that value 
of A for which XY and X, coincide in D, and let U be so chosen that its charac- 
teristic constants are 2, and 7. Since the invariant triangles of 7U and U~'7, 
are now AD,B and AD,B,, the invariant triangle of their resultant will be 
AD,D’. But this resultant is T7UU~17= TT, whose invariant triangle is AB,C,. 
Hence, the point D’ is either B, or C,. In like manner, by choosing for Aa 
value A, for which .Y and _X, coincide at D,, it may be shown that D, is either 
B, or C,. Hence, 4 may always be so chosen, and in two distinct ways, so that 
the resultant of 7 and U leaves invariant the triangle ABB,, while the resultant 
of U~' and 7, leaves invariant the triangle AB, C,. 

The collineations 7 and 7,, U and U~', with their cross-ratios, may be writ- 
ten symbolically as follows: 


r—1 
T (ABC) bok” k \; T, (AB,G,) 


AB’ BO’ CA 


AB,’ BO,’ 
y 


U(ABB,) ={ U-1(ABB,) 


AB’ BB,’ B,A AB' BB, B,A 

or 
U-1(AB,B ={ 

(48,8) AB,’ B,B’ BA 


Since the invariant triangles of 7 and U have two vertices in common, the 
parameters & and k&, combine according to the law kk, =k, ; the same is true for 
19 
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U-'and 7, and also for TU and U~'7,. Hence, we have 


TU (ABB,) (kA) (kA) 
AB BB, BA 
kayi-" (ka) 
AB,B = ( ’ ’ 
and 
(ABD) AB, BB,’ BA 
AB, BA 


The resultant of TU and U-'7, is TUU"' T, = TT7,, and may be written 


17, (AB,C,) = | 
2 272 2 


From this we see that the collineation 77; is not, in general, characterized by the 
same r which characterizes 7 and 7,. For this to be true, the cross-ratios along 
B,C, and C,A must be equal to that along AB, raised to the power — 7 and 
7 — 1 respectively ; i. e. we must have the two equations 


All these conditions are fully satisfied when, and only when, 7? = 27; i. e. when 
r=O0orr=2. But ifr=0, T and 7, are both perspective collineations, 
and their resultant is obviously also a perspective collineation. Hence, for 
collineations of type I we have only the result 7 = 2. 

Therefore, the resultant of two collineations 7 and 7;, both taken from the 
group G,(A, /’) and characterized by the same value of 7, is not a collineation 
characterized by the same 7 except when r =2. Hence, the group G,(A, 2) does 
not break up into three-parameter subgroups, one for each value of rv. But all 
collineations in G,(A, 7’), for which r= 2, do form a three-parameter group 
G;(A, l")r=2. In this group is not equal to the product of and 


THEOREM 27.—The group G,(A, U') contains one, and only one, three-parameter 
subgroup of the form G;(A, l')r, viz. G,(A, Ul’) r= 2. 


45. The Groups G;(l)r= 2 and G,(A)r= 2. We shall now show in a 
manner similar to the above that the group G,(/) does not break up into sub- 
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groups G,(/)r for all values of 7, but that one such subgroup exists for r= 2. 
Take two collineations 7 and 7, thus: 


T(ABC) =k, and 7,(A,B,C,) =hy, ky’, 


in which the triangles ABC and A,B,C, have one side 7’ but no vertex in com- 
mon ; the resultant of 7’ and 7; is 7'7,(A,B,C,), where B, and C, are a pair of 
points on 7’. Introduce a collineation U and its inverse U~! as follows: 


U (OB,C) =a, (OB, C) Sa)", 4", 
where O is the intersection of A,B, and AC. The resultants of 7 and U, U-} 
and 7; are as follows: 


TU (XB,C) = (ka), (ha)-”, (ka): 
(X,B,B,) = (I, 471), 


or U-?T, (X,B,B,) = 


Here A is so chosen that the invariant triangles of TU and U~'T, have one ver- 
tex B,in common. The possibility of this may be shown as in last article; the 
resultant of 7U and U~'T, is evidently 77}. 

In combining 7U (XB,C) and U~! T,(X,B,B,), we see that along the side 
BC or l' the two one-dimensional transformations have the invariant point B, in 
common ; through the point B, the two one-dimensional transformations of the 
pencil have the invariant ray 7’ in common. Thus, in both these cases, the law 
kk, = k, holds good. Hence, we have 


TT, (A,B,C, =| , 
1 ( 2°" 2 2) A,B, B,C, C, As 


In this resultant collineation the cross-ratio along B,C, is not that along A,B, 
raised to the power — except for r=2or0. Thus, if =k" 
we must have 

= 
This is satisfied when 7? = 27, i.e. whenr=2o0r0. Butifr=0, 7, are 
both perspective collineations. Hence, for collineations of type I, we have only 


the result r= 2. 
It may be shown in a similar manner that the resultant of two collineations 


T and 7,, taken from G,(A) and characterized by the same value of 7, is also 


mm 
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characterized by this value of r only when r= 2. The proof is left for the 


reader, 


THEOREM 28.— The group (1) contains one, and only one, five-param- 


G, (A) 
G;,()r = 


| , viz, the group 
G, (A) G,(A)r = 2 


eter subgroup of the kind 


46. Summary of Groups of Third Class. We have thus found eleven varie- 
ties of groups of the third class. Five of these eleven groups, viz. G,;(ABC)r, 
G, (ABI) r, G,(AB)r, and G,(Al)r, where r= —1, 2, 1/2, are only 
special cases of groups of the second class. On the other hand, the six varieties 
of groups, viz. G,(AK/), G;(K), G;(S), G;(4,l)r=2, G;() r=2 and 
G,(A) r= 2 are essentially of the third class. 


THEOREM 29.— There are stx distinct varieties of groups of the third class, viz. 
G, (AKI), G,(K), G;(S), Gs(A, “r= 2, G,() r= 2 and G,(A)r= 2. 


§3.—CoLLINEATIONS OF TPE II. 


A. The Group G,(ABl) and its Subgroups. 


47. The Properties of a Collineation T’. The kind of collineation which we 
shall call type II is most easily obtained as the resultant of a perspective colline- 
ation S (B, /’) and an elation S’(Al). Let the invariant figures of § and S’ be 
so chosen that B, the vertex of S, lies on J the axis of S’, but not at A; also let 
l’, the axis of S, pass through A the vertex of §’, and let @ be the angle between 
Z and 7. Let the cross-ratio of S be & and the constant of S’ be a. The 
resultant of Sand S’ leaves invariant the points A and B and the lines 7 and /’. 
This resultant will be designated by 7’ and its invariant figure by (AB/7). 

Along the line /, S’ produces an identical transformation 7 and S produces a one- 
dimensional transformation ¢, whose invariant points are A and B, and whose 
cross-ratio is k; their resultant is ¢. Along 7’, S produces an identical trans- 
formation and S’ a one-dimensional transformation ¢, whose single invariant 
point is A, and whose constant isa sin @; their resultant is ¢. Through the 
point A S’ produces an identical transformation 7, and S a one-dimensional trans- 
formation ¢,, with two invariant rays 7 and /, and whose cross-ratio is &; their 
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resultant is ¢4;. Through B, S produces an identical transformation 7 and S’ a 
one-dimensional transformation ¢{, with a single invariant ray / and a constant 
ax, where a is the distance AB; their resultant is ¢;. Hence 7’ produces along 
AB and through A, one-dimensional transformations with two invariant elements 
and the same cross-ratio /, and along /’ and through B, one-dimensional transfor- 
mations with a single invariant element. 

If the cross-ratio along AB be &, in the direction from A to B, then that 
through A is also & in the direction from 7 to 7. The relation of the constants 
of the transformations along / and through # is found as follows: Let the con- 
stant along / be a! and that through B be @; thena’=a sing and B=aa. 


Hence, a! = — 8. Hereafter we shall designate the constant along / by a 
and that through B by @, implying the relation 


_ sing 


48. The Group G,(ABl). A collineation 7’ is completely characterized by 
its invariant figure (AB/’) and two independent constants & anda. It is evident 
that if & and a be made to vary continuously, we have ? collineations 7’ with 
the same invariant figure (ABI). Two of these collineations, 7’ (k,a) and 
(k,, a), combine to form 7} (k,, where k, =kk, anda,=a-+a,. has 
the same invariant figure as 7” and 7;. These * collineations, leaving (AB?) 
invariant, form a two-parameter group the parameters being & and a. 


THEOREM 30.— All collineations of type II, which have the same invariant figure 
(ABI), form a two-parameter group G4 (AB). 


49. One-Parameter Groups G{(ABl) a. We shall now go on to show that 
the group AB’) contains one-parameter subgroups. The group Gj (AB?) 
depends on two independent parameters, k and a. Let us assume a relation 
between these quantities and consider only those collineations of the group 
G; (AB?) for which and « satisfy the assumed relation. Let = a‘, where a is 
some constant. 

Take two collineations, 7’(k, a) and 7{(k,, a,), belonging to Gj (AB?) and 
combine them to form 7} (/,, az); We havea, =a-+ a, 
and k,=kk,, i.e. ag =a*t® (a,/a)*. If we put a,=a, we get 
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ke, = a3? = a; whence we see that a, =a,=a. Therefore two collineations 
T' and 7;, both characterized by the same value of a, result is a collineation also 
characterized by the same a. From this we see that all collineations of the 
group G,(AB?), for which the parameters & and a satisfy the relation k= a’, form 
a subgroup of Gj(ABl’). This subgroup G{(ABl')a is characterized by a con- 
stant a, and has only one parameter a; it is therefore a one-parameter subgroup 
of G,(ABIl). Within G}(ABV) there are ' such subgroups, one for each value 
of a (except a = 0). 


50. The Path-Curves of G;(ABl)a. The effect upon a point of the plane of 
all the collineations of the group Gj (AB/)a, is to move it along its path-curve. 
The equation of the family of path-curves of the group G{(ABl)a is readily 
obtained as follows: In the fundamental figure ABI, let the line AB be the axis 
of x and / the axis of y, so that Ais the origin of a system of cartesian coordinates, 
generally oblique. The collineation 7’ (a*, a) transforms the point (x, y) to 
(x, ¥;). The cross-ratio a* of the pencil through A is given by y,/x, = a*y/x; the 
parameter of the pencil through B is given by (a, —c)/y, = (a#—c)/y+ 6, 
(cot 6, = cot 6 + 8), ¢ being the distance AB. Eliminating a from these equa- 


sing 


tions, we have, putting b= a 


’ 


= C, whence y= Cxb 
b b 


y 


This represents the path-curves of the group Gj (AB/)a, C being the param- 
eter of the family of curves. These curves all pass through A and B and have 
these points as singular points. 


THEOREM 31.—The two-parameter group G,(ABl) contains «! one-param- 
eter subgroups (ABI) a; each subgroup ts characterized by a constant a and a 


ce 


parameter a. The path-curves of Gj(ABI) a are given by y = Cua ¥ 


51. Two Special Subgroups of Gi(ABl). Among the «1 subgroups of 
G, (ABI), two are of particular importance, and require special attention. When 
a=1, we have k= 1*=1 for all values of a. This signifies that the one- 
dimensional transformations along AB and through A are both identical transfor- 
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mations, and hence all points on / and all lines through A are invariant under all 
collineations of the group. This particular subgroup of G)(AB/) is, therefore, 
the group of elations Hj (Al). 

When a=0 and & varies, this is equivalent to a= o; the one-dimen- 
sional transformations along /’ and through B are both identical. In this case, all 
points on 7 and all lines through B are invariant under all collineation of the 
group. This subgroup of G{(AB/) is, therefore, the group of perspective colline- 
ations H, (B, 

Every collineation 7’ in the group G,(AB/’) is the resultant of an elation 
from the group Hj (Al) and a perspective collineation from the group 4, (B, 7). 
In fact, if we combine every elation in Hj (Al) with every perspective colline- 
ation in H,(B,/'), we obtain ? collineations 7’ which constitute the group 


(ABI). 


THEOREM 32.—The two-parameter group G,(ABl) contains one subgroup of 
elations (Al) and one subgroup of perspective collineations H,(B, U'). 


52. Properties of the Group G,(ABl')a. The parameter of the group is a, 
and the law of combination of parameters isa,—=a-+a,-. Consequently, the 
properties of the group G{(ABI/)a are quite similar to those of the one-param- 
eter group of elations. The identical collineation of the group is given by a = 0, 
pseudo-collineations are given by a= » and k=0. The group contains »’ 
infinitesimal collineations corresponding to the infinitesimal values of a ; hence 
the group is continuous everywhere except ata ». The groups Gj (ABI) a 
and G{ (AB) a, contain no collineations in common save the identical and the 
pseudo-collineations. 


53. Classification of the Groups of Type II. We are now in position to 
determine the number of collineations of type 7” in the plane. Since there are 
wo different figures of the kind (AB?) in the plane, it follows that there are 
collineations of the kind 7’; but it does not follow that these form a seven-param- 
eter group. In general, two collineations 7 and J; having no parts of their 
invariant figures in common, do not result in a collineation of type II but of 
type I. 

Our next problem is to determine all types and varieties of groups composed 
chiefly of collineations of type II. We shall find two distinct classes of such 
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groups, viz. (1) groups made up of two-parameter groups G(ABl'), and (2) groups 
made up of collineations, all of which are characterized by the same value of a. 
In groups of the first class a and a both vary, and in groups of the second class 
a is a constant and a a variable. 


B.-— Groups of Type II of the First Class. 


54. The Groups G3(AB) and G(l'). Take two groups G; whose invariant 
figures are (ABI) and (AB,/’), the points A, B, and B, being collinear. Take 
two collineations 7"(k, «) and 7; (&,, a,), one from each group, and find their 
resultant 7i/(k,, a.). From the position of the invariant figures, we see that 
k, = kk, and a,=a-+a,. Hence, the invariant figure of 7} is (AB,/'), B, being 
some point on AB, and the resultant collineation is of type II. Thus all the 
collineations in the two parameter groups G,, whose invariant figures are the 
same, except that the point B is in different positions on the line AB, form a 
three-parameter group G3 (U/’). 

In a similar manner, it may be shown that all the collineations in the two- 
parameter groups G}, whose invariant figures are the same, except that the line 
l' is in different positions through the point A, form a three-parameter group 
(AB) dualistic to G3 (U’). 


55. The Group G,(Al). Again let us take two collineations 7’(%, «) and 
T; (%, one from each of the groups Gj (ABI) and Gj(AB,/{) whose invariant 
figures have common the point A and theline 7, but not the same line /’ or the point 
B, and form their resultant 7} (42, a,). The one-dimensional transformations along 
AB, since they have the point A in common, combine according to the law hk, =kh, ; 
also the one-dimensional transformations of the pencil through <A, since they have 
the ray J in common, combine according to the law k, = kk,. The resultant col- 
lineation, 7} (4, az), is, therefore, of type II and its invariant figure is (AB,/}). 
Hence, the collineations in the two parameter groups G}, whose invariant figures 
are (AB,/,) (where B, is in turn every point on/ and 7) is in turn every line 
through A), form a four-parameter group G{(Al), whose invariant figure is the 
lineal element (AZ). This group is self-dualistic for the reason that the figure 
(AB,J,) is a self-dualistic figure. 


56. The Group G{(Al’). There are two other varieties of four-parameter 
groups, dualistic to each other, which can be formed from two-parameter groups 
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2(ABl'). Take two groups whose invariant figures are (ABU) and (AB,/), 
having the line / and the point A in common; take a collineation from each 
group and combine them. The two one-dimensional transformations of the kind 
t’ along l/' result in a transformation ?¢ of the same kind, leaving invariant A and 
l’. The two transformations of the pencil through A, since they have the ray 
/’ in common, combine according to the law k, = kk,, and result in a transforma- 
tion of the same kind, leaving invariant A and /’ and some second line /, through 
A. The principle of duality requires that the transformation along J, should be 
of the kind ¢ with two invariant points, hence, there is a second invariant point 
B, somewhere on/,. The resultant collineation 7} is, therefore, of type II and 
its invariant figure is (AB,/’). Hence, the collineations contained in the o? 
two-parameter groups G,, whose invariant figures are (AB,/), where B, is in 
turn every point in the plane, form a four-parameter group G{(Al’). This 
group is evidently of a different variety from that last discussed. 


57. The Group of G{(Bl). The group dualistic to the above is composed of 
o* two-parameter groups G} whose invariant figures have in common the point 
6 and the line 7. Take two collineations T and 7;, one from each of the groups 
G, (ABI) and G;(A,Bl{), and combine them. The two one-dimensional trans- 
formations of the kind ¢ of the pencil through B result in a transformation of 
the same kind; the two transformations of the kind ¢ along 7, since they have 
the point B in common, result in a transformation of the same kind according 
to the law k, =kk,. The resultant of 7’ and 7; is, therefore, of type II, and all 
the collineations belonging to the above-mentioned two-parameter groups unite 
to form a four-parameter group Gj (Bi). 


58. Summary of Groups of the First Class. We have now enumerated all 
groups of this class that can be compounded out of the »* two-parameter 
groups G,(ABl). For example, »* two-parameter groups G can be so chosen 
that all collineations in them leave the line / invariant ; but the resultant of any 
two collineations taken from different groups G}, which have no invariant point 
in common, is no longer of type II but of type I. Hence, these »* groups @; 
do not form a five-parameter group. 


THEOREM 33.—There are six varictics of groups of collineations of type LI in 
which the collineations of a group are not all characterized by a constant a, viz. 
G (ABI), Gj (AB), Gy Gy(Al), (Bl). 
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C.— Groups of Type II of Second Class. 


Returning now to the group G{(ABl)a and using it as the fundamental 
group, it is possible to build up another series of groups of higher order ; we shall 
find four varieties of such groups. 


59. The Groups G(AB)a and Gj(il)a. The three-parameter group G3; (AB) 
is composed of «! two-parameter groups G,(AB/), and hence contains »” one- 
parameter groups G{(AB/)a. Among these »* subgroups of G;(AB), consider 
the «! groups G{ characterized by the same value of a. Take two collineations 
T' 8) and @,) from different one-parameter groups and combine them. 
The two transformations of the pencil through B are both of the kind ¢ and 
have an invariant ray in common ; hence, their resultant is of the same kind and 
2,=2+8,. The two transformations along AB and through A are in both 
instances of the kind ¢, and combine according to the law hk, = kk, =a’ a = a®. 
Therefore, the resultant 7? is of type II and is characterized by the same value 
ofaas 7’ and 7. Hence, all collineations of type II, characterized by the same 
value of a and leaving invariant two points A and B and their joining line /, 
form a two-parameter group Gj (AB)a. 

In a similar manner, it may be shown that all collineations of type II, 
characterized by the same value of a and leaving invariant two lines and their 
point of intersection, form a two-parameter group (J/') a dualistic to Gj(AB)a. 


60. The Groups G}(Al’) a and G3(Bl)a. The four-parameter group Gj (Al) 
or G,(AB,l’), where B, is in turn every point in the plane, is composed of 
one-parameter groups G; (ABI')a; * of these one-parameter groups are charac- 
terized by the same value ofa. Take from two of these groups two collineations 
T' (a*, a) and Tj(a™, a,), characterized by the same value of a, and combine 
them. The two transformations of the kind ¢ along / combine to form one of the 
same kind according to the lawa,=a-+a,. The two transformations of the 
kind ¢ through A, since they have the ray / in common, combine to form one of 
the same kind according to the law = kk, = a* a" =a™. Hence their resul- 
tant 7) is also of type II and is also characterized by the same value of a. There- 
fore, all the collineations in the »* one-parameter groups in Gj (AB,J/'), which 
are characterized by the same value of a, form a three-parameter group 
(AB,!') a or G3(Al')a. There is one such subgroup in Gj(A/’) for each value 


of a. 


| 
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In similar manner, it may be shown that the four-parameter group Gj (Bl) 
dualistic to G{(A/) also breaks up into «1 three-parameter subgroups G4 (Bi)a, 
each characterized by a constant value of a. 


61. No Three-Parameter Subgroups of G{(Al). The group G{(Al) does not 
break up into subgroups of the variety G3(A/)a. Let us take two collineations 
T' (ABl) and 7{(AB,/{) characterized by the same value of a and combine 
them. The invariant figures have in common the point A and the lineZ. The 
two transformations of the kind ¢ along A/ combine according to the law 
a’a"' = a”, so also do those of the pencil through A; for, in each case, one inva- 
riant element iscommon. But the two transformations of the kind #’, one along 
Al’ and the other along Al{, are so situated that we cannot assert that a,=a-+a,. 
The same is true of the two transformations of the pencils through B and B, ; 
they are not in position to combine according to the law 6,=@6+ ,. Hence, 
subgroups of Gj (Al) of the variety Gj (Al) a do not exist. 


THEOREM 34,— There are five varieties of groups of collineations of type II in 
which all the collineations of a group are characterized by the same value of a. These 
G; (AB) a) Gs 


groups are as follows: Gi (ABl')a, Gi (I) a (Bl) a 


oF Type III. 


62. Properties of a Collineation T". A collineation of type III is obtained 
as the resultant of two elations S’ and S{ whose invariant figures (Al) and (A,/,) 
are so situated that /, passes through A. Let the distance AA, be a and let the 
angle /Al, be 6; also, let the constants of S’ and Sj be a and a. 

In order to determine the character of the resultant of S’ and S{, we must 
examine the resultants of the one-dimensional transformations along 4, and 
through A. Along /,, S’ produces a one-dimensional transformation of the kind 
t', whose constant is « sin@ and S{ an identical transformation; hence, the 
resultant along J, is’. Through A, S’ produces an identical transformation and 
Si a transformation of the kind ¢{ whose constant is aa,; hence, the resultant 
through A is tj. Therefore, the resultant of S’ and S/ leaves invariant the point 
A and the line /, and produces along /, and through A one-dimensional transfor- 
mations of the kind ¢ whose constants are respectively a sin@ and aa,. This 
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collineation of type III will be designated by 7”, its invariant figure by (A/) and 
its constants by @ and aa. 


63. The Group Gif (Al). The groups H}(A) and //) (1), where A lies on /, 
each contain * elations, and hence there are ! pairs of elations, one from each 
group, whose resultant in each case is a collineation of type III and whose inva- 
riant figure is the lineal element A/7. It does not follow that the * collinea- 
tions 7” thus produced are all different ; in fact, there are only «? different col- 
lineations 7” thus produced. 

These * collineations 7”, each leaving A/ invariant, form a three-param- 
eter group, as may be shown. Let 7" and 77 be two collineations from the sys- 
tem leaving Al invariant. Along 7 the resultant of the two transformations of 
the kind ¢ is another of the same kind, since they have the invariant point A in 
common; through A the resultant of the two transformations of the kind ? is also 
another of the same kind, since they have the invariant ray 7 in common. 
Hence, the resultant of 7” and 77 is T,/,a collineation of type III, leaving Al 
invariant. Therefore, all collineations of type III, leaving Al invariant, form 
a three-parameter group Gj (Al). Evidently, Gj (AJ) contains H}(A) and (/) 
as subgroups. 

THEOREM 35.— The aggregate of all collineations of type ITT, leaving invariant 
the same lineal element Al, forms a three-parameter group Gj (Al). 


64. The Group G, (Al). In article 43, it was pointed out that the system 
of * of conics, touching 7 at A, is made up of «! nets N of * conics each ; all 
the conics of each net have contact of the second order at A. (All the conics of 
the net NV have the same circle of curvature at A.) Such a net of conics is trans- 
formed by any collineation into a net of the same kind. Hence, a collineation 
T" of the group Gj (Al) transforms a net N of the system into another net J, of 
the same system or into itself. Since Gj (Al) contains «* collineations 7”, and 
there are only 1 nets Vin the system, it follows that each net WN is transformed 
into itself by collineations 7” belonging to the group (Al). All collinea- 
tions 7” in G3 (A/), which leave invariant a net of conics N, form a two-param- 
eter subgroup G/ (Al). Evidently, (Al) contains «1! such subgroups, one for 
each net WV in the system of conics touching / at A. 


THEOREM 36.— The aggregate of all collincations of type III, leaving invariant 
the lineal element Al and a net of conics having contact of the second order at A, 
forms a two-parameter group G4! (Al). 
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65. The Group Gi (Al). The system of »* conics touching / at A is com- 
posed of «* pencils of conics, each pencil being composed of «1 conics having 
third order contact at A. Such a pencil of conics S is transformed by any col- 
lineation into another pencil of the same kind. Since there are ~? such pencils S 
in the system of conics touching 7 at A and ° collineations 7” in the group 
G; (Al), it follows that there are !' collineations 7” in Gj (Al) that transform 
any given pencil S into itself. These collineations form a one-parameter sub- 
group of Gj (Al). Evidently, (Al) contains »* such subgroups, one for each 
pencil Sin the system of conics touching / at A. Hach net W of the system con- 
tains «1 pencils S, and hence each two-parameter subgroup of (4 (Al) con- 
tains one parameter subgroups (Al). 

The conics of the pencil S are the path-curves of the group G{/ (Al) ; for, if 
all the conics of S remain invariant under the collineation 7”, the effect of 7” is 
to move each point of the plane along its path-curve. The parameter of the 
group G{'(A/) is a and the law of combination of the a’s isa+a,—=a,. Hence, 
the structure of the group (*{/ (Al) is the same as that of the group Hj (A/). 

THEOREM 37.—The aggregate of all collineations of type ILI, leaving invariant 
the lineal element Al and a pencil of conics having contact of the third order at A, 
forms a one-parameter group Gi! (Al), whose path-curves are the conics of the pencil. 


These three are the only varieties of groups of type III. It may readily be 
verified that two collineations of this type, with their invariant figures in rela- 
tive positions other than those discussed above, result in a collineation not of 


type III. 
The following facts regarding the number of collineations of the different 


types should be noted here: 


There are ~° collineations of type I which form a group G,. 


If do not form a group. 
co 8 “ III “ 6 
66 cot 6 “6 V “6 66 


§5. Group StrucTtuRE AND SINGULAR TRANSFORMATIONS. 
A. Structure of the Collineation Groups of the Plane. 


66. Having found a complete list of the Lie groups of collineations in the 
plane, we must now examine more closely into the structure of each group. 
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Many of these groups will be found to contain collineations of one type only, 
while others will be found to contain collineations of two or more types. In 
every case, there are collineations of a characteristic type which make up all or 
the greater part of the group, and among these are to be found in many cases a 
smaller number of collineations of one or more lower types. In most instances, 
the collineations of these secondary types form continuous subgroups of the given 
group; but sometimes these secondary collineations in a given group do not form 
a continuous subgroup, in which case they are called Singular Transformatiuns. 

The complete structure of some of these collineation groups has already 
been given while in other cases only the characteristic collineations of the group 
have been indicated. The entire list of these groups must be examined; in 
most cases the structure of a group will be given without proof, only in those 
cases where the structure is not at once evident, or where the group contains 
singular transformations, will the proofs be indicated. Perspective collineations 
constitute type IV, and elations type V. 


67. Structure of the Perspective Groups. We found in article 7 eight varieties 
of perspective groups, viz. three of type V and five of type 1V. The group H (Al) 
contains only collineations of type V, and H(A, 7), only those of typeIV. The 
structure of the other six perspective groups is here indicated by symbolic equa- 
tions, see article 19: _ 

=@' H(A), 

Hj(A) =o! 

H, =! H,(A, l) + Hi (Bi), 
H, (AUB) = H, (A, 1) + 
H(A, 1) + 
H,(A) =~? 1) + H(A). 


The correctness of each of these structural formule may be proved in detail ; 
but it is necessary to carry out the proof in only one case. Take, for example, 
the group H, (JBI); we can show that this group must contain collineations of 
type V. Take from the group H, (/BI’) two perspective collineations S(A, 7) and 
S, (A;, 2), for which the cross-ratio constants are # and 1/k respectively. Along 
the line A,AB, where B is the intersection of / and l’/, we have two one-dimen- 
sional transformations of the kind ¢ with reciprocal values of /& but belonging to 
different subgroups having one invariant point Bin common. Hence, their resul- 
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tant along /' is of the kind ¢’, and the value of a for this resultant is found to be 


Since both transformations along 7 are identical, their resultant is also identical. 
Hence, the resultant of S and S, is an elation S’, which belongs to the group 
H{(Bl). From the above value of a we see that by varying the value of &, or 
the position of the points A and Aj, all elations in the group H{(B/) are obtained ; 
thus, the group 4, (/B/’) contains Hj (Bl) as a subgroup. In a similar manner 
the structural formulze of the other perspective groups may be verified. 


68. Structure of Groups of Type IJI, We found only three varieties of 
groups of type III, viz. G/(A/), (Al), (Ad), and these cases are easily dis- 
posed of. The group G'{/ (AN) ) contains only collineations of type III. The group 
G;/ (Al) contains, as we saw, the groups H(A) and It may be proved 
without difficulty that the group G/ (AJ) contains only collineations of type III. 
The structural formule of Gj (Al) and Gj(AJ) are exhibited thus: 

Gif (Al) = Gi (Al). 
Gy (Al) = Gi (Al) + (A) + 


69. Structure of Groups of Type II. First class. There are six varieties of 
groups of this class ; we have found, article 51, that the group G, (ABI) contains 
the groups H,(B, /’) and H{(A/) as subgroups; and hence we must expect that 
subgroups of types IV and V will appear in the groups of higher orders of this 
class. The structural formule of these groups are as follows: 


= 1) + Hi (AD, 
Gi(AB) =  H, (BIA) + 
= H,(lAl) + Hi(A), 
= + Hi, + + + GY (40), 


= (ABl)+ (4,B) + Ay(l) + Ay(B)+ Gy (Bd, 
Gi (Al) = ~*Gi(ABI) + A, (B, Hi(A) + Gy (Al). 

In the case of the group G3(AB), we may verify the structural formula as 
follows: The line / through A may take o! different positions, and for each 
position of U’ we have a two-parameter group G,(AB/), all of which are con- 
tained in Gj(AB). The ' one-parameter groups /, (B, I’) in these groups 
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7,(AB/), form the two-parameter group H,(BlA). The group H,(B/A) con- 
tains the subgroup (Bl), and each group Gj(ABl’) contains the subgroup 
H,(Al). By combining the collineations of these two groups, viz. Hj and 
H,( Bl), we obtain all the elations of the group 4}(/), which is, therefore, con- 
tained in the group Gj(AB). 

As another example, let us examine the structure of the group Gj(A/). 
The point B may take «? different positions in the plane, and for each position 
of B there is a group G(ABI) which belongs to the group G{(AU). The 
one-parameter perspective groups H,(B, 7’), contained in these groups Gi (AB/), 
form the group The group H,(/) contains the subgroup Hj (/’). The 
groups of elations H{(A/), contained in the groups Gj(AB/), form the group 
H,(A), which is, therefore, contained in Gj(Al’). Since G{(Al’) contains H} (A) 
and #7} (/), it must also contain G;/(A/). Thus the structure of G,(A/’) is found. 
A similar course of reasoning leads to the structural formulze of the other groups 


of this class. 


70. Second Class. The group Gj(ABl)a, wherea +0 or ~, contains only 
collineations of type IJ. The structure of the other four groups of this class is 
shown as follows: 

Gi (AB) a= (ABI)a+ Hi (Bl) +58. T., 
Gi(W)a H(A) +S. T., 
Gi(Al)a = +8. T,, 
Gi(Bl)a = ~*G{(ABla + Hj(B) +8. T. 

In this class of groups we meet, for the first time, with so-called singular 
transformations S. T.; these will be discussed later. 

In order to show that the group of elations H/(B/) occurs in Gj(AB)a, we 
take two collineations 7” (ABl)a and T/(ABI))a, whose constants are a’) 
and (— @, a~*) respectively, and form their resultant. The resultant of the two 
one-dimensional transformations through B is identical, that along / is also iden- 
tical, while that through A is of the kind ¢’. Hence, the resultant of 7” and 7' 
is an elation S’ belonging to the group H{(B/l). By varying the value of @ and 
the positions of /' and /, all elations in /{ (Bl) may be produced, thus showing 
that all elations of the group H{(B/) are contained in Gj (AB)a. 

In like manner the structural formule for the remaining groups of this class 


may be verified. 
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71. Structure of Groups of Type I. First Class. The nine groups of type I, 
first class, show the following structural formule : 


G,(ABC)= G (ABC) + H,(Al’) + (Bl) + 
G,(ABI) = «'G, (ABC) + Gi(ABI) + HA, (IAI) + H, (ALB) 
+ H, (Bl) + H (Al), 
G,(AB) = «*G,(ABC) + (ABI) + H, (0) + + 2H, (AlB), 
(ABC) + (ABI) + + Hi(A) + 277, (141), 
G,(A, = (ABC) + (BIA) 
+ H,(A, 1") + (Bi), 
G,(Al) = + + (ABI) + GY (Al) + (2) 
+ H;(A) + H; (1) + H(A), 
== (ABC) + (ABI) + GY (ABI) + (Al) 
+ H, (1) + (AUB) + H; (1) + (A), 
G,(A) = a0!G,(ABC) + (ABI) + (AB?) + (Al) 
+ H;(A) + + H}(A) + (2), 
G, = w'G, (ABC) + (ABI) + 1H, (A, + (Al). 


The verification of these structural formule presents no special difficulties. 


72. Second Class. The structural formule of the four following groups are 
exhibited thus: 
G, (ABI) r= ~'G,(ABC)r+ Hi(Al) +8. T., 
G,(AB)r = ~*G,(ABC)r+ +8. T., 
G,(l')r =~ G,(ABC)r+ H(A) +8.T., 
G,(Al)r = ~*®G,(ABC)r+ + Hi (1) + Gy (Al) +8. T. 


From the group G,(AB/)r take two collineations 7(ABC)r and T(ABC,)r, 
where C and C;, are collinear with A, whose cross-ratio constants are respec- 
tively k and 1/k. The resultants along AB and through A are identical, while 
those along A/' and through B are of the kind ¢. The constant of the resultant 


along is given by a = (1 — 7 5) . Hence, the resultant of 7’ and 
7, is an elation and belongs to the group Hj(Al). By varying & and the posi- 
tions of C and (,, a can be made to take on all values; hence, all elations in the 
group /; (Al) are contained in G,(AB/)r. 
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Again, from the group G;,(AB)r, take two collineations 7(ABC)r and 
T,(ABC,)r, where C and C, are not collinear with A or B, and whose cross-ratio 
constants are k and 1/k respectively. The resultant along AB is identical, while 
those through A and B are both of the kind ¢#. Hence, the resultant of 7 and 
T, is S' (X17), where X is some point on 7. It may be shown that all elations in 
(1) are contained in G;,(AB)r. 

In like manner, the formule of the other groups of this class may be verified. 


73. Third Class. The list of groups of the third class shows structural 


formule as follows: 


=«'G,(ABC)+ Gi(Al), 
G,(K) = w*G, (ABC) + (Al), 
G,(8) =«'G,(ABC)+ Gi (Al) + H{(Al) +8. 


Gi, (A, = (ABC) + (ABM) +8. T., 
= 'G,(ABC)+ (A/) +5. T., 
G;(A),-2 =0'!G,(ABC)+ +8. T. 

The group G,(S8) contains «* subgroups G,(ABC), where B is in turn 
every point on A/ and C in turn every point in the plane. One conic of the 
system § passes through C, and BC is tangent to this conic at C. Take a col- 
lineation 7 from the group G,(ABC) and another 7; from the group G,(AB,C;) 
having cross-ratio constants & and 1/k respectively. Their resultant is of the 
kind ¢’ along AZ and through A, and hence is a collineation 7” of type III 
belonging to the group G{/(A/). It can be shown that all the collineations of 
the group Gi! (Al) are to be found in G;(8). 

Again, take two collineations 7’ and 7,, whose cross-ratio constants are & 
and 1/k, from the groups G,(ABC) and G,(ABC,), where C and C, are colli- 
near with A. Their resultant is identical along AB and through A, but is of the 
kind ¢ along ACC, and through B; hence, it is an elation S’ and belongs to the 
group H{(Al). Evidently, all elations in Hj(Al) are contained in G;(S). 

The remaining formule are easily verified. 


B.— Singular Transformations.* 


We come next to the consideration of singular transformations in the colline- 


*The results of the investigation of singular transformations by the present methods agree with 
those found by Professor Taber and his pupils, Rettger, Slocum, and Williams. See Taber, Bull. 
Amer. Math. Soc., Vol. VI, p. 199; Rettger, Amer. Jour. Math., Vol. XXII, p. 60; Williams, Proc. 
Amer. Acad., Vol. XXXV, p. 97; Slocum, Proc. Amer. Acad., Vol. XXXVI, p. 92. 
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ation groups of the plane; these were defined, article 66, as systems of colline- 
ations of one type not forming a continuous group, yet occurring in an otherwise 
continuous group of another type. We shall find two distinct kinds of singular 
transformations, viz. discrete systems of collineations of type V or III occurring 
in groups of type II, second class; and discrete systems of collineations of type 
II occurring in groups of type I, second and third class. 


74. Singular Transformations in G}(AB)a and Gj(W)a. It was shown, 
article 70, that the group G}(AB)a contains H{(B/) as a subgroup. It also con- 
tains other collineations of type V, as will be shown. Take two collineations 
T' (AB?) and whose constants are (@, a*) and (@,, for every 
value of a0 or o, @ and (, may be so chosen that @+,~0, while 
Puta=vre* and B+ then we have 


(p + 2q)(log r + 26) = 2nzit, 


whence p log r —q0=0 and g logr+ p60 = 2nn; 
+ log” + @’ 


Hence, for any given value of a, 8 and (, can always be found to satisfy the 
conditions 
and a’t%=1, 

The resultant of 7’ and 7; is identical along AB, but the resultant one- 
dimensional transformations through A and B are both of the kind ¢’. Hence, 
the resultant is an elation S’ (X/7), where X is some point on AB, not A or B. 
In the above expressions for » and g, m has only integral values ; hence, the 
resultant elations S’ do not form a continuous system. For any value of 
a-0or », 8+ (, cannot be infinitesimal and satisfy the above conditions so 
that all the elations in Hj} (/) cannot be obtained in this manner. Hence, 
G;(AB)a contains, besides the group Hj (Bl), a system of elations S’(X7) not 
forming a continuous group; these are singular transformations. 

In exactly the same manner it may be shown that the group G (W’) a con- 
tains, besides the subgroup of elations Hj (Al), a discrete system of elations 
S’ (AA) not forming a continuous group. These are, therefore, singular transfor- 
mations in a. 

THEOREM 38.— The groups G,(AB) a and G; (Il')a each contain a discrete system 
of elations which are singular transformations of the groups. 


ln: 
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75. Singular Transformations in G4(Bl)a and G;(Al)a. The group 
3(Bl)a contains «1 subgroups Gj(AB)a, one for each point A on the line / 
and the group H;(B) ; it, therefore, contains all the singular transformations of 
type V to be found in its subgroups G}(AB)a. Take two collineations 7’ (AB/) 
and 7;(A,Blj) whose constants are (8, a*) and ((@,,a°). If and (, are so 
chosen that 8 + @,=0, the resultant of 7” and 7; is identical through B and of 
the kind ¢ along 7; hence, it is an elation belonging to the group H,(B). But if 
B+ B,+#0 and a*+* = 1, the resultants through Band along / are both of the 
kind ¢’; hence, it is a collineation of type III and belongs to the group G1’ (B/). 
For the same reasons given above, no infinitesimal collineation of type III can 
be produced in this manner, and hence all collineations in G{/ (B/) are not to be 
found in Gj(Bl)a. These singular collineations of Type III in Gj(Bl)a also 
appear as the resultants of the singular collineations of type V in G;(B/)a and 
the elations of the group H}(B). 
In like manner it can be shown that the group @;(A/)a contains singular 
transformations of types V and III. 


THEOREM 39.— The groups G3(Bl)a and G3(Al') a each contain discrete systems 
of collineations of both types III and V which are singular transformations oy the 


groups. 


76. Singular Transformations in G,(ABl)r. We shall next examine the 
group G,(AB/)r for singular transformations. There are two cases to be con- 
sidered according as r is a rational or an irrational number. When , is rational, 
the group G,(ABC),r contains (art. 26), one perspective involutoric collin- 
eation S, whose vertex and axis are respectively a vertex and the opposite 
side of the invariant triangle (ABC). 

Suppose that r has odd numerator and odd denominator ; then, according 
to the notation agreed upon, S has its vertex at B and its axis along AC. For 
such a value of the group G,(ABIl’) r contains subgroups G,(ABC)r; but 
these all contain the same perspective collineation 8; hence, the group G,(ABI/)r 
contains but one perspective involutoric collineation S.. Let S be combined with 
any collineation of type I in G,(AB/)r; the resultant one-dimensional trans- 
formations along both AB and AC are of the kind ¢, and hence, the resultant of 
Sand 7’is of type I and is one of the collineations of the group G,(AB/)r. On 
the other hand, let S be combined with S’, a collineation of type V in Hj (Al) 
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(which is a subgroup of G,(ABI)r). Along AB we have an involutoric com- 
bined with an identical transformation, and the resultant in this direction is 
involutoric with invariant points at A and B. Along AC we have an identi- 
cal combined with a transformation of the kind ¢, and the resultant is of the 
kind #?. Through B we have an identical combined with a transformation of 
the kind ¢, and the resultant is also of the kind ¢#. Hence, the resultant of S 
and S’ is 7’, a collineation of type II, whose invariant figure is (A Bl’) and 


whose constants * and a are k = —1 and a equal the a of 8. If § be combined 
in turn with each elation of Hj (Al), we have an infinite system of collineations 
of type II, for each of which k=—1 while a has all complex values. The 


parameters / and « of this system of collineations of type II do not satisfy the 
relation 4 = a‘, and hence (article 49) do not form a continuous group. These 
collineations of type II in G,(AB/)r are singular transformations. The struc- 
ture of G,(ABl')r is thus seen to be 


G, (ABI) r = » G, (ABC) r + Hi (Al) + 


Let us next examine for singular transformations the group G, (ABU)r, 
where r is rational with odd numerator and even denominator. Hach subgroup 
G,(ABC)r of G,(ABI)r contains one perspective involutoric collineation S; 
these are all different, and form a system (S) whose common axis is AB and 
whose vertices are in turn every point on/. Any one of these perspective 
collineations, combined with a collineation of type I in @,(ABl)r, results 
in a collineation of type I also belonging to G,(ABl’)r. The resultant 
of any collineation of the system (S) with any elation of the group H;(A/) 
is another perspective collineation S, of the system (S). The resultant of 
any two perspective collineations of the system (S) is an elation belonging to 
the group Hj(A/). Thus the group G,(ABl’)r, where 7 is rational with odd 
numerator and even denominator, contains ! involutoric perspective col- 
lineations, but no singular transformations of type II. These perspective col- 
lineations are not singular transformations in the sense of the definition, for each 
of them belongs to a subgroup of G,(AB/)r. 

In like manner, it may be shown that the group G,(ABI)r, where 7 is 
rational with even numerator and odd denominator, contains ! involutoric per- 
spective collineations having a common vertex at A and axes in turn every line 
through B; but it contains no singular transformations. The group G,(ABI)r, 


— 
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where 7 is irrational, contains (article 27) no involutoric perspective collineation 
and hence no singular transformations. 

From these results, we conclude that the group G,(AB/)r contains singular 
transformations of type II when, and only when, its subgroups have one common 
involutoric perspective collineation S. This depends on the manner in which 
the invariant triangles of the subgroups G,(ABC)r are put together. Thus, 
when the line 7 passes through A, the group G,(ABl’)r contains singular trans- 
formations when 7 has odd numerator and odd denominator. On the other hand, 
if /' passes through B, in which case it is designated by 7’, the group G,(ABI") r 
has singular transformations when r has even numerator and odd denominator. 

THEOREM 40.— The group G,(ABI)r, where r is a rational number such that 
the subgroups of G,(ABI')r all contain the same involutoric perspective collineation 
S, contains singular transformations ; these are of type II, and all have the same 


value of k, wz. k= —1. 


77. Other Groups Containing Singular Transformations of Type IT. Any col- 
lineation group of the plane which contains no subgroup of type II and which 
contains subgroups of the variety G,(ABI')r such that each contains but a single 
perspective involutoric collineation S, will evidently contain singular trans- 
formations of type II. In addition to G,(AB/)r, the following groups of 
type I, second class, also contain singular transformations: G,(AB)r, G,(Il')r, 


G,(Al)r. 
In type I, third class, the group G,;(S) contains o* subgroups 
G,(ABl')r=—1. Fach of these subgroups contains «' singular transforma- 


tions, and hence G',(S) contains * singular collineations of type II. 

The group G,(A, 7’) contains «’ subgroups G,(ABl’)r= 2. There is evi- 
dently but one involutoric perspective collineation Sin the group G,(A, /), and 
this has its vertex at A and its axis coinciding with 7’; S belongs to every sub- 
group G,(ABI')r= 2 in G,(A, 7’). S, combined in turn with each of the ? 
elations in G,(A, l’), gives * singular transformations of type II. 

The group G; (’) contains * subgroups G,(A, Z’), one for each position of A 
in the plane; hence, it contains »* subgroups G,(ABl')r=2. Since each of 
these two-parameter subgroups contains ! singular transformations of type II, 
it follows that the group G, (/’) contains o* such singular transformations. 

The group G;, (A), dualistic to G,(2’), also contains »* singular transforma- 


tions of type II. 


| 
i 
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THEOREM 41.— The following groups, and no others, contain singular transfor- 
mations of type II: G,(ABIl)r, G,(AB)r, G;(U)r, and G,(Al)r (when r is 
rational) ; G's(S), G3(A, Gs and 


§6.—Mixep Groups oF CoLLINEATIONS IN THE PLANE. 


78. In this section the following problems will be investigated: To find 
(1) all collineations in the plane that leave fixed one vertex of a triangle and 
interchange the other two vertices ; (2) that interchange a pair of points; (3) 
that interchange a pair of lines; (4) that permute the vertices of a triangle ; 
(5) that permute the vertices of a quadrilateral; (6) that permute the vertices 
of a polygon of n sides. 

The first four of these problems lead us to the consideration of certain 
mixed groups of collineations. For example, all collineations, leaving a triangle 
invariant as a whole, form a mixed group mG (ABC), which consists of the con- 
tinuous group G,(ABC) and all other collineations interchanging a pair of its 
vertices and also those permuting the three vertices. 


79. The Mixed Groups mG,(PQ) and mG;,(i'). As a necessary prelimi- 
nary, we must first determine all one-dimensional projective transformations 
that interchange a pair of points on a line. There are !' projective transfor- 
mations of the points on a line that leave invariant a pair of points P and Q; 
these form a continuous group G,(PQ). The aggregate of all transformations 
of both kinds, i. e. those that leave P and Q separately invariant and those that 
interchange P and Q, forms the mixed group mG,(PQ). 

Every transformation interchanging P and Q is an involutoric transforma- 
tion of the kind ¢, and its cross-ratio is s—=—1. If the invariant points of ¢ 
are A and B, they must be so situated that the cross-ratio (ABPQ)=—1. 
There are o! pairs of points AB having this relation ; hence, there are «’ involu- 
toric transformations ¢ interchanging P and @. Since no transformation of the 
kind ?#’ can be involutoric, it follows that there are no transformations of the kind 
t/ interchanging P and Q, 

It is evident that similar results hold also for the mixed group of one- 
dimensional transformations, leaving invariant and interchanging a pair of 
lines. 
mG, (PQ) 
mG, 


THEOREM 42.—The mixed group { contains ©} involutoric trans- 
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G, at 
G, (W’) 


formations in addition to the transformations of the continuous group 


contains no other transformations. 


80. The Mixed Group mG, (APQ). Let (APQ) be any three points form- 
ing a triangle. Any collineation that interchanges P and @ must leave the line 
PQ invariant. Let (ABC) be the invariant triangle of a collineation of type 
I which interchanges P and Q; then two of the vertices, as B and C, must be 
on the line PQ and so situated that the cross-ratio(BCPQ)=— 1. All col- 
lineations in the group G,(ABC), for which the cross-ratio along the side BC 
is —1, leave A invariant and interchange P and @; they belong, therefore, to 
the mixed group mG, (APQ). 

Let k and #& be the two independent parameters of the continuous group 
G,(ABC), and let & be taken along AB and / along AC. Since the product of 
the three cross-ratios taken in the same order around the triangle must be unity, 
we have (k)(—1)(1//) =1; thus, k+%#/=0. Hence, out of the ? collinea- 
tions in G,(ABC), where (BCPQ)=—1, there are ! that satisfy the condi- 
tion k + k = 0 and interchange P and Q. The pair of points BC can be chosen 
in ' different ways, so that (BCPQ)=—1; if out of each of these groups 
G,(ABC) we select the collineations that satisfy the relation k +k’ =0, we 
obtain ” collineations of type I that leave A invariant and interchange P 
and Q. 

Among these ’ collineations of type I interchanging P and Q, there are 
oof type IV. In every group G,(ABC), there are two collineations, viz. 
k=1, and k=—1, =1 which satisfy the condition k+ k’=0 
and are not of type I. They are involutoric perspective collineations with the 
vertex always on the line PQ. 

Since no collineation of types III or V is involutoric along an invariant line, 
it follows that the mixed group mG,(APQ) contains no collineations of these 
types. A collineation of type II, whose invariant figure is (BCl'), may be invo- 
lutoric along BC, but it cannot belong to the mixed group mG,(APQ), for the 
point A would then have to be a second invariant point on the line /’, which is 


impossible. 


THEOREM 43.— The mixed group mG,(APQ) contains, in addition to the con- 
tinuous group G.(APQ), ~°* collineations of type Land «!} of type IV, which leave 
A invariant and interchange P and Q. 


a 
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81. The Mixed Groups mG,(PQ) and mG, (ll). The continuous group 
G,(PQ) contains o* collineations, leaving P and @ separately invariant; we 
seek, in addition to these, all collineations which interchange P and Q. There 
are * triangles (ABC) so situated that BCPQ are collinear and the cross- 
ratio (BCPQ)=—1. Each of these triangles is the invariant triangles of a 
two-parameter group in which ! collineations satisfy the relation k+k =0, 
and hence interchange P and Q. Therefore, there are «*‘ collineations of type 
I which interchange P and Q. 


Let us consider the group G,(BC/') of type Il, where (BCPQ)=—1, 
The collineations of this group depend upon two-parameters & anda. When 
k = — 1, the transformations along BC are involutoric and interchange P and 


Q. The group G(BC?) contains ' such collineations, one for each value of 
a. The figure (BC7) can be chosen in »? different positions satisfying the con- 
dition (BCPQ) =—1. Hence, there are ~? collineations of type II which 
interchange P and Q. 

Let g be any line of the plane cutting PQ in Band take C on PQ such 
that (BCPQ)=—1. The involutoric collineation of the group H, (C, g) inter- 
changes P and Q. There are evidently * such involutoric collineations, one 
for each line of the plane not passing through P or Q. 

In like manner, it may be shown that the mixed group mG;,(/U’) has a 
similar structure to mG,(PQ); these groups are dualistic, and the properties of 
the former may be inferred at once from those of the latter. 


THEOREM 44.— The mixed group (PQ) contains, besides the continuous 
mG, 
group lea , ©* collineations of type I, ~* of type IT and «?* of type IV, 
4 
which interchange and 


82. Collineations which Permute the Vertices of a Triangle. Let P, Q, BR be 
the vertices of a triangle; we wish to find all collineations which change P into 
Q, Q into R and PF into P; also, their inverses, viz. those that change P into £&, 
R into Q and Qinto P. Let K be any conic circumscribing the triangle; with 
PQR as the triangle of reference, the homogeneous equation of AK may be 
written 


a b Cc (1) 
ae 


22 
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Let x,y’, 2 be the coordinates of any point A; the polar of A with respect to 
the triangle of reference is 


(2) 
The polar of A with respect to the conic K is given by 
(bz! + cy’) + y (ad + ca’) + 2(ay' + bx’) =0. (3) 


We wish to determine the point a, yz’, 2, so that its polars with respect to the 
triangle (PQI) and the conic X coincide. Comparing equations (2) and (3), 
we find a’ :7/:2 =a:b:c. 

When the point A is not on a side of the triangle of reference, we find one, 
and only one, position of A such that its polar with respect to the triangle is at 
the same time its polar with respect to the conic K. The converse of this 
proposition is also true; if we choose any point A and take its polar 7 with 
respect to the triangle of reference, we shall find one, and only one, conic X cir- 
cumscribing the triangle for which A and / are pole and polar. 

The line / and conic K, whose equations are respectively 


Y 


intersect in a pair of points Band C. (ABC) is the invariant triangle of a two- 
parameter group G,(ABC); the path-curves of its one-parameter subgroup 
G, (ABC) r= 2 are conics and is one of these path-curves. Consequently, all 
collineations of the group G,(ABC)r= 2 transform X into itself. 

The coordinates of A are (a, b, c) of B(a, ab, a’), of C(a, wb, ae), 
where w =1. The lines AB, AC, AP, AQ, AR are given by the following 
equations respectively : 


4+2=0, 
a wb a 


From these equations we readily find that the cross-ratios of the three pencils 
A(BCPQ) A(BCQR), A(BCRP) are all equal to each other and each equal 


tow, i. e. €?. Consequently, the collineations of the group G, (ABC) r=2, for 
which k= e* changes P into Q, Q into R, and R into P. The inverse of this col- 


lineation, for which k= e?,, changes P into R, R into Q, and Q into P. 
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There are »* conics circumscribing the triangle (PQR); for each of these 
conics there is a point A anda line / which are pole and polar with respect to 
both triangle and conic. Consequently, there are »* two-parameter groups 
G, (ABC), each of which contains a pair of inverse collineations that permute the 
vertices of the triangle (PQR). ach of these collineations is of order 8. 

THEOREM 45.— There are collineations of type I and period 3 that permute 
the vertices of a triangle. 

83. Collineations which Permute the Vertices of a Quadrangle. Let (PQRS) 
be four points in a plane forming the vertices of a quadrangle; let PR and QS 
mect in A, PQ and RS in A”, and PS and QR in A’. Let PR and QS meet 
A'A" in Uand V respectively. On the line A’A” the two pairs of points A’A” 
and UV determine an involution whose double points are designated by B and C. 
The two-parameter group G,(ABC) contains three collineations which permute 
the vertices of the quadrangle (PQRS). 

In order to verify this statement, we reason thus: Let 7’ be a collineation 
permuting PQRS in the order named ; we then have the substitution 7, 

PQRS 
& P 

Since the lines PQ and RS are changed into QF and SP respectively, A”, the 
point of intersection of the first pair, is transformed into A’ the point of intersection 
of the second pair. In like manner, it is shown that A’ is transformed into A”. Thus 
the line A’A” is an invariant line of 7, since a pair of points on it are interchanged. 
It may be shown, in the same way, that the lines Pf and QS are interchanged ; 
hence, their point of intersection A is an invariant point of 7. Since P& and 
QS are interchanged while A’A” remains invariant, it follows that U and V must 
be interchanged. Hence, the invariant triangle of 7'is (ABC) and the transfor- 
mation is involutoric along BC. , 

From the above considerations, we see that 7 must belong to the group 
G, (ABC) and be one of the collineations of that group satisfying the condition 
k+k'’=0. It must also be of period 4; hence, —1, —1, 1. 
Taking for 7 that collineation for which 4 = 7, its inverse is 7° for which k =— i. 
The collineation 7” is involutoric perspective and leaves invariant A and every 
point on A’A”, 

There are two other triangles which bear to the quadrangle (PQRS) the 
same relation as the triangle (ABC). On the line AA”, the two pairs of points 
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AA" and the intersection of AA” with PS and QR determine an involution 
whose double points may be designated as B’ and C’. The two-parameter group 
G, (A'B'C’) contains three collineations which also permute the vertices of the 
quadrangle (PQRS) ; also for these k=7, —i, —1, 1. Another group G,(A"B"C"), 
where B" and C” are the double points of the involution on the line AA’ deter- 
mined by the pairs of points AA’ and the intersection of AA’ with PQ and RS, 
contains three collineations which also permute the vertices of the quadrangle 
(PQERS). 

THEOREM 46.— There are (including the identical collineation) ten collineations 


in the plane permuting the vertices of a quadrangle (PQRS). 


84. Group of Invariant Pencil of Conics. We are now in position to enu- 
merate all the collineations that transform into itself a pencil of conics through 
four points. All collineations, leaving invariant the set of four points (PQS) | 
also leaves invariant as a whole the pencil of conics through these points. There 
are two collineations of type I and period three that leave invariant one of the 
points as S and permute the other three; hence, there are in all eight of this 
character. There are also six collineations of type I and period four that per- 
mute the four points. In addition to these there are nine involutoric perspective 
collineations, i. e. of type [V and period two, which interchange the points in 
pairs, and the identical collineation. Thus there are, all told, twenty- 
four collineations which transform into itself a pencil of conics through four 
points. These form a discontinuous group of order twenty-four G,,(PQS). 
This group is abstractly identical with the well-known substitution group on four 
letters. 

In a similar manner, it may be shown that there is a dualistic group of order 
twenty-four which leaves invariant a range of conics touching four lines ( pqrs). 


THEOREM 47.— There are twenty-four collineations of the plane which leave inva- 


riant a of conics four these form a group of order 
range touching \ lines 


@u(PORS)) 


twenty-four, 
Grog (pqrs) 


§7.—TABLE OF GROUPS OF COLLINEATIONS OF THE PLANE. 


In this table, the collineation groups of the plane are classified according to 
the five types of collineations. ach group is designated by an appropriate sym- 


— | 
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bol. The self-dualistic groups are enclosed in brackets, thus: {G,(ABC)}; a 
pair of dualistic groups are bracketed together, thus: loa . Similar tables 
6 


are given by Lie, ‘‘ Continuierliche Gruppen,” pp. 288-291, and by Meyer, “ Chi- 
cago Congress Papers,” pp. 188-190; but in these tables of Lie and Meyer the 
notation and classification is entirely different. The numbers on the right refer 
to Lie’s and Meyer’s tables respectively. 


TYPE I. 
A.— Groups of the First Class. 


Symbol. Invariant Figure. Lie. Meyer. 

(1). 1G,(ABC)}. (31) (23) 
(2). {G,(AB?)}. Two points, their joining line, and a line 

through one of these points.......... (20) (15) 
(3). e G, | Two points and their joining line...... (11) (9a) 
(4). (G, (77) Two lines and their point of intersection, (12) (9b) 
(5). {G,(A, 2}. Point and line, separate.............. (10) (8) 

B.— Groups of the Second Class. 
(1). {G,(ABC)r}. Triangle and pencil of path-curves .... (35) (26) 
(2). {G,(AB?)r}. (27) (20) 
(4). r (19) (14b) 
(5). {G,(Ad)r}. (7) (5) 
C.—Groups of the Third Class. 

(1). {G,(4,). Triangle and pencil of conics having 

(2). 1G,(AKD}. Conic and point A on it and tangent at A, (34) (25) 
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(4). 


(2). 


(3). 
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| (S)f. 


(A, 


{G,(A)r=—1}. 


G,;(l)r= 2 


{ (ABD). 
G! 
G (Bl) 
1G, (Al)§. 


(ABI) at. 


G3 (Al) 
a 


1 Gy 
Gy (Al)}. 


1 Gs (Alf. 


Invariant Figure. Lie. 
Lineal element Al and pencil of conics 
having third order contact at A and 


TYPE II. 
A.— Groups of the First Class. 
(28) 
(18) 
(19) 
(7) 
(9) 


B.— Groups of the Second Class. 
Same as G;(ABl) and pencil of path- 


(25) 


TYPE III. 


Lineal element Al and pencil of «’ 


conics having contact of third order 
Lineal element A/ and net of »” conics 
having contact of second order with 
Lineal element A/ and «? conics touch- 


Meyer. 


(11) 
(13) 
(6) 

(sb) 
(3a) 


(21) 
(14a) 
(14b) 
(5a) 
(5b) 
(7) 


(27) 
(19a) 
(19b) 
(12a) 
(1 2b) 


(28) 


(18) 
(10) 


Om 
(6). 
(7). 
| (8). 
(1). 
(2). 
(3). | 
(4). 
(5). 
(6). 
(2). 
(4). | 
(1). 
|| 


Newson: A New Theory of Collineations and their Lie Groups. 171 


TYPE IV. 
Invariant Figure. Lie. Meyer. 
(1). {H,(A4, 2}. All points on / and all lines through A.. (38) (29) 
(2). The lines 7 and and all points on7 .... (32) (24a) 
(3). (H, (AUB). The points A and B and all lines 
(4). All lines throws (22) (16b) 
TYPE V. 
(1). {H(A}. All points on 7 and all lines through A.. (39) (30) 


A comparison of the tables of Lie and Meyer show them to be practically 
identical ; in fact, Meyer has only put Lie’s infinitesimal notation into finite 
form. A comparison of the present table with Lie’s table shows some results 
worthy of notice. The most important result reached here is that every group 
is assigned to its proper type and class. This is a distinct advance upon Lie’s 
treatment of the projective group. 

The groups numbered (18) and (19) in Lie’s table are the groups G,(AB)r 
and G; (Wl) r for all values of 7. These are, in general, of type I, second class, but 
they include also the groups G;(AB) and G}(U’) of type II, first class. The 
existence of these latter groups would hardly be suspected from Lie’s or Meyer’s 
formule. 

Again, Lie’s group (7) is, in general, G,(Al)r for all values of 7, but it 
also includes the groups Gj (Al) and G,(B/). The existence of the latter as dis- 
tinct groups is unknown to Lie’s theory. 

The group G,(Al) r=—1, (8) of Lie’s table, is only a special case of G,(Al)r, 
(7) of the same table ; and, though its structure is somewhat peculiar, it is doubt- 
ful if it is worthy of special mention in the list. 


LAWRENCE, KANSAS, May 9, 1901. 
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Infinitesimal Deformation of Surfaces. 


By L. P. EIsenuart. 


Consider a flexible and inextensible surface S referred to a general system 
of parametric lines, ~ and v, and upon it a point M whose cartesian coordinates 
are x, y. 2. Hffect upon S a deformation which changes it into a surface S’ and 
in such a way that M goes into a point M’ whose coordinates are given by 


yroyty, 2=2+e%, 


where a 4, % are functions of wand v and ¢ is a small constant whose powers 
higher than the first are neglected. Since S is inextensible, ds’ =ds, so that 
the functions x, y,, 2, must satisfy the condition 


dada, + dydy, + dzdz,=0. (a) 


Hence the effecting of the required deformation depends upon the integration 
of this total differential equation, for as soon as a solution is obtained an infini- 
tesimal deformation can be made, in directions whose cosines are proportional 
tO 2%, %- 

As Moutard has pointed out, the functions 2,, y,, 4, may be looked upon as 
the cartesian coordinates of a surface S,, and in consequence of condition (a), 
S, and S correspond by orthogonality of linear elements. 

In section II, we determine the coefficients of the two fundamental quad- 
ratic forms of S, as functions of the coefficients of the quadratic forms of § and 
the function, to be defined later, which determines the character of the given 
deformation. These enable us to determine the correspondence between the 
conjugate and asymptotic lines on the two surfaces, and the relative character of 
the total curvature of these surfaces at corresponding points. We also find the 
relations between the Christoffel symbols formed with respect to the square of 
linear element of Sand S|, and from these learn the properties of the partial 

23 


| 
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differential equations, which the cartesian coordinates of a point on these sur- 
faces satisfy when the latter are referred to particular systems of corresponding 
lines. And the special case is considered when the tangent planes to S and 8, 
are parallel. 

In section III, the surface S’, which is the result of the deformation of S is 
studied by means of the coefficients of its two fundamental forms which are 
calculated as functions of the coefficients of the fundamental forms of S and §,, 
and the characteristic function of the deformation. From the coefficients of the 
first form we pass to the Christoffel symbols, formed with respect to this form, 
and find the differential equations which the coordinates of S’ satisfy, and by 
means of the coefficients of the second form, we are enabled to discover the cor- 
respondence between conjugate lines and asymptotic lines on S, S, and S’. 
Finally, we find the necessary and sufficient condition that § has been displaced 
merely and not deformed. 

In the last section, several kinds of infinitesimal deformation of a minimal 
surface are treated, and a relation, from the point of view of infinitesimal defor- 
mation, is found to exist between a minimal surface, its associates and adjunct. 
After the consideration of the deformation of a sphere, the section closes with a 
discussion of two particular kinds of deformation: 1° where S and 4S, are 
deformed into S’ and Jj, the latter corresponding by orthogonality of linear 
elements; 2° the case where S and S,, the latter being a surface corresponding 
to S by parallelism of tangent planes, are so deformed that the resulting surfaces 


have the same kind of correspondence. 


II 
Throughout this discussion we shall use the following notation : 
sail _wv dx Ox Ou \? 


(A) 


ou?’ 


EG. 


where X, Y, Z are the direction cosines of the normal to the surface. If ds 
and do denote the elements of arc on the surface S and its spherical representa- 


| 
= 
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tion respectively, then 
ds* = Edw? + 2Fdudv + Gadv’, 


do® = Edu? + 2Adudv + (B) 


And for brevity we put 


H=VEG—F, K= (C) 


Let S be referred to a general system of parametric lines and take for lines 
of reference upon S, the corresponding system ; then 


dx da, + dy dy, + dzdz,= 0 (1) 
may be replaced by the three equations : 
Ox Oa, __ Ox Ox, Ox Ox day 
Qu du dv dv Ou a” dv du 
We shall make use of Weingarten’s* function @, defined by the equations 
On, 
(3) 


and which Bianchi} has called the characteristic function. By employing the 
function thus defined, the differential quotients of 2, can be expressed in the 


formt 
Op x 
Ou Hk (4) 
OX x 
Ox, _ a (oF Ov —x$ (oF 
Ak 


and analogous expressions in y, and z,. From these forms it is seen that as soon 
as @ is known, a surface S,, which corresponds to § by orthogonality of linear 
elements, can be found by quadratures; and, moreover, such function 9, if it 
exists, must satisfy the partial differential equation of the second order: 


1 py lp 2%__ pr | 


(5) 


* Crelle, 100, p. 300. Lezioni, p. 276. tCrelle, 100, p. 303. 


— 


176 EisENHART: Infinitesimal Deformation of Surfaces. 


which is known as the characteristic equation. Bianchi* shows that the charac- 
teristic equation can be put in the form 


— ap — _ {18128 36) 


— {7} + 99] =0, (5’) 


/ 
where the Christoffel symbols 7 are formed with respect to the square of the 


linear element of the spherical representation of S, and, furthermore, that to 
every solution $ of this equation there corresponds a solution of the problem. 
From the form of this equation we see that the differential equation of its 


characteristics is 
+ 2D'dudv + = 0; 


hence we have the following theorem of Lecornu :+ 
The asymptotic lines of a surface are the characteristics of its infinitesimal 


deformation. 
In (4) replace the partial differential quotients of X by their expressions in 


Ox Oz 
terms of then 


and similar ones in y, and 2. . 
Denoting by £,, F,, G, the first fundamental coefficients of S,, we have, by 


definition : 


* Bianchi, Lezioni, p. 277. 
t “Sur léquilibre des surfaces flexibles et inextensibles’’ (Journal de 1’Ecole Polytechnique, t. 
XXIX). 
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and when =I etc., are replaced by their expressions from (6), we get 
BE, = + (P ay, 


then the square of the linear element of S, takes the form 
2 22702 1 dp _ p94 dp OD 
ds? = + D =) du + — dv), (8) 


and this can be written 
dsi = o*ds* + 


where 4 and @ are functions of wu and v, whose forms depend upon the surface S 
and the nature of the deformation, that is, upon the character of ¢. Comparing 
this expression with (8), we see that A must satisfy the condition 


pe , Op p OD 
ab 


dv HRA Ou (9) 
If these expressions are developed and in the reduction use is made of the 
characteristic equation (5), it is seen that the function 4 must satisfy the partial 
differential equation 
D / 
(D5 Ov + (05 Ou 
K(E£D' + GD— (10) 
which is seen to involve the fundamental coefficients of § and the characteristic 


function @. Having obtained a solution of this equation, the corresponding value 
of § can be found by quadratures, since 


dp / dp / dp dp 
Ou HRA HRA 


From the form of the equation, it follows that (10) is satisfied identically when 
@=0. In this case S, reduces to a point. 
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In the special case where S is a minimal surface, the coefficient of A in (10) 
vanishes, and hence this equation is satisfied by 


A = const. 
Since the case where this constant is unity is perfectly general, it is clear that 
the square of the linear element of S, can take the form only when S is a 
minimal surface, 
dsi = + 
Conversely, when the square of the linear element of S, can be put in this form 
S is a minimal surface. 


Write A,= % 1) B.= (%, 2) 


O(u,v)’ A(w,v) ’ O(u,v) ’ 
on introducing, for the sake of brevity, two functions, Mand N, defined by 
N=D (11) 


the above functions can be expressed, by means of (6), in the form 


fe (WBE — 


B, = By — (12) 


and 
H? = A? + Be + 0? = (EN*—2FMN+ MG). (18) 


For the sake of brevity, write 


+ (EN* — 2FMN + GM") = (14) 
then 
Ox 
(us — we) (15) 
’ 


and similar expressions for Y, and Z,. 

From (6) we get 
XM 
dv HK’ 
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differentiating with respect to v, 


M dx (16) 


where the Christoffel symbols r are formed with respect to the square of the 


linear element of S. 
Again, from the first of formule (4) we get 


=[2 4 oD oD OX 
= dv (tr T AK 2 HK HK} dv 
+[22 D'o — OX 
Hk AK. HK Ow 
from which it follows that 
(ax) H (— + 2D )| (18) 
Making use of the second of (4), we find 
 faswNn 
= Lau ee) + (— + FD) 


and in a similar way 


(2) + | 


We are in a position now to calculate the second fundamental coefficients 
D,, Di, Dy! of S;. By definition, 


Substituting the expressions for X, and ae 7, 28 given by (15) and (16), and 


= 
— 
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making use of (18), we can reduce this to the form: 


Di = [ok (FD! — ED") — HK 2. 


By differentiating the second of formule (6) with respect to w, another 


2 
expression for — can be obtained. Proceeding with this as in the previous 
u dv 


case, and making use of (19), we find 
pH N 12 12 


From these two expressions for D{, those for D, and Dj’ can be written 


by analogy. Replacing by its equivalent (14), we have the following express- 
ions for the second fundamental coefficients of S,: 


By introducing the values for the partial differential quotients of D, D’, D’, 


as given by the Weingarten formule, these expressions can be brought to the 
form 


n= 
2 


_ p (Fe | 
U 


| 


| 
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These expressions can be put in a simpler and more convenient form by the 
introduction of the fundamental coefficients of a third surface Sj), which is the 
associate surface of S in an infinitesimal deformation of the latter. As defined 
by Bianchi,* associate surfaces are such that the normals to the surfaces at cor- 
responding points are parallel and the characteristic function of an infinitesimal 
deformation of one is equal to the distance from the origin of coordinates to the 
tangent plane to the other. Denote by D,, Dj, Dj the second fundamental coeffi- 
cients of §,; then* 


By means of these expressions, the formula (22) can be written : 


DI = (DDs— (24) 
DI = (DD: DiD") . 


From these values it can be shown at once that 


DD + D,D" — 2D'D, = 0. (25) 

Hence, 

When two surfaces correspond by orthogonality of linear elements, asymptotic 
lines on one correspond to a conjugate system on the other.t 

When two such surfaces are referred to this system of lines, the equations 
(24) reduce to a form from which it is readily seen that when S is a surface of 
positive curvature, S, is a surface of negative curvature ; and when S has nega- 
tive curvature at a point, the curvature of S, at the ee point can be 
positive or negative. 


* Lezioni, p. 278. t Bianchi, p. 234. 
24 
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Since the expressions for D,, D{, Dj! are linear in the second fundamental 
coefficients of either S§ or S), the latter can be readily found by solving equations 


(24). Thus: ) 
_ DID), 
Di = (D,D" — DiD’) = —D"D), (26) 


and 


D= (pp, — D,D!), 


(Di — D,Di') = 


(DiD, — D\Dy), + (27) 


J 
where //, and K are the functions for Sy corresponding to H and K for S. 
From (24) and (26) we get at once 
D,D! + Di'D, — = 
D,D!" + D!D =0. 


Recalling the interpretation of equation (25), we have the theorem: 

The asymptotic lines on any one of the three surfaces, S, S,, S,, correspond to 
the system of lines on the other two surfaces which 1s conjugate for both. 

When S is referred to the conjugate system corresponding to the asymptotic 
lines on S,, the following relations result, since tangent planes to the two sur- 


faces are parallel : 
 D dx, Ga _ Oz, (29) 


and analogous —— inyandz. From these follow 


2 


DF 


From (29) it is manifest that the asymptotic directions on § are parallel to 
those of the corresponding conjugate systems on S. Again, since S and & cor. 
respond by parallelism of tangent planes, the directions of the corresponding con- 
jugate systems on the two surfaces are parallel. 


— 
— 
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In the special case where the lines of curvature on S correspond to a conju- 
gate system on §,, it is readily seen from above remarks that the asymptotic 
lines on S, form an orthogonal system. Since the converse is also true, we have 
the result due to Weingarten :* 

The necessary and sufficient condition that the lines of curvature on S correspond 
to a conjugate system on S, is that S, be a minimal surface, or, what 1s the same 
thing, the spherical representation of the former be isothermal. 

An expression for the total curvature of S, can be obtained at once by 
means of (24). It is ist 

K,= (31) 

From this expression and a previous paragraph we get the theorem: 

When S is a surface of positive curvature, S, and S, are of negative curvature ; 
when S ts of negative curvature, 8, and S, have opposite kinds of curvature at corre- 
sponding points.t+ 

The general expression for the mean curvature of S, can be found from 
formule (7) and (24); however, we will consider only the special case where the 
parametric lines on S, correspond to asymptotic lines on S,. Recalling that in 
general 

+ — 2F,D; 


where ZL, denotes the mean curvature of ae we find in the case mentioned, 
DG (09? __ ED" 70> 


The fundamental coefficients of the spherical representation of S, can be 
found directly from formule and (24); they are 


* Sitzungsberichte der Kénig. Akademie zu Berlin, 1886; Bianchi, p. 285. 
+ The ideas of this theorem are set forth by Bianchi, pp. 279, 286. 
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We shall denote by ee the Christoffel symbols formed with respect to the 
1 


square of the linear element of S,. Consider first rh 


of £,, F,, G, from (7) and making some straightforward reductions, we get 
(DL" — D") 


[D’ (MG + NF) Di — NFD'D, — 


. Substituting the values 
1 


The value for on 


9 can be written down at once by analogy. By proceed- 
] 


ing in ways similar to the above, the expressions for ey and et can be 
1 


found, and then o~“ and fe follow by analogy. Having effected these 
1 1 


1 
operations, we get the following : 
11) (11) ND 
1 | = (Dp" — D")> (DD, — — GM), 
(1), (1 (DD" — D") 


[(MG + NF) DiD' — NFD'D, 

2 


— (NE + MP) — NED'D,—MFDD}), 
1 


22) _ (22 ND" 
22) _ (22 Mp" 9” 
(DD"—D’\o — EN)(D'D, — D'D})) J 


Consider the case where 4, is referred to the conjugate system corresponding 
to the asymptotic lines on S; then 


= Di 0. 


| 
| 
— 
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From (36) we have, on replacing Mand N by their values, 


Since Sis referred to its asymptotic lines, we must have 
Ou Ov | 


Hence, if the above equations are differentiated with respect to wu and vw respec- 
tively, and this condition is taken into account, it is necessary that 


Ou 1 1 ow 1 


But when this is true, the equation of the point coordinates of S,, referred to 
this conjugate system, namely, 


11) dw 
has equal invariants. Since this result is entirely reciprocal as regards S and §,, 
we have the following theorem :* 

If two surfaces S and S, correspond by orthogonality of linear elements and one 
of the surfaces is referred to its asymptotic lines, the point equation relative to the cor- 
responding conjugate system on the other has equal invariants. 

Suppose Sand S, are referred to the system of lines which is conjugate for 


both; then 


that is, the point coordinates of S, satisfy the same equation as those of S, 


From (36) we have 


namely, 
du dv 1 } du 
Again, we have that the tangential equation of the surface S§, referred to 
this conjugate system, is 


* Darboux, Lecons, t. IV, p. 50; Bianchi, p. 286. 


=_| 
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but since the spherical representation of S is also that of S) and the latter is 
referred to asymptotic lines, it follows that the tangential equation has equal 
invariants. Inasmuch as the relation between Sand S, is reciprocal, this result 


is also true for S,. Hence: 

If two surfaces correspond by orthogonality of linear elements they have the 
same point equation when the parametric lines on each constitute the conjugate system 
corresponding on the two surfaces; and the tangential equations of both surfaces 
relatively to this system have equal invartants.* 

Darbouxy+ has shown that when the condition 


> dx da, = 0 


is satisfied by the cartesian coordinates of corresponding points on S and 8, 
there exist three quantities x), yy, % which are such that 
dx, = ady — 
dy, = xdz —2adz, (38) 
dz, = ydx — dy, 
and Genty{ has proved that the surface which has x, Y, % for its point coordi- 
nates is S), the associate surface of § in an infinitesimal deformation of the 
latter. 
Multiplying these equations by x, y, % respectively and adding, we have 
+ ydy, + =0, 
from which it follows that 


But On, __ On __ 
= ’ = 0, 
hence, 
% — Yo — » —, 
xX, 


where 7, is the radius vector of S, at the point (x, y,%). From this it follows 


* The second part of this theorem is given by Darboux, IV, p. 71. 
t Lecons, t. IV, p. 8. t Toulouse Annales, t. IX, E. 


3 
| ==. | 
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that the radius vector of S, at the point M, is parallel to the normal to S, at the cor- 
responding pownt.* 

And as a consequence of this: 

The necessary and sufficient condition that the tangent planes at corresponding 
points of S and S, be parallel is that S, be a sphere. 


Consider the surface S’, for which the cartesian coordinates of a point are 
defined by 
y =y tty, 2 =2+ 7%, (1) 
where (x, y, 2) and (a, y,;, %) are the coordinates of corresponding points on S 
and S, and 7 is a constant which, for the present, may have any finite value. 
If ds! denote an element of length on S’, the square of this linear element 
may be written in the form 


ds’* = du? + 2F" dudv + G! dvi (2) 
where, in consequence of (1), 
G=GCG+7G,, (3) 
or by (II, 7) 
E(1 + + 
MN 
F(1 + 79’) + (3') 
*N2 
G(1 + 79’) + 
From (3) and (3’) we obtain directly 
2 
He = + + 79%), (4) 
and 
0.0, , — 2FMN + GM’) 
H” = (1 + + + FER? 
Put 
A= (y', B= d (2, x’) = d(x’, y'), (6) 


O(u,v)’ O(u, v)’ O(u, v)’ 


* This theorem is essentially the same as that given by Darboux, IV, p. 59. 
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then if the differential quotients of x’, y’, 2’ be replaced by their expressions from 
(1) and formule (II, 6) be used, A’ can be expressed in the form 


and the expressions for B’ and C’ are similar. 
If the second fundamental coefficients of S’ be denoted by D®, D'™, D'!™, 


the first is given by 
ec 
/ 1 


Making use of formuls (II, 13 and 20) we can bring this to the form 


DY a= (UP + + A D,z 7’) (7) 


The expressions for D'” and D' follow by analogy ; they are 


p™ = wlan + H, Diz +7)], 


(7) 
From these expressions we can readily find an expression for the total cur- 
vature of 8’ by taking account of the condition (II, 25). Thus: 


(8) 


In the special case where 4, is a sphere, the distance between corresponding 
points on the two applicable surfaces >, and 3,, defined by 
%, 
m=yY—ty,, 
where t = V2? + y? + 2, is constant. 


It is evident that in this case the surface ¥, is the same as S’ in the begin- 
ning of this section, and that the coefficients of >, are gotten by changing 7 into 


t d(p, X) 2 
| 
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—¢? in those formule. From the expressions for #’, F’, G’, it is seen that the 
only case in which >, and &, could be applicable to S would arise from the value 


0, 


which simply means that >,, >, and S coincide. 

In order that >, and &, be the same surface to a displacement pres, it is 
necessary and sufficient that their second fundamental coefficients are equal. 
Referring to formule (7), we remark that we must have 

1 


that is, @=const., from which it follows that S, may be either a sphere or a 
plane. However, the former case must be excluded, since S, and S, cannot be 
spheres simultaneously. But when &, is a plane, S also is a plane; hence, 

The necessary and sufficient condition that the two surfaces >, and &, be the 
same surface to a displacement pres, is that S be a plane. 

The formule which have been deduced in this section are evidently inde- 
pendent of the nature of the constant quantity 7. If, then, ¢ is replaced by «, 
which is a small constant whose powers higher than the first are negligible, the 
surface S" will be infinitely near § and will be obtained by deforming points of 
the latter along lines whose direction cosines are proportional to the cartesian 
coordinates of the corresponding points on S,. With Darboux we shall call the 
lines, in the direction of which the deformation is effected, the directrices of 


the deformation. 
The square of the linear element of S’ is 


+7’=0, 


ds" = da? + dy? + d# + & (dzj + dyj + da), 


that is, 8’ is applicable to S to terms of the second order prés, which, by hypoth- 
esis, are neglected. Hence, 
B= k, P=F G. (9) 


In this case the expressions for the second fundamental coefficients of S’ become 


HD! HD! 
D®=Dt+ DS = D +e D + (10) 
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and we have for the total and mean curvature of S’ respectively, 


4 + ED! — 
the former being simply an expression of the Gauss theorem. 
The expressions for the fundamental coefficients of the spherical represen- 


tation of S’, denoted by G’, #, 9, are readily calculated; they are 
= Zhe — F(DD| + D'D,) + ED'D}), 


[ (DD| + D,D') — F(DD!!+ D"D,+ 2D'D}) +E (D'D!+ D"D!)), 
GH= G4 — F(D'D! + + ED!'D"’}. 


Replace D,, D;, Dj! by their values as given in (24); then 


It is evident from these expressions that the necessary and sufficient condition 
that the tangent planes at corresponding points of S and S' be parallel is 
expressed by 

G_A_G 


= 
or, since the spherical representation of § and S, is the same, 

Sy Ar % 

D, Di Dy 
But this condition is satisfied only when , is a plane or a sphere. In the former 
case, S and 3S’ are planes, that is, S has been subjected to a displacement and 
not an infinitesimal deformation; hence, this case is excluded. We have then 
the following theorem : 

The necessary and sufficient condition that S and S! correspond by parallelism 


of tangent planes is that S, be a sphere, or what is the same thing, that S and 8, 
have such correspondence. 


| 
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From the expression for D, it is manifest that the conjugate system on S, 
which corresponds to a conjugate system on S’, is that which corresponds to a 
conjugate system on S;, or, what is the same thing, to the asymptotic lines on S). 
Hence :* 

The conjugate system of lines on S which remains conjugate for a given infini- 
tesimal deformation of the surface corresponds to the asymptotic lines on its associate. 


a 
If ee ' denotes the Christoffel symbols formed with respect to the square 


of the linear element of S’, we have in consequence of (9), 


{13} {12} 

i 1 bar 

Hence, when S, S, and S' are referred to the double system of lines which are conju- 
gate for all three surfaces, their point coordinates are particular solutions of the same 
partial differential equation of the second order. 

When the lines of curvature constitute the system which has for its corre- 
spondent a conjugate system on S’, the latter is also made up of lines of curva- 
ture. Recalling a result obtained in a previous section, we have the well-known 
theorem :} 

The necessary and sufficient condition that the lines of curvature of a surface be 
preserved in an infinitesimal deformation is that the spherical representation of the 
lines of curvature form an isothermal system. 

Guichard has shown{ that any surface can be brought into correspondence 
with a plane by orthogonality of linear elements. Hence an infinitesimal defor- 
mation of the plane can be effected as soon as any surface whatever has been 
brought into such correspondence by the means suggested by Guichard. It is 
evident that S, also will be a plane. From formule (10), it follows that on the 
resulting surface the asymptotic lines will correspond to the asymptotic lines 
on 8). 

If, now, the deformation of any surface is considered for which S, is a plane, 
the formule (10) show that the second fundamental coefficients of the original 
surface and the surface resulting from the deformation are equal, since @ # 0 for 
this case. Hence, when 5, is a plane, there is no deformation, but only an infini- 
tesimal displacement of S. We shall show that this sufficient condition is also 


necessary. 


* Bianchi, p. 284. + Ib., p. 285. 1 Comptes Rendus, t. CXIV, p. 729. 
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In order that S’ differs from S only by an infinitely small displacement, it is 
necessary that 


(12) 


where a, 2,7, ¢; are constants. Hliminating x,y,z from these expres- 
sions, we find that S, is a plane. Hence,* 

The necessary and sufficient condition that S' be S to an wmfinitely small dis- 
placement is that S, be a plane. 

Differentiating the expressions (12) and comparing them with the formule 
(II, 38), we find 


B, 


that is, when S, 1s a plane, Sy 1s a point, and conversely. 
Let S be referred to its asymptotic lines. Since then Dj = 0, in order that 
the corresponding lines on S’ be the asymptotic lines, either 


D, = Di = Di =0, 


or 6. 


It has been shown that in the former case there is only a displacement ; in latter 
case, there has been no deformation. Hence, 

The asymptotic lines of a surface are not preserved in any infinitesimal deforma- 
tion of the surface. 


IV. 


From the form of the characteristic equation, it is readily seen that only in 
the case where Sis a minimal surface can the characteristic function @ be a con- 
stant. When ¢ is a constant, S, is either a plane or a sphere. In the former 
case, S is a plane, and it will be remarked that this case is in perfect accord with 
the results which follow when S, is a sphere. 

Let S, be a sphere of radius unity, that is, @¢=1. Formule (II, 7) give 


E,=E, =F, %=G, 


hence, ds? = ds’, 


* Darboux, IV, p. 9. 


| | 
— 
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that is, Sand S, are applicable surfaces. Since § and S, correspond by ortho- 
gonality of linear elements, S, is the adjoint minimal surface of S. This is imme- 
diate from the following theorem, as stated by Darboux :* 

If two surfaces are applicable to one another by orthogonality of corresponding 
linear elements, they can only be two minimal surfaces, of which one is the adjoint of 
the other. 

This result is also obtained by remarking that in this case 2, y%, % may be 
replaced by X, Y, Z respectively, so that formule (II, 38) become 


dx, = Ydz— Zdy, 
dy; Zdx — Adz, 
dz, = Xdy— Ydz, 


which are the formulx of Schwarz,} giving the relations between the differentials 
of the cartesian coordinates of a minimal surface and of its adjoint and the 
direction cosines of tangent planes. 

Since the adjoint of a minimal surface is unique, we have the following 
theorem as a consequence of the above theorem of Darboux :} 

The necessary and sufficient condition that a surface S be applicable to a sur- 
face §, which figures in an infinitesimal deformation of the former, is that S, corre- 
spond to the value unity of the characteristic function ; moreover, this 1s only possible 
when S§ is a minimal surface. 

From the formule (II, 21), we obtain the following relations between the 
fundamental coefficients of a minimal surface and its adjoint when referred to a 
general system of curvilinear coordinates . 


p= 
H a) 
pi — FD! — ED! _ GD—FD 


Since is a sphere, 
Dy, Di, DJ = 


and remarking that in the present case S, is the spherical representation of S, 
we have from (II, 24) the following relations between the second fundamental 


* Lecons, t. I, p. 331. + ‘* Miscellen aus dem Gebiete der Minimal flachen,” Crelle, 80, p. 287. 
Bianchi, p. 348. 


x 
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coefficients of a minimal surface and its adjoint and the coefficients of their com- 
mon spherical representation : 


AD" —GD! 


, 
pi — | ( 


Comparing the two sets of expressions (1) and (2), we find that in the case 
of a minimal surface, 


_ 
(3) 
from this it follows that 
do*® = — Kds* = — Kads'. (4) 


In the present case the asymptotic directions on S, are given by 
+ 2Adudw + = 0, 


that is, lines of length zero. Since the corresponding systems of lines on S and 
S, are conjugate for both surfaces, it follows from (4) that— 

The conjugate system of lines on a minimal surface which corresponds to a con- 
jugate system on tts adjoint, is made up of lines of length zero on both.* 

When &, a sphere, is referred to its lines of length zero, the point coordi- 
nates are the following functions of the parameters of these lines :} 


However, since , is the spherical representation of S, the direction cosines of 
the tangent plane to the latter are given by 
1+ w 1+ uv’ 


where u and v refer to conjugate system on S composed of lines of length zero. 
In section III we showed that the necessary and sufficient condition that the 
tangent planes at corresponding points of S and S’ be parallel is that §, be a 
sphere. Since the deformation of S into S' is such that S and S’ are applicable,t 
we have that in the case where 8, is the adjoint of S, the surface S' is an associate 
minimal surface of S. Conversely, when S and JS’ are associate minimal sur- 


* Darboux, Legons, t. IV, p. 96. tIb., I, p. 37. t Darboux, Legons, t. I, p. 826. 
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faces, S) is a sphere; but we cannot take a special value for its radius: hence it 
will be necessary to ascertain the relations between Sand §,. From (II, 21) it 
follows that S, also is a minimal surface, and since §) is a sphere, the tangent 
planes to §, and S, at corresponding points are parallel. Referring to formule 
(II, 7) we get 
Ee’, F,= Fe’, G,= G¢’. 
Denote by subscript a the quantities belonging to the adjoint of 8, then 
and 
L=PE=@EL,, 

and by making use of (II, 24) and (2), we find 

D,=90oD,, Di=eDi, 


From the last and first of these three systems of equalities, we have, for 
= const., 


OX Ox, OX Or, dx, 
du du Ou dw —du du’ 
whence 
Ou Ou Ou 


Solving these two equations, we get 


Ou Ou du 
v) (wu, v) (u, v) 
and hence, 
O(a — $2.) 9 
Ou Ou Ou 
we have 


29) — 9 
Ou 


Combining this with the above, we get 
u 


Ou ou 
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and, in like manner, by considering > 
v v 


dv dv dv 


Hence, ta, +0, 


where a, 6, c are constants. From this it follows that— 

Tf two surfaces have their tangent planes at corresponding points parallel and 
their second fundamental coefficients are in constant ratio, the one is a homothetic of 
the other to within a translation. 

Since the infinitesimal deformation of asurface S, where the direction cosines 
of the directrices of deformation are proportional to the coordinates of a surface 
homothetic to S,, is the same as when the direction cosines are proportional to 
the point coordinates of the latter, we have the following theorem :* 

The necessary and sufficient condition that a minimal surface be deformed into 
a minimal surface associate to itself, is that the direction cosines of the directrices of 
the infinitesimal deformation be proportional to the cartesian coordinates of the cor- 
responding points on the adjoint minimal surface of the given one. 

From Darboux} we have, that if the point coordinates of a minimal surface, 
referred to its conjugate system of lines of length zero, are given by 

+ A,(v), 
y = B(u) + B,(0), 
z= C(u)+ C,(v), 


then the associate surfaces of this surface are given by 
= e*A(u) + “A, (v), 
y = (u) + 
z= e"C(u) (v), 


each surface corresponding to a value of a. Furthermore, for the values a = 0 
and a=2/2, these give the coordinates of the given surface and its adjoint respec- 
tively. If, then, a is allowed to vary continuously, we have a succession of 
minimal surfaces, applicable to the given one and to each other, extending, as it 
were, from the given surface to its adjoint. Moreover, from the nature of this 
process, it follows that this series of surfaces is unique. 


* Bianchi, p. 346. + Lecons, t. I, p. 322. 


=_ 
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We will consider now this series of associate minimal surfaces from the 
standpoint of infinitesimal deformation, From what precedes, it is clear that 
the associate surface of this series, infinitely near the given surface and corre- 
sponding to a value of a very near zero, can be gotten by deforming S infinitely 
little along directrices whose direction cosines are proportional to the cartesian 
coordinates of the adjoint ; and, furthermore, it has been shown that this is the 
only way to get this surface by deformation. Consider in turn this surface and 
the third one in the series. The latter is an associate of the former and infinitely 
near it, and hence can be gotten by effecting upon the second surface an infini- 
tesimal deformation, whose directrices have for direction cosines quantities pro- 
portional to the cartesian coordinates of the corresponding point on the adjoint 
of the second surface. Proceeding in this way step by step, the above series of 
surfaces can be obtained. We have, then, the following result: 

The series of minimal surfaces, associate to a given minimal surface, which is 
obtained by varying continuously a parameter which enters in the expressions of the 
cartesian coordinates of a point on any surface, can be gotten by deforming the given 
surface and its successive associates infinitely little in directrices whose cosines are 
proportional to the point coordinates of the adjoint minimal surface of the surface 
deformed. 

By means of (III, 13), the following relations can be found between the fun- 
damental coefficients of a minimal surface, its adjoint and the associate surface 
which is the result of a given infinitesimal deformation of this surface : 


/ 


D® = D+ DO = Di + 
K 
Consider the case where S is a sphere, and let it be referred to the conju- 
gate system corresponding to asymptotic lines on S,. Since every conjugate 
system of lines on a sphere is an orthogonal system, and since the asymptotic 
directions on S, and the corresponding conjugate directrices on S are parallel, it 
follows that the asymptotic directrices on S, must be orthogonal, that is, Sj is a 
minimal surface. We have, then, that the associate surface of a sphere is a mini- 
mal surface.* 
Recalling that for the sphere 


D, D', D'=—#, —F, — G, 


* Darboux, IV, p. 96. 
26 


zz 
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and substituting these values in the expression for the mean curvature of the 
surface corresponding to the sphere by orthogonality of linear elements (II, 33); 


we have 
Since the asymptotic lines form an isothermal system on a minimal surface, we 
have 
= G; 
hence, the necessary and sufficient condition that S, be a minimal surface is 


Op 


dv Ow’ 


It will be seen that the following discussion will be just as general if we 
consider only the case where the sign in the above equation is plus. The gene- 
ral integral of this equation is a function of u-+v; write it ¢(u+v). From the 
definition of associate surface this function must be of such a form that it is the 
distance from the origin to the tangent plane to the minimal surface S,. Since 4 
is referred to its asymptotic lines 


Po 
h 
where ——K,; 
Po 
hence @ must satisfy the equation * 
Po 


where @” denotes the second derivative of @ with respect tow-+v. From the 
form of this equation it is evident that for such a function @ to exist there 
must be a minimal surface for which p, is a function of w+. We proceed to 
the determination of such a surface. Replace F by zero, H and G@ by p, and K 


by — | in the Gauss equation, then it is found that p, must satisfy the equation 


*Bianchi, p. 187 (87). tIb., p. 67 (19). 


_ 1 
d(u+v)y 6° 
This equation is readily integrated and gives 
2 ute \2 | 
p= ) 
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where a and @ are constants. Since the Gauss and Codazzi equations are satis- 
fied in the preceding results, there is a minimal surface which when referred to 
its asymptotic lines has for the square of its linear element the expression 


_utv 


2 
ds? = ma (dit + de’). 


Recalling the preceding results we have that only when S, is this particular 
minimal surface and S is the sphere of radius unity is S, a minimal surface. 
Consider again the case where § is a minimal surface. Since the spherical 
representation of its lines of curvature form an isothermal system, S can be 
deformed so as to preserve these lines, and, as we have seen, S, is a minimal 
surface in this case. It is natural to inquire whether there is any special rela- 
tion between the two minimal surfaces S and S,. Refer the former to its lines 


of curvature ; then 


ds’ = p (du? + dv’), 
where 
hence, — G 

E — G D ’ 
from which it follows that 

D=1, D'=—1. 


The surface ) will be referred to its asymptotic lines, hence 


= (du? + dv’); 
- from this we get 
= Ds =—1 ’ 


Substituting these values of D, Dj, D" in formule (II, 30), we get 
Gu 


Thus Sand S, are applicable. and we know that asymptotic lines on S, corre- 
spond to lines of curvature on S. Hence: 

The minimal surface which is the associate of a given minimal surface in the 
infinitesimal deformation of the latter, leaving the lines of curvature unaltered, is the 
adjownt of the given one. 

We shall now discuss the question as to whether it is possible to deform S 
and §, in such a way that the surfaces resulting from the deformation shall be 


im 
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in correspondence by orthogonality of linear elements. Denote by (a’, y/, 2’) 
and (x, yj, 4) corresponding points on these new surfaces; then we can write 


a’ = ery, = 2, + (7) 


and similar expressions for the y’s and z’s. For these two surfaces to have the 
desired correspondence, we must have 


Sida! da =)\dz dx, + ¢€ + a> dx dr, + ee, > da, da, = 0. 


Since 
> dzdx,=0 and dz, dx, = 0, 


it is necessary that 


e > dzi+te dx dz, = 0; 
> 2 ? 


that is, the following relations also must hold: 


On, Ox Ox, Ox, Ox 
Lae 
Ox, Ox, Ox Ox, Ox 
dv +2 Ov ou’ (8) 
where x = — - , a constant. 
1 


From a proposition of Cauchy, that the integration by quadratures of a 
system of linear equations with second members, follows as soon as a general 
solution of the same system with second members zero has been obtained, it fol- 
lows that when S, has been found, that is, when the system of equations 


Ox OX, __ Ox Oz, Ox Ox Oxy 


has been integrated, we can integrate by quadratures the systems (8), in which 
21, Y¥1, % have been given the values obtained by the previous integration. If 
the integrals so found satisfy, in conjunction with those of the previous system, 
the condition 


>) dar, dar, = 0, 


we know that when the deformation indicated by (7) is effected, the resulting 
surfaces correspond by orthogonality of linear elements. 
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That there are such cases can be shown by looking at the question with the 
means discussed in the preceding pages. For, if we apply the formule of section 
IT to the surface S,, at one time in conjunction with § and the other with S,, 
and we denote by ¢, and ¢, the characteristic functions in these two cases, we 
have (II, 6), 


Ox _ hy Ox 

= 

= 


with similar expressions in y and z; and also, 


Ox, 2 Ox, Oxy XxX, 


Substituting these values in the above equations, we can reduce them to the fol- 
lowing : 
MM, + K? — x) = 0, 
NN, + Gy HTK? — x) = 0, 
M,N, + M,N, + ($10, — x) = 0, 
whence MM, N,N, MN, + UN, 9 
oF, ’ ( ) 


Gy 
or, on writing the expressions for M,, N,, UM, Nz, 


Hence, if any two surfaces are given which ae by orthogonality of linear 
elements and a third surface can be found having the same kind of correspon- 
dence with either, and which is such that the characteristic functions of the lat- 
ter satisfy these equations, the two original surfaces can be deformed in such a 


| 
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way that the resulting surfaces will have the same kind of correspondence. This 
condition is satisfied if @, is such that 


that is, excluding the case where J, is a developable surface, 


= const. 


As we have seen, this holds when S, and S, are adjoint minimal surfaces. Hence, 
if S, is a minimal surface and is deformed infinitesimally along directrices whose 
direction cosines are proportional to the point coordinates of its adjoint, the 
resulting surface corresponds by orthogonality of linear elements to the sur- 


face S'. 
Suppose that for S, we take the surface S, then $, = ¢, and the ratios (9) 


reduce to 
M? _ N? _ MN, 


F, 


which has for common value zero. Hence, neglecting the case where S, is a 
developable surface, we have 

= const. ; 
that is, S and S, are minimal surfaces and S, is the adjoint of S or a homothetic 
surface ‘of this adjoint. It follows, therefore, that the only case where the 
non-developable surfaces S and S, are such that the surfaces resulting from an 
infinitesimal deformation of them, defined by 


eaten, yoy 2=2 


correspond by orthogonality of linear elements, is that in which S is a minimal 
surface and SS, its adjoint or a homothetic of the latter. In particular, if § and 
S, are adjoint minimal surfaces, the respective deformations giving this result 


are defined by 


Another case is that in which the surfaces resulting from an infinitesimal 
deformation of S and , correspond by parallelism of tangent planes. For this 


D, =0, De Di =0, 
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discussion we make use of the following expressions for the direction cosines of 
the tangent planes to S’ found by Genty :* 

XxX! =X+ ( ZYo); 

— Xz), 

Yu). 


If the associate surface of S, in the given deformation is denoted by = (&, 7, %), 


we have | 
=X + a (Yoo — An), 


and similar expressions for Yj and Z. But 
Agma, 
hence, if the given correspondence holds between S’ and Sj, it is necessary that 


(10) 


where r= 


When, in particular, we take «,= ¢, these equations become 


Since §, and > correspond by parallelism of tangent planes, it follows from 
(11) that they are parallel surfaces. Comparing equations (10) and (11), we 
remark that when «+ ¢,, > is a homothetic of a surface parallel to S). Since 
the converse of the above results is true, we have the following theorem: 

The necessary and sufficient condition that S,, arising from an infinitesimal 
deformation of S), corresponds to S' by parallelism of tangent planes at corresponding 
points is that = be parallel to S,, or a homothetic of a parallel. . 

Let > be a parallel of S, and denote by D,, D{, Dj! the coefficients of its 
second fundamental form. From (III, 11) we find, on remarking that S’ and Sj, 
have the same spherical representation, and that for any surface HK= X, 


_ Dj — Di! 


* Toulouse Annales, t. [X, E. 7. 
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The second fundamental coefficients of parallel surfaces are given by* 


P1P2 
1 1 
= + Di[1—a(— + 
/ 1 1 
D; = + Dj |1—a 


where p, and p, are the principal radii of normal curvature of Sj. Substituting 
these values in (12), we have 


So 0 0 


By making use of (11), we find that the common value of these ratios is — pjpp. 
Since these expressions involve the coefficients of only one surface, and since 
this surface is perfectly general, we have for any surface 

E=D (p1 + ps) — 

F=D' (+ 2) — Foips, 

G = D" + — 
these reduce to formule (3), when S is a minimal surface. 


PRINCETON UNIVERSITY, PRINCETON, N. J. 


* Knoblauch, ‘‘ Allgemeine Theorie der Krummen Flachen,”’ p. 236. 
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Die Typen der linearen Complexe elliptischer Curven 
im R,. 


Von S. Kantor. 


An einer ansehnlichen Zahl von Problemen und Theorieen der Geometrie 
und Functionentheorie erkannte man in den letzten Jahren, dass ihren Kern die 
Systeme rationaler und elliptischer Curven bilden und in den meisten Fallen 
fihrte dazu das Princip der Verminderung der adjungirten Functionen. Den 
Anfang machte, wie wohl nicht zu bezweifeln ist, meine Theorie der perio- 
dischen Transformationen (Neapel, 1884-1889 und Cr. J., Bd. CXIV), sofern man 
nicht das Schwarz’sche Theorem mit seinen Beweisen von Schwarz, Hettner, 
Nother, Picard, Painlevé vorausstellen will. Dann kam Herrn Picard’s iibri- 
gens durchaus selbstandige Preisschrift, hierauf Castelnuovo’s Anwendungen meines 
Principes der Verminderung der $* auf die Curvensysteme auf Flachen (Math. 
Ann., Bd. XLIV, Societa italiana, 1896, Accademia R. dei Lincei), das sich wei- 
terhin auch F. Enriques angeeignet hat (Societa italiana, 1896, und Math. Ann., 
Bd. XLIX). Im Jahre 1895 folgte meine (schon 1885 vollendete) Theorie der 
Transformationsgruppen in der Ebene (Berlin, Meyer u. Miller, 1895) und wei- 
terhin kamen meine neuen Aequivalenztheorieen in den Monatsheften, 1899, 
nebst der Anwendung auf die rationale Zerlegung der birationalen Transforma- 
tionen in der Ebene in Primfactoren. Auch das Gruppenproblem in #; und R,, 
das nun an die Reihe kam, wird wie von zwei Saulen von zwei Theorieen 
gestiitzt, von denen die eine—iiber die Typen rationaler Curven—bereits verdf- 
fentlicht ist,} die zweite den Gegenstand der vorliegenden Arbeit bildet. 

Die Methode dieser zweiten Arbeit ist von jener der ersten ausserlich ver- 
schieden, wenn auch im allerletzten Grunde ihr verwandt und ist aber auch unab- 
hangig von allen wie immergearteten Vorarbeiten Anderer, und beruht einzig und 
allein auf den Principien, die ich in meinen Arbeiten in den Monatsheften fir 


* Ich weise auf seine ausdriickliche Feststellung meiner Prioritaét hin, die er in den Math. Ann., Bd. 
XLIV, p. 125-155 macht. 
+ American Journ. of Mathematics, vol. XXIII. 
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Math. und Physik, 1899,* eingefiihrt habe und auf einer Weiterentwickelung der- 
selben. Aus diesem Grunde wird es wohl angebracht sein, wenn ich iiber die Ent- 
stehung jener beiden Arbeiten hier unter dem Texte einige chronologische Feststell- 


ungen mache.t 
Fiir die allgemeinen Begriffe und Definitionen, die sich auf Curvencom- 


plexe im #, beziehen, kann ich auf meine Abhandlung verweisen, die im XXIII 
Bande dieses Journals abgedruckt ist. 


§1.— Ueber eine Classe von Hilfssitzen iiber ebene Curvensysteme. 


Sind einmal die Typentheoreme fiir rational distinct gegebene Systeme von 


* “‘ Neue Aquivalenztheorie fiir die linearen Systeme rationaler, elliptischer und hyperelliptischer 
Curven in der Ebene.’’ ‘‘Rationale Decomposition der birationalen Transformationen in ihre Prim- 
factoren.”’ 

t Die erste Idee entstand mir im Winter 1895 aus der Untersuchung jener Transformationen und 
Gruppen von Transformationen des R,, welche ein System von Ri: in sich transformiren, und daher 
i. a. eine Gruppe von Transformationen erzeugen. Es galt zu finden, wie weit man die Decomposition 
treiben kénne. Hierzu erweisen sich Theoreme fiir die Erniedrigung der Ordnung einer solchen bira- 
tionalen Transformation nothwendig, deren Fundamentalpunkte nicht simmtlich rational gegeben 
sind und ich sah sofort, dass das Theorem von Nother aus dem V. Bande der Math. Ann. durch ein 
complicirteres ersetzt werden miisse. Von hieraus entwickelten sich dann allmidlig die weiteren An- 
schauungen iiber die rational gegebenen oder rational bestimmbaren linearen Curvensysteme (und, wie 
bei meiner damaligen Beschaftigung mit der r-dimensionalen Geometrie selbstverstindlich war, auch 
iiber rational distinct bestimmbare M,_,-Systeme im R,), die ich in den genannten zwei Arbeiten 
niedergelegt habe. Im Winter 1896 stellte ich jene Bemerkung tiber die Nothwendigkeit eines mehr 
gegliederten Decompositionstheoremes und eine andere Entdeckung, die ich bis zur Stunde noch nicht 
verffentlicht habe, in einer kurzen Note zusammen, von welcher 4 Mathematiker (die Herren Thomas 
Craig (+), Ferdinand Lindemann, Heinrich Weber, Giuseppe Jung) theils im December 1896, theils im 
Februar und Marz 1897 Abschriften in Hiinden hatten (und in einem Falle noch haben). 

Im Laufe der Monate Marz und April 1897 gelang es mir dann, die von mir noch vermissten 
Beweise, die sich nun in den Monatsheften von 1899 publicirt finden und die absolut original sind, 
hinzuzufinden. Das Heft des 49. Bandes der Math. Ann., das eine Arbeit von Enriques enthalt, die 
ebenfalls mit dem Irrationalen in der Geometrie sich beschaftigt und absichtlich einen prononcirt alge- 
braischen Ursprung und Zweck hervorkehrt, lernte ich als privater Besucher der ‘‘Library of the 
National Observatory ’’ in Washington (Ca.) nicht vor Ende Mai 1897 kennen. Auf dem Annalenhefte 
befand sich iibrigens die Notiz: “‘ Ausgegeben am 23. April, 1897.’? Um jene Zeit also waren meine 
Ideen iiber das Rationale in der Geometrie schon langst entwickelt und meine Beweise—iibrigens fiir 
Gegenstinde, auf welche die Enriques’sche Arbeit gar keinen Bezug hat—beinahe vollendet. Soviel 
iiber ‘‘ das Rationale in der Geometrie.’’ Cf. meine Fussnote hier unten in §5. 

Das Problem der vorliegenden Arbeit nun aber war bereits behandelt und zu einem Schlussthe- 
orem, wenn auch einem sehr wenig detaillirten, fortgefiihrt in einer allerdings nur provisorischen, 
unvollkommenen und flichtig gearbeiteten Skizze, die im December 1896 einem Mathematiker (Thomas 
Craig t) vorgelegen hat: ‘‘ Abriss einer Theorie der endlichen Gruppen eindeutiger Transformationen 
im R,”’, gleichwie die nunmehr bereits publicirte Lisung des Problemes iiber die Complexe rationaler 
Curven im R;. 


— 
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Curven p= 1 gegeniiber rational distincten Transpositionen gegeben, so verbleibt 
noch die Nothwendigkeit, die gefundenen typischen Systeme durch ihre sémmt- 
lichen Transversalzahlen einzeln zu characterisiren. Die gleiche Zusammen- 
stellung ware dann jedesmal erforderlich, wenn die Systeme elliptischer Curven 
auf zwei rational distinct gegebenen JM, hinsichtlich ihrer Aequivalenz untersucht 
werden sollen. 

Die auf die simmtlichen typischen ebenen Systeme elliptischer Curven 
beziiglichen Theoreme hier vorzufiihren, wiirde zu viel Raum erfordern ; ich will 
als Vertreter nur einen Fall hervorheben, wobei ich gleich auf der M, handle: 

‘‘ Hin lineares o*-System elliptischer Curven C,, das auf einer rational dis- 
tinct abbildbaren JM, rational gegeben ist, kann von einer der drei folgenden 
Arten sein: 

“1. Art. Hs besitzt eine rational distincte Transversalcurve einpunktigen 
Schnittes, ein rational distinctes lineares »*System rationaler dreipunktig 
schneidender Transversalcurven, das vom Range 4 ist und ein rational distinctes 
lineares »!-System zweipunktiger Transversalcurven der C,, enthalt. Es besitzt 
kein rational distinctes lineares «*-System von Transversalcurven, welches auch 
die Transversalzahl s ware, und kein rational distinctes 7- oder »®System, wohl 
aber ein rational distinctes lineares System (Rang 5), welches=7 gegen die 
C;, hat. 

“2. Art. Es besitzt zwei rational distincte lineare «!-Systeme von rationalen 
Transversalcurven mit s=2, ein rational distinctes lineares »*-System rationaler 
Transversalcurven (Rang 2) mit s=4. Ks besitzt zwei rational distincte 
lineare *-Systeme 1. Art. von Curven p=1 mit s= 10, welche ein rational 
distinctes »’-System mit s = 8 gemeinsam haben, welches letztere auch Bestand- 
theil des gegebenen Systemes ist. 

“3. Art. Es besitzt ein rational distinctes (aber irrational gebundenes) Paar 
von oo!-Systemen rationaler Transversalcurven mit s = 2 gegen C,, ein rational 
distinctes lineares «*-System rationaler Transversalcurven mit s = 4, ein ration- 
ales Paar von »®-Systemen 1. Art. von Curven p=1 mit s=10, und ihnen 
gemeinsam ein rational distinctes lineares System 7’ mit s=8, welches 
Bestandtheil des gegebenen Systemes ist.” 

Aehnliche Theoreme gibt es fiir die 7,...., osysteme. Ausdiesen 
entnimmt man nun die folgenden Theoreme, die ich anfiihren will. 

THEoREM I1.—Au/f rational distinct auf eine Ebene abbildbaren M, kann es nur 
folgende von einander verschiedenen linearen Systeme elliptischer Curven geben, 
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welche nicht rational distinct in einem héher dimensionalen linearen Systeme ellip- 
tischer Curven enthalten sind: 

1. das »°-System, 2. das »*-System der 2. Art, 3. das »*-System 3. Art, 4. 
ein »®-System, 5. ein ~°-System. Aus gedem anderen linearen in einer rational dis- 
tinct abbildbaren M, rational distinct gegebenen Systeme von Curven p = 1 lisst sich, 
wenn auch nicht immer auf rational distincte Art, ein lineares Stammsystem einer 
der obengenannten 5 Arten ableiten, in dem es enthalten ist. 

THEOREM I].—Diejenigen Untersysteme elliptischer Curven von jenen aus Theo- 
rem I., die nicht in einem rational distinct aus thnen ableitbaren Stammsysteme des 
Theoremes I. enthalten sind, sind : 

1. das «*®-System, das zum Typus die C; mit drei irrational verbundenen 
Punkten hat, so lange als diese drei Punkte nicht alineirt sind, 

2. das «*.System, das zum Typus die C; mit zwei rationalen Tripeln hat, 
so lange keines derselben alineirt ist, oder 

3. das »*-System mit rationalem Sextupel, das nicht in emer C, enthalten ist, 

4. das «*-System mit drei Punktepaaren, deren Verbindungslinien nicht alineirt 
sind und die nicht in einer C, enthalten sind. 

Von diesen Theoremen werden wir im §4 dieser Arbeit Gebrauch machen.* 


§2.— Ueber einige in dieser Arbeit hiufig angewandte Methoden. 


Wir beschaftigen uns in den folgenden §§ mit der Untersuchung der inner- 
halb eines M,_,-Systemes oder durch mehrere M,_,-Systeme erzeugten Curven- 
systeme und Complexe. Dazu dienen uns die gleichzeitig erzeugten I/,-Complexe. 
Gerade in der in diesem § gegebenen Zusammenstellung wird man den Grund- 
character unserer Untersuchung hervortreten sehen: wir steigen nicht in den R, 
oder #, auf, um den zubeleuchten, sondern, um die complicirteren Verhialtnisse 
im #, zu erforschen, steigen wir herab in die uns von friiher her bekannten niederen 
Raume und aber bis zum zweidimensionalen Gebiete. Wir kénnten sogar bei 
Anwendung von Vorsicht bis in das eindimensionale Gebiet hinabgehen. 


*Eine Bemerkung mag hier am Platze sein. Man muss iiberhaupt die Typen der linearen 
Curvensysteme noch weiter dadurch in Unterfille zerlegen, dass man z. B. bei C, drei Basispunkte 
in einer Graden oder 6 in einem Kegelschnitte voraussetzt, ebenso bei C, etwa 4 in einer Graden 
u. 8. w. So kénnen sogar unter den Basispunkten ganze Configurationen entstehen und dadurch 
ty pische Systeme, welche ihrerseits nicht iquivalent sind und doch den gemeinsamen Character eines 
der Obertypen an sich haben. Ich muss aber zur Beruhigung des Lesers bemerken, dass von jenen 
specificirten Transversaltheoremen keine Anwendung gemacht wird. Sie sind nur zur Beleuchtung 
des Principes erwahnt. 


| 
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1. Hat man auf einer allgemeinen J, des gleichzeitig mit dem I4,-Complexe 
erzeugten M,-Complexes das erzeugte Curvensystem C® derartig, dass sich 
rational distinct aus ihm ein hoher dimensionales System C%) herleiten lasst, so 
muss auch das erzeugende V,_,-System resp. miissen die erzeugenden M,_,-Sys- 
teme so beschaffen sein, dass sie ohne Aenderung des Geschlechtes p der erzeug- 
ten Curven C durch Weglassung von Gebilden der Basisconfiguration (Punkte, 
M,, .M,, ....) oder Erniedrigung von deren Vielfachheiten fiir die M,_, in ein 
hoher dimensionales System verwandelt werden, so dass der gegebene Curven- 
complex in einem héher dimensionalen von Curven gleichen Geschlechtes 
“enthalten ” ist. 

Hiebei aber wird in den einzelnen Fallen wohl zu beachten sein, dass es 
nicht als rational distinct angesehen werden kann, wenn zu dem beschriebenen 
Vorgange die Hinzunahme anderer nicht in allen M, des Complexes gleichmdssig 
erscheinenden Raumgebilde nothwendig ist. 

Kann aber ferner auf M/, ohne Aenderung des Ranges & im Systeme der C® 
dessen Dimension erhéht werden, so muss dies auch beim M,_,-Systeme méglich 
sein und kann auf JM, gleichzeitig k und p bei Erhéhung der Dimension constant 
erhalten werden, so muss dies auch bei den ¥Y,_, der Fall sein. 

Ist ein linearer Curvencomplex in keinem héher dimensionalen von gleichem 
p oder k& oder p und & enthalten, so kann das aus ihm auf eine der erzeugten JY, 
entfallende Curvensystem in keinem héher dimensionalen von gleichem p oder k 
oder p und & enthalten sein. 


2. Das gleiche Princip gilt fiir den Uebergang von einem héher dimen- 
sionalen zu einem niederdimensionalen Systeme. 


3. Ist auf einer allgemeinen JM, des in einem Curvencomplexe o“”"~! des 
R, erzeugten M,-Complexes das erzeugte Curvensystem C® derartig, dass es ein 
rational distinctes Transversalensystem der Dimension uw mit der Transversi- 
rungszahl s besitzt und dieses den Rang &, hat, so gibt es auch ein rational dis- 
tinctes, also aus dem erzeugenden M,_,-Systeme oder den erzeugenden WM, _,-Sys- 
temen auf rational distincte Art ableitbares M,_,-System, welches 1. gegen die 
simmtlichen Curven des erzeugten Complexes die Transversalzahl s, 2. fiir sich 
i. a. die Dimension «” und nur in Ausnahmsfillen eine gréssere Dimension 
besitzt und 3. dessen in ihm erzeugte Curven die gegebenen Y/,_, in &, Punkten 
treffen (gegen sie die Transversalzahl &, haben). 


ln: 
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4. Eine Methode zur Construction von linearen Complexen elliptischer 
Curven: a) Hat man eine rational distincte Abbildung einer M,_, auf die Ebene 
L,_, mit dem Abbildungssysteme K,_, und kann man im ein »*-System 
P,, elliptischer Curven verzeichnen, sodas es ein Restsystem im Systeme _,)’ 
hat und dass diese Erginzungen so gewahlt werden kénnen, dass auch das in 
C, + P,, schneidende System von M,_, lauter abbildbare I/,_, enthalt, was, wenn 
u hinreichend gross, bei elliptischen P, iibrigens eine nothwendige Folge ist, und 
dass die C, auf diesen M,_, dieselben Singularititen wie auf der gegebenen 
M,_, bewirken, so hat man ein diese M,_, enthaltendes M,_,-System, das einen 
Complex elliptischer Curven erzeugt. 

In der Anwendung dieser Methode, namentlich wenn sie mit Princip No. 1 
in Verbindung gesetzt wird, ist vorsichtig zu beachten, dass durch die Abbildung 
ein neues Moment in das System elliptischer Curven gebracht wird: irrationale 
Constructionselemente. Man darf also nicht daraus, dass nach vollzogener irra- 
tionaler Abbildung der Bildcomplex in einem hoher dimensionalen Complexe 
(etwa sogar distinct) enthalten ist, sofort schliessen, dass auch der Originalcom- 
plex in einem héher dimensionalen Complexe enthalten sein miisse. Man muss 
eben beachten, dass das, was ich in No. 1. bis 3. dieses § als ‘die allgemeine 
M,” im Complexe bezeichnet habe, noch nicht durch die Abbildung allein be- 
stimmt ist, sondern erst, wenn man ausserdem noch die gemeinsamen Hlemente 
des J,-Complexes bestimmt hat. Erst durch die Kenntniss dieser kann man 
auch auf der einzelnen M, den Character des Curvensystemes puncto Transver- 
salen in Bezug auf den ganzen Complex bestimmen. 

b). Im Falle, wo die M,_, rational distinct auf einen Z,_, abbildbar ist, 
gilt: Nimmt man in der Methode a) fiir P, zwei geometrisch aquivalente, also 
durch raumlich birationale Verwandtschaft unter einander iibergehende Systeme, 
sofern man die beiden linearen Systeme so situirt, dass die Transversalzahlen 
des Curvensystemes im Complexe dieselben bleiben, so ist auch der eine durch 
die Construction entstehende Curvencomplex im FR, wirklich geometrisch aquiva- 
lent dem erzeugten Curvencomplexe bei der zweiten Annahme. Es muss aber 
jene Verwandtschaft im Z,_, auf rein rationalem Wege fiir jede M, des Systemes 
erreichbar sein. 

Es kann sonst geschehen, dass, obzwar die beiden projicirten Complexe 
elliptischer Curven vollstandig ibereinstimmen, die beiden Curvencomplexe den- 
noch nicht aquivalent sind. Von diesen Erwaigungen werden wir besonders in 


§4 Verwendung machen. 
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c). Im selben Falle wie b) gilt: Nimmt man in der Methode a) einen Com- 
plex P, nur in verschiedenen Lagen gegen K,_., so erhalt man durch die Con- 
struction zwei Complexe elliptischer Curven im R,, welche wirklich geometrich 
birational unter einander iibertragbar sind. 

d). Mit derselben Beschrankung wie b) gilt: Man erhalt durch die Methode 
aus a) raumlich birational verwandte Curvencomplexe, wenn man den Complex 
P,im Abbildungsraume Z,_, ungeandert lasst, aber das Abbildungssystem K,_, 
durch irgend ein anderes ersetzt, welches noch immer ein »"“**-System in R, 
liefert, und wenn aber iiberdies nicht nur in der Abbildung, sondern auch auf 
‘der allgemeinen M, des Complexes” ein System genau derselben Art wie beim 
anderen entsteht. 


5. Die Methode aus No. 4 mit den nothwendigen Cautelen bleibt in Giltig- 
keit, wenn es sich um die Construction von Curvencomplexen und deren bira- 
tionaler Aequivalenz innerhalb einer abbildbaren M,_, oder zweier geometrisch 
birational bezogenen abbildbaren M,_, handelt, von welchen man eine rational 
distincte Abbildung auf einander besitzt. Hiebei aber darf die Aequivalenz auf 
den M,_,, also durch Correspondenzen unter den Punkten der beiden ¥,_, 
allein nicht mit der Aequivalenz in den umgebenden FR, verwechselt werden. 


§3.—Hine umfassende Classe uneigentlicher Complexe elliptischer Curven im R,. 


Auf einer , sei ein lineares «“-System von Curven p= 1 gegeben, w>8. 
Ks gibt unter den ausschneidenden M,_, solche, welche in einem willkirlichen 
Punkte P von JU, beriihren. Ist w= 3, worauf sich zu beschranken geniigt, so 
haben wir »* Curven mit Doppelpunkt. Diese sind rational, geben also, wenn 
man P langs einer dieser Curven selbst variiren lisst, sicher unter anderem auch 
ein rationales «'-System rationalen Curven, demzufolge JM, sofort nach einem 
Notherschen Satze unicursal wird, ober aber zerfallen in zwei Bestandtheile, die 
sich in P kreuzen und nicht beide elliptisch sind, da die Summe zweier ellip- 
tischer Curven nur dann auch eine elliptische Curve ist, wenn jene einem 
(durch die Singularitaten bestimmten) Bischel von Curven p=1 angehéren, 
was auch dann gilt, wenn die beiden Curven sich irgendwie im Raume 
befinden ; von den Bestandtheilen ist also mindestens einer rational, sodass 
sich «! oder o* rationale Curven auf JM, befinden, was im zweiten Falle 
die M, unicursal macht. Der erste Fall kann die «#1 Curven p=0O nur in 
einer Reihe vom Index 1 gesammelt haben. Denn wiirden durch P zwei Curven 
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gehen, so kénnte man, da auch die zweiten Bestandtheile der Zerfallcurven eine 
Reihe bilden, mehr als eine Curve der «*Reihe construiren, welche in P einen 
Doppelpunkt hatten, somit lineare «’-Reihen, welche J, als unicursal bedingen. 
Also :* Jede M,, auf der eine lineare ~*-Rethe elliptischer Curven ausgeschnitten 
werden kann, ist entweder unicursal oder enthalt ein Biischel rationaler Curven vom 
Index 1, hat also das Geschlecht p<. 0+ und ist vom Typus der elliptischen Kegel- 
Hache. 

Auf einer unicursalen Y/, kann kein lineares System elliptischer Curven 
eine Dimension > 9 haben, auf den Kegelflachen » = —1 kann die Dimension 
eines linearen Systemes elliptischer Curven unbeschrankt hoch sein. 

Dass die MU, 2. Art vom Typus der Kegelflichen sind, sieht man daraus, dass 
man das *-System in ein System ebener Schnitte verwandeln kann und auf der 
neuen JM, kénnen dann die rationalen Bestandtheile, die oben gefunden wurden, 
nur Geraden sein. 

Ist nun ein lineares System vom M, der zweiten Art vorhanden, so miissen 
diese Biischel simmtlich in einem Complexe rationaler Curven enthalten sein, 
von dem durch jeden Punkt des #, nur eine geht. Die MM, eines solchen Sys- 
temes’ schneiden sich also in Curven, welche aus mehreren Curven dieses Com- 
plexes zusammengesetzt sind. Daher kénnen die M, vom Typus der elliptischen 
Kegelflachen nicht zu eigentlichen Complexen Anlass geben und es gilt : 

THEOREM II].— Alle uneigentlichen Complexe elliptischer Curven im R,, von denen 
ein erzeugendes M,-System den Typus der elliptischen Kegelflichen besitzt, sind réum- 
lich birational iibertragbar in den Schnitt eines linearen Systemes elliptischer Kegeln 
mit einem irgendwie hoch dimensionalen Systeme von Monoiden. 

Denn auf elliptischen Kegeln werden die elliptischen Curven von Monoiden 
ausgeschnitten. 

Anmerkung. Ks ist selbstverstandlich, dass in einer Abhandlung iiber Com- 
plexe von elliptischen Curven (und besonders von so weiten Zielen wie diese) die 
Mannigfaltigkeiten mit elliptischen Curven, also auch die M, mit Systemen 
solcher vorkommen miissen. Ich habe daher den eben vorhergegangenen Beweis 
fir Mf, mit »*-Systemen gegeben und will nun zeigen, wie sich aus jenem Satze 


* Dass jede M,, auf der ein lineares ?-System elliptischer Curven vorhanden ist, unicursal oder 
vom Kegelflichentypus sein miisse, hat G. Castelnuovo zuerst bewiesen in Rend. Acc. Lincei 1894. 

+ Auch dieser Satz, den ich in den C. R. vom 12. November, 1900, bewiesen, nachdem ihn vorher Herr 
F, Enriques, 1899, in den Math. Annalen ausgesprochen und bewiesen hatte, war bereits in jenem 
‘‘A brisse”” von 1896, den ich oben erwihnte, enthalten und der spiter von mir in den C. R. gegebene 


Beweis daselbst angedeutet. 
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der Castelnuovo’sche Satz iiber M, mit *-Systemen ableiten lasse, und das mit- 
telst einer Entwickelung, die nichts von den bekannten Beweisen an sich hat :— 
Ist auf der Uf, ein »~*-System enthalten, so kann dieses, wenn es vollstandig sein 
soll, keinen Rang > 2 haben. Denn da von den Schnittpunktegruppen auf den 
einzelnen Curven nur ein Punkt abhangig von den iibrigen ist, so kénnen nicht 
im Netze alle bis auf einen abhangig sein. Das Netz miisste also in einem auf 
der M, ausschneidbaren Systeme héherer Dimension enthalten sein, wo nur 1 
Punkt abhangig ist und die Curven wieder elliptisch waren. Die M, mit 
o*-Systeme vom Range 2 kann dann sofort auf eine MY mit (n— 2)-fachem 
Punkte O ein-eindeutig abgebildet werden. Welche diese M} sind, wo die 
Ebenen durch O in elliptischen Curven schneiden, soll hier nicht erforscht wer- 
den, aber man weiss, dass das Netz durch die Uebergangscurve p= 3, welche 
alle C; in Punktquadrupeln schneidet, vollkommen bestimmt ist, was die Ver- 
theilung der Invarianten betrifft. Man kann also zu jedem Netze auf einer , 
eine Curve C, p= 3 in einer Ebene construiren, welche, wenn sie auf jene Ueber- 
gangscurve in M,(1— 1) deutig bezogen ist, auch dieselbe Vertheilung der abso- 
luten Invarianten unter den C, des Netzes in der Kbene bewirkt, wie unter den 
elliptischen Curven auf M, und es also erméglicht, dass unter je zwei durch jene 
Beziehung einander zugewiesenen elliptischen Curven eine (1, 1)-deutige Bezie- 
hung hergestellt werden kinne, sodass diese insgesammt eine (1, 1)-deutige 
Beziehung unter der J, und der Ebene liefern. 

Hieraus schliessen wir auch: Ist auf einer M, ein lineares ~*-System ellip- 
tischer Curven vorhanden, so ist dieses in einem w*-System (eventuell nicht rational 
distinct) enthalten und M, ist (1, 1)-deutig auf eine Ebene abbildbar oder vom Typus 
der elliptischen Kegelflaichen. 


§4.—Die eigentlichen linearen Complexe elliptischer Curven der I. Classe im R;. 


1, Die Natur des Complexes hangt offenbar von der Natur des linearen Sys- 
temes ab, das aus dem Curvencomplexe auf eine im Complexe erzeugte ¥, entfallt. 
Wir werden sehen, dass nach der Art dieser Systeme die Complexe in Classen 
einzutheilen sind und wollen diese System kurz die zweifach ausgedehnten Sys- 
teme im Complexe nennen. 

In die I. Classe sollen nun jene Complexe gerechnet werden, wo die J, 
rational distinct auf eine Ebene abbildbar ist, namlich so wie sie allgemein im 
Complexe erscheint. In diesem § sollen alle Complexe dieser Art erledigt wer- 
den. Vor allem gilt der ganz evidente Satz: 

28 
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“ Soll die allgemeine M, des Complexes rational distinct auf die Ebene abbild- 
bar sein, so muss es auf der M, stets ein rational distinguirbares System ~»* Ranges 
1 rationaler Curven geben.” Denn in der rational gegebenen Ebene, in die die 
I, distinct verwandelbar sein soll, gibt es stets ein unbedingt rational distinctes 
vollstindiges »*-System rationaler Curven, namlich das Geradensystem. 


2. Es sei nun im &,; ein »"-System von UY, gegeben, das einen Complex von 
C,,p=1 erzeuge und die J&, seien von der besprochenen Art. In jeder M, 
entsteht dann ein »”—!-System, dessen Natur nun mit der irgend eines der in der 
Ebene méglichen Typen elliptischer Curvensysteme iibereinstimmen muss. Von 
diesen Typen ist zu Beginn des §1 die Rede gewesen. Jedoch k6énnen nicht ein- 
mal alle jene Typen hier entstehen, weil das auf der M, vorhandene rational 
distincte »*-System von Curven p= 0 auch rational distinct fiir das lineare Sys- 
tem elliptischer Curven sein muss, womit aber nicht gesagt ist, dass es sich aus 
diesem miisse auf rational distincte Art herleiten lassen. 

Nach No. 1 des §2 schliessen wir nun, dass fiir das System von J, ein lineares 
System von Transversal- existiren muss, welches jene in jenem betrachte- 
ten rational distincten *’-Systeme py=0 schneidet. Diese M?} werden sich 
gegenseitig in Curven I schneiden, die gegen die M, des gegebenen »*-Systemes 
die Transversalzahl besitzen und welche also, da die J, ” sein sollen, es also ein 
o”“-System gibt, welches die einzelnen Punkte der I ausschneidet, rational sein 
miissen. Wir haben jetzt ein vollstandiges #*-System von JM; mit rationalen Schnitt- 
curven, woraus nebenher nach dem bekannten Satze Néther’s folgt, dass die M} auch 
unicursal sind. Wesentlich ist aber: im Besitze eines linearen »*’-Complexes 
rationaler Curven zu sein. Beziehen wir diesen Complex auf die »?-Strahlen 
eines Biindels und dann iiberdies ein Bischel von M, des gegebenen Systemes 
auf ein Biischel von Ebenen, so erhalten wir die Méglichkeit, eine birationale 
Transformation einzurichten, welche jenen ?-Complex in ein Strahlbiindel, also 
die Mj? in ein Ebenenbiindel und die MM, in ein monoidales »"-System verwan- 
delt. Also: 

1V.—Jedes »*-System der I. Classe ist rdumlich birational dquiva- 
lent einem *-Systeme von Monoiden mit gemeinsamem Scheitel Mj (O"-1). 


3. Wir kénnen im gegenwirtigen Falle das Princip No. 4, b) aus §2 einfach 
beweisen, indem wir fiir zwei gegebene Monoidsysteme die Schnittcurven auf je 
einem Monoide von O,, O, aus herabprojiciren, so zwei «“~—'-Curvensysteme 
erhalten, welche birational aquivalent sind, zwei in dieser Aequivalenz A ent- 


— 
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sprechende Curven beniitzen, hiezu zwei Biischel von Monoiden construiren und 
eine Raumtransformation mittelst A (unter den Strahlbiindeln) und einer Projec- 
tivitat auf entsprechenden Strahlenpaaren einrichten, und iiberzeugen uns, dass : 

Zwei o*%-Systeme von Monoiden My (Op —"), My: mit elliptischen 
Schnittcurvecomplexen birational aquivalent sind, wenn nicht nur die auf je 
einem Monoide enstehenden Curvensysteme von O,, O, aus in zwei Systeme det 
gleichen Typus aus §1 projicirt werden, sondern iiberdies die Rationalitatsver- 
haltnisse der M, innerhalb des Complexes dieselben bleiben. 


4, Unser Problem hat nunmehr folgende Form zu bekommen: Wir miissen 
die Typen des §1 einzeln durchgehen, indem wir sie als Projection eines in einem 
Monoide M'(0"~") enthaltenen Systemes ansehen, auf dem es aber durch ein 
lineares System von Monoiden derselben Ordnung ausgeschnitten wird und 
miissen, indem wir von den niedersten Werthen des n beginnen, zu erforschen 
suchen, welche irrational distinguirte Systeme auf My (O"~—*) flachen wir mit dem- 
selben §1-Typus erreichen kénnen. Dies soll nun geschehen. 


C;-Typus(A,, ..--). 


5. M3(O). Sie sollen durch die Abbildung untersucht werden. welche den 
ebenen Schnitten die C, durch zwei feste Punkte O,, O,, die man als ein irra- 
tional verknipftes Paar ansehen muss, entsprechen machen. C; als Bilder von 
Schnitten solcher M?, welche O enthalten (damit sie in diesen § gehéren), kén- 
nen nur insofern erreicht werden, als sie durch 0,0, gehen. Wir haben also 
hier als Bild ein »'-System, welches nicht in einem *-Systeme, sondern nur in 
einem o®Systeme (als Zerfallungsproduct) enthalten ist, wenigstens mit Beach- 
tung dessen, dass Y/,(O) in einem linearen Systeme enthalten sein soll. Fiir uns soll 
der so entstehende Complex der Schnittcurven aller »*M?(O) als Typus gelten. 
Wir erhalten aus ihm andere ei gel u<0, wenn wir weitere einfache 


Punkte als gemeinsam voraussetzen, A,,...-, A,, wo aber die Verkniipfungen 
wie A,A,, A, A, A,, ‘A, A, A, by Ay Ay Bg Ag, As . A;* zu beachten sind 


und mit rational gegebenen Punkten in allen dort scaseniailbabii Arten zu combi- 
niren sind. 


* Das Zeichen ~— meint, dass die darunter zusammengefassten Punkte irrational sind, aber ins- 
gesammt eine rationale Gruppe bilden. 


lz 
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6. M}(0*). Die Abbildung der ebenen Schnitte wird durch C; durch 6 


Punkte O,, ...-., O, geliefert, die in einem Kegelschnitte QO, sind. Aller J} ( 0’) 
gegenseitige Schnitte haben als Bilder C,; und die auf der einen M}(0O*) die 
C;(O,,.---, Og). Hier kann also ein »*-System C, erscheinen, das aber durch 


Q, zu erginzen ist. Also haben wir als zweiten Typus den Complex der Schnitt- 
curven aller M(O*) mit festem Osculationskegel in O. Da die C; keine Basis- 
punkte gemeinsam haben, so kann sich in den Transversalzahlen nichts andern, 
wenn wir nach §2, No. 4, eine andere Abbildung nehmen und wir kénnen sofort 
diesen Typus als den einzigen der »1-M,-Systeme erklaren. 

Beim *-Systeme mit 1 Punkte A, kénnen wir A, willkirlich in der Ebene 
nehmen oder mit O, coincidiren lassen, das heisst aus dem vorigen M}-Systeme 
eines durch Festlegung eines Punktes ausscheiden, und diesen aber entweder 
willkirlich im Raume oder auf einer Erzeugenden des osculirenden Kegels wah- 
len. Die beiden so entstehenden Systeme sind aquivalent. Wir sehen, dass in 
beiden Fallen der Erginzungskegelschnitt C, mit Q, coincidiren muss. 

Beim '-System mit 2 Punkten A,, A, gilt derselbe Schluss wie vorhin, 
namlich dass bei gleicher Wahl von C,, namlich = Q,, die Verlegung von Aj, A, 
frei in die Kbene oder in O,, O, keine birational verschiedenen Systeme liefert. 
Bei der zweiten Wahl sind wir nicht gezwungen, C,=Q, zu nehmen, sondern 
kénnen C, frei durch O, O, O, O; wahlen. Dann entsteht ein von den beiden 
anderen nicht verschiedenes System M}(O*), welches einen festen Kegelschnitt Q 
besitzt, der O nicht enthailt. Kine quadratische Transf. Mj7(OQ) fihrt aber 
dieses System sofort auf M?(O), den 1. Typus. 

Wir haben in dem hier erhaltenen »*-System von M}(O*) mit zwei Geraden 
9:9, durch O und festen Osculationskegel in O einen Beleg fir die in No. 4 des 
§2 angerathene Vorsicht. Das (,-System mit festem Punktepaare als Bild liefert 
bei M?(O) und bei M} (O°) zwei ganz verschiedene Complexe. 

Beim *-System von C; mit A,A,A, kénnen wir die A, A, A, frei oder 
theilweise oder ganz in O,, O,, O, wahlen. Ein System, das nicht aus den bis- 
herigen durch Festlegung eines weiteren gemeinsamen Punktes, der ohne Unter- 
scheidung auch auf einer Erzeugenden des Osculationskegels gewahlt werden 
kann, hervorgeht, entsteht durch A;= O, (t= 1, 2, 3) und wenn man den Ergian- 
zungskegelschnitt frei durch O, O, O, legt. Dies liefert M}(O*) durch eine feste 
cubische Raumcurve, welche O enthalt. Wir haben also hier zwei verschiedene 
Typen von o'-M}-Systemen. 
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Beim °-System kénnen wir A,,...., A, mit O,,...., O, coincidiren 
lassen, was M}(O*) mit festem Osculationskegel und 4 Geraden durch O liefert, 
falls wir den C, mit Q, identisch nehmen. Dazu sind wir nicht gezwungen; 
legen wir also C, frei durch O, O,, so haben wir ein o®-M3-System mit O* und 
einer festen Curve C,(O0*). Dieses System ist ersichtlich mit dem anderen nicht 
aquivalent, wie ein Vergleich der Transversalzahlen beweist, es ist aber ebenso- 
wenig mit einem M}-System aquivalent, und da wir andere noch nicht untersucht 
haben, mégen wir es als einen neuen Typus erkliren. 

Beim *-System von C; erhalten wir ebenso nur ein System, eines enthalten 
im Systeme von M}(O*) von vorhin, das andere entstehend durch einen 
Krganzungskegelschnitt durch A,, also ein M}(O*)-System mit fester Curve 
C;(O%). Auch dieses System ist auf keines der vorigen reductibel. 

Ks ist zu verzeichnen, dass jedes dieser beiden Systeme »°, «7 (mit C, (0°) 
und C,;(0%)) sofort reductibel wird, wenn man die C,, C, zerfallen lasst, aber 
nur insofern, als ein System entsteht, das Untersystem eines der bisherigen Typen, 
also “ unvollstandig ”’ ist. 

Beim *-System von C; miissen wir nun beachten, ob die 6 gemeinsamen 
Punkte ‘des Bildes sollen in einem Kegelschnitte sein oder nicht. Im ersten 
Falle haben wir die nicht unterscheidende Mdéglichkeit, die Punkte A,, ...., A, 
aus der freien Ebene heraus auf die O,, ...., O, zu verlegen und erhalten ein 
Untersystem unseres »'’-Systemes von M}(O*). Im zweiten Falle kénnen wir, 
falls 5 Punkte sich rational von dem Sextupel abtrennen lassen, diese 5 auf 


O,, ..--, O, verlegen, miissen aber A, ausserhalb lassen und erhalten also ein 
Untersystem des vorigen M}(O*) mit C;(O*). Sind aber 4,, .... , A, irrational 


verbunden, dann miissen wir sie frei in der Ebene wahlen und erhalten noth- 
wendig =Q,, also wieder ein Untersystem des «Systemes. Im ersten 
Falle bleibt jedoch méglich, C, anders zu wahlen und das, um kein Untersystem 
eines bekannten zu finden, eben so, dass wir C, ganz frei in der Ebene wablen. 
Dies liefert M3(O*) mit fester C,(O*). Auch dieses System ist nicht identisch 
mit den schon gefundenen Typen. 

Das ?-System gibt nun nothwendig ein Untersystem eines der bisherigen, 
das also durch Festlegung eines einfachen Raumpunktes entsteht, der aber auch 
so genommen werden kann, dass sich eine weitere gemeinsame Linie des M} ( 0*)- 
Systemes ergibt. 

Diejenigen 1-Systeme von C3, welche zu M;}(O*)-Systemen fihren, die 
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nicht Untersysteme der vorigen Systeme sind, mégen hier nicht aufgezahlt 


werden. 


7. Aber es fehlen uns noch jene Systeme, welche alineirte Tripel enthalten. 
Da haben wir bei den M}(O) bei 3 bis 7 Punkten A; des Bildes bez. 1, 1, 2, 4, 6 
Alineationen als mégliches Maximum und dem entspricht, dass O mit 1, 1, 2, 4, 6 
Tripeln (maxime) unter den iibrigen 3 bis 7 Basispunkten complan ist. 


8. Uebergehend zu den M}(O*) kénnen wir dort, wo mehr als drei A; im 
Bilde ausserhalb der O, sind, die Alineationen sofort eintragen; ebenso wenn 
wir in allen Fallen als Typen jene Systeme M}(0O*) gewahli hatten, wenn wir die 
A; frei in die Ebene anstatt auf die O; verlegen. Js ist nun aber unméglich, sie 
dort einzufiihren, wo die C,, Q, verschieden sind, also verschiedene A, noth- 
wendig auf die O; verlegt werden miissen. Unter diesen A,= O, kénnen nur 
dann Alineationen supponirt werden, wenn Q, selbst in zwei Geraden zerfallt. 


9. Wir sind damit zur Nothwendigkeit gefiihrt, solche Systeme von M} ( 0’) 
zu untersuchen, wo alle Osculationskegel zerfallen, denn wiirde ein conischer 
Punkt in O erscheinen, so kénnte diese M} zur Abbildungsdiscussion benutzt 
werden. Kin solches System ist nur méglich 1. wenn eine der beiden Oscula- 
tionsebenen in O fest ist, 2. wenn alle Ebenenpaare in einem Biischel enthalten 
sind. Wir discutiren zunichst den ersten Fall. 

Sofort erhalten wir, indem wir auf der festen der beiden Geraden ay, wa, 
in die Q, zerfiallt, die drei Coincidenzpunkte A;=O‘' nehmen miissen, ein 
o-System von M} (0) mit biplanarem Doppelpunkte, einer festen Osculations- 
ebene Oa, und einer C;(O*) und ein damit nicht aquivalentes «’-System mit 
zwei festen Osculationsebenen in O und drei festen einfachen Geraden in einer 
derselben. Auch die C;(O*) kann in 0,(O) + C,(O) oder 3 Geraden in Oa, 
zerfallen. 

Niederdimensionale Systeme, welche nicht in diesen beiden enthalten sind 
und gleichzeitig nicht aquivalent mit den bisherigen Typen waren, erscheinen 
nicht. Bei »*® M} (O°) ist es kein Unterschied, ob der feste Osculationskegel 
zerfallend ist, weil dadurch nur eine sonst nicht distincte 2-punktige Transversale 
eintritt; analog beim »*®System. Auch das System: o* M}?(O*) mit Uniplan- 
aritat in O nebst fester Osculationsebene O,, sowie drei festen Geraden darin 
und festen Beriihrungsebenen lings dieser ist typisch nichts neues. 


_ 
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Kbenso ist das »'-S. mit zerfallendem festem Osculationskegel aquivalent 
dem mit conischem Doppelpunkte. 

Auch ist es bei festem Osculationsebenenpaar Ow,, Ow, keine wesentliche 
Unterscheidung in Bezug auf die raumliche Aequivalenz, wenn man den Doppel- 
punkt von Q, als Trager von zwei Punkten O; nimmt (§2). 

Sind in den einzelnen bisher behandelten Fallen mit Alineationen noch ein- 
fache Punkte A, frei in der Ebene méglich, so kénnen nicht aquivalente Systeme 
noch dadurch entstehen, dass unter diesen fiir sich oder unter ihnen mit Bezug 
auf die Punkte O; Alineationen entstehen. Sie gehéren in die aufzustellende 
Tabelle. 

Bleibt der 2. Fall. Da die Ow,, Ow, ein Biischel bilden, so sind alle Dis- 
positionen der A; mit festem ©, ausgeschlossen. Es kénnen aber, wie eine 
Discussion zeigt, weder mit C;(O), noch C,(0’), C,(0%), C,(O0*) Systeme von 
biplanaren Monoiden entstehen, solange die 6 Punkte O, von den Punkten A 
theilweise verschieden sind. Es gibt aber eine Méglichkeit der Annahme, bei 
der keine festen Tangenten der Basiscurve in O entstehen, welche die Variabil- 
itat der w stéren, und ebenso keine O,-Durchginge fiir die Ow; das ist, wenn 
C, ein Geradenpaar ist, dessen Scheitel mit dem des Geradenpaares @, , w, coin- 
cidirt. Dies liefert «* M}(O*) mit zwei festen Ebenen C;, die in O eine gemein- 
same Spitze mit gemeinsamer Spitzentangente haben. 

(0°). Das System (§2, No. 4) bilden C, durch zw6lf O; in einer 
Cubik Q;. Die &M,'(0*) schneiden in Curven, deren Bilder C, durch die OQ, sind. 
Hier wie bei den ¥; u. s. w. existirt fiir das »*-System C; ein Erganzungs-C, durch 
die O;, welche aber keine wesentlich neue Transversal-M, oder- M, im beding t 
Alle so erhaltenen Complexe (in '-Systemen von Monoiden) sind birational 
aquivalent. Dasselbe gilt fiir die durch Annahme einfacher Basispunkte A. 
abzusondernden Untersysteme. Eine zweite Méglichkeit entsteht erst bei 3 
alineirten Punkten A;. Fiir C;,=Q, als Bestandtheil von C, entsteht nichts neues 
geht die C, durch 10, 9, 8, 7 Punkte O,, wahrend die tibrigen O, Punkte A, fir 
die C, sein sollen, entstehen M?-Systeme, welche mit schon gefundenen YY, (0*)- 
Systemen mit Basiscurve aquivalent sind. Jene Méglichkeit tritt beim °-Sys- 
tem C, ein, wenn die 6 Punkte A; nicht conconisch sind. Bei den M}?(0O*) 
konnten wir dann die sechs A; nicht mit O; coincidiren lassen und wegen der 
Moglichkeit irrationaler Verknipfung mussten wir Typen zulassen, wo die sechs 
A; frei in der Ebene waren. Hier kénnen wir in jedem Falle eine Annahme 


hin 
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machen, wo sechs A;= O; sind. C, enthalt die iibrigen sechs A; und es entsteht 
ein neuer Typus, namlich ein ‘System von M}/(0O*), mit fester Ci) (0%). 

Selbe Méglichkeit fiir 10 A; und, wollten wir gleich auch «'-Systeme schaffen, 
auch fir 9 A;. Es entsteht ein neuer Typus: »* M(0*) durch eine feste 
Cy (O'). 

Es bleibt iibrig, zu untersuchen, ob die C,-Systeme mit Alineationen neue 
Typen liefern. Hier sind alle Combinationen von Alineationen unter 3 bis 7 
Punkten O; méglich, ohne das deswegen die Q, zerfallen miisste. Hs ist aber 
zu beachten, dass, wenn diese O; nicht feste Geraden abbilden, dann erst durch 
die Lage der iibrigen Punkte O, zu sorgen ist, damit auf jeder M,(O*) jene 
Geraden, welche die Complexcurven 1-punktig schneiden, diese besondere durch 
die Alineationen gekennzeichnete Lage besitzen, was aber fiir mehr als drei O, 
nicht méglich ist. Fiir drei O,= A; erhalten wir das »’-System, dessen Typus 
bei M}(O*) gefunden wurde. Fir die Stammsysteme der iibrigen Alineationen 
miissen wir entweder feste Geraden durch O oder feste einfache Basispunkte 
verwenden. 

Bei 7 Punkten A, ist noch Combination von Alineationen mit conconischen 
Lagen moglich. 

Da wir fiir alle verschiedenen C,-Systeme (cf. §1 und Monatshefte, 1899) 
und alle irrational distincten Lagen derselben gegen die O, je ein M?, M;}, M,'- 
System erhielten, miissen wir iiber die M}-Systeme gar nicht hinausgehen. 


O-Typus AB A, 


M?}(O) gestattet, sofern wir bei der Classe dieses § bleiben, kein System 
dieses Typus, weil bei gemeinsamem O die Bilder sofort C; werden. 

M}(0O*). Bilder der Complexcurven waren die C,(0,,..-.,0,). @, 
erfordern als Erginzungscurve eine Gerade. Daher k6énnen wir «°C, nicht 
situiren, auch nicht mit Aj= O,, Aj= O,, solange nicht Q, zerfallt. Aber auch 
dann noch ist das »*System M}(0O*) mit fester Osculationsebene in O und zwei 


nicht in dieser Ebene enthaltenen Geraden durch O nicht typisch. Dagegen 
miissen wir allerdings fiir C, (Aj 4} A; A,) ein System M/?(O’) mit zwei Geraden 


gig, durch O und einer Geraden fremd zu O als typisch erklaren, wenn wir am 
Rationalen festhalten. 4g, g, miissen sogar nicht irrational verkniipft sein. 

Das »*-System J/'(O*) mit ebener C;(O*) und zwei auch nicht irrational 
verknipften Geraden durch O ist ebenfalls typisch. Das «*System M}(0O*) mit 


a 
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C,(O) und zwei jetzt aber nothwendig irrational verkniipften Geraden durch O 
ist typisch. Das aus ihm durch Festlegung eines freien einfachen Basispunktes 
A, ausgeschiedene »*-System ist nicht typisch, sondern unter die vorhin erhal- 
tenen Typen zu bringen. 

M, (0%). C, sind die Bilder der Complexcurven, als Erganzungscurve der 
C, erscheint eine C;. Fiir A?= O,, A?}== O, muss C,;= Q, sein und es entstehen 
als Complement die Geraden O00,, OO, zweimal gezihlt. Das bedeutet, dass die 
anderen Monoide das gegebene lings jeder dieser zwei Geraden beriihren sollen. 
Also erhalten wir als typisch entsprechend den «* M} (Aj die Mf mit 
festem Osculationskegel 3.O.in O und Beriihrung lings jeder von zwei sich 
in O schneidenden Geraden. 

Die darin enthaltenen Untersysteme kénnen wir durch Verlegung der A, 
bis A, auf die Punkte O; reprasentiren, wodurch die Erginzungs-C, schon bei 
Aj Aj A, A, frei von der Identitét mit Q, wird. Aber gerade bei dieser freien 


Wahl entstehen fiir .... A, A,.... A; A,A; keine neuen Typen. Fir 
A,A,A,A, nur dann, wenn A,.... A, nicht conconisch sind, aber fir 
A,;.... A, und A, .... A, bekommen wir unter dem Gesichtspunkte des rein 


Rationalen zwei neue Systeme. Also: Typen sind Systeme von M/(O’) mit zwei 
Geraden durch O und einer diese nicht schneidenden Curve C,(0*), C,(0*), 
C;( O°). 

Lassen wir aber C,;=Q., sein, so geben .... A,;A,.... A;A,A, zwei neue 
Typen und ebenso auch ....A, A,A,A,, 
niinlich mit festem Osculationskegel in O, Beriihrung lings zweier 
Geraden und ausserdem 2,....,6 einfachen Geraden durch QO in solcher irra- 
tionaler Verkniipfung, wie sie in der bezogenen Arbeit aus den Monatsheften 
beschrieben ist. 

Alineationen von je 3 Punkten in diese Typen einzufiihren, hat hier keine 
Schwierigkeit. Sollen aber 4 Punkte alineirt sein, so muss, wenn dieselben 
nicht frei in der Ebene sein sollen, das M?-System also ein Untersystem eines der 
héheren sein soll, das durch Hinzunahme einfacher Raumpunkte entsteht, Q, in 
eine Gerade und einen Kegelschnitt zerfallen. So entsteht ein typisches System 
von M}(0O*) mit festem Osculationskegel, Beriihrung langs zweier Geraden der- 
selben, mit einer gemeinsamen Curve (,(0*). Auch diese Quadrupelalineation 
kann man noch mit Tripelalineationen verknipfen. 

Mf (O*). Wir bediirfen dieser Monoide fir die Situirung von C,-Systemen, 
um den simmtlichen Alineationen Rechnung zu tragen, welche unter den 

29 


= 
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A,, ...-, A, stattfinden kénnen. Daher ist es auch passend, den letztvorigen 
Typus durch M}(O') zu ersetzen. Als Stammsystem kénnen die M?(O,) mit 
festem Osculationskegel und 5 einfachen Geraden durch O, langs denen sie sich 


beriihren, angesehen werden. 
O,-Typus(A}. .. Af A,....-). 

M}(O) und M3(0°) gestatten ersichtlich nicht die Situirung dieses Typus 
in ihre Abbildungen. 

M; ( O°) erfordert Erginzungs-C, durch 7 Punkte auf Q,, also ist C;(Aj... A§) 
nicht méglich. Dagegen kann das »*-System C,(Aj.... A A, A, Ay) erreicht 
werden. (C, ist dann das Bild einer C,(0*). Also: das «*-System von M; (0%) 
mit 5 Geraden durch O und einer Curve C,(0*) ist typisch, wenn die 5 Geraden 
irrational verkniipft sind. 

MM? (O*) aber liefert weitere hicher gehérige Typen. Bilder der Complex- 
curven sind C, durch O, ...- Oj, auf einer Curve Q,. Werden A;= O,; gemacht, 
so erhalt man als Erginzungscurve eine Curve 4. O. durch O, ...- Oy. Macht 
man C,=Q,, so entsteht ein typisches »*®-System von M}(O*) mit festem Oscu- 
lationskegel und Beriihrung lings 5 Geraden durch O. Hin anderes kénnte 
entstehen, wenn durch die 15 O,; eine von Q, verschiedene C, gienge, was aber 
nicht sein kann. 

M} (O°) erst liefert diesen gewiinschten zweiten Typus. C,, sind die Bilder. 
Erginzungscurve wird C, durch O,, ...- , Os und das System ist Mf (O05) mit 
Basiscurve C,, (0°) ferner mit 5 irrational verkniipften Geraden durch O, welche 
die C,, sonst nicht schneiden. Beim »*System C; mit A,.A, A, ist die Alinea- 
tion leicht anzubringen. 

C,- Typus (Aj A} Aj Aj Aj A, ....). 

Mj} (0') liefert erst brauchbare Abbildungen. Die Erganzungs-C, muss bei 
durch 11 O, gehen. Es entstehen »* M>(O*) mit fester C,(O), Beriihr- 
ung langs dreier Geraden OO,, OO,, OO; und Osculation langs OA,, O.A,, dann 
ein of mit fester C, (nicht durch QO) und derselben Geraden wie vorhin ; 
dagegen sind * mit festem Osculationskegel hier nicht méglich. 

M$(O*). Die Erginzungs-C; muss beim *-System durch 25 O, gehen. 
Lassen wir sie mit ©, coincidiren, was nothwendig ist, da sonst (O, .... O,) 
= (A, .... As) in einer Geraden sein miissten, so entsteht ein typisches 7-Sys- 
tem Mf(O°) mit festem Osculationskegel mit 3 einfachen Geraden OO,, OO, 
OO, und Beriihrung lings zwei Geraden OO,, OO,. Untersysteme haben 


| 
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Geraden durch O gemeinsam. Alineationen sind leicht anzubringen. Fiir die 
Irreductibilitat ist hier allemal die betreffend vorgeschriebene (I. c.) irrationale 
Verknipfung unumginglich. 


§5.—Die rational distincten Typen linearer Systeme elliptischer Curven auf unicur- 
salen M,. 


Da der Curvencomplex rational gegeben ist, also auch das erzeugende 
M,_,-System, so ist auch das erzeugte J,-System rational distinct gegeben. Man 
kann also durch Vorschreibung rational gegebener Punkte eine der erzeugten 
M, rational distinct auswihlen. Auf der so gewonnenen rational distincten JZ, 
von der wir tiberdies nach § (cf. das dortige Citat) wissen, dass sie (wenn auch 
mit Zuhilfenahme accessorischer Irrationalititen) unicursal ist, muss das rational 
distinct erzeugte “System elliptischer Curven sich nicht so verhalten wie 
das rational distinct gegebene «*-System in der Ebene. Dieses hingt davon ab, 
dass durch die Abbildung irrationale Gebilde in das Bildcurvensystem eintreten 
kénnen. Dies ist so zu verstehen : 

Zu einem rational distinct gegebenen linearen Curvensysteme L ~', 1 > 2, gibt 
es stets eine rational distincte Fliche M,, deren ebene Schnitte durch jene Curven 
(1, 1)-deutig abgebildet werden; desgleichen fiir ein M,_.-System im Q,_, eine M,_, 
des F, aber zu einer rational distinct (etwa durch ihre algebraische Gleichung) 
gegebenen Flache gibt es nicht immer eine rational distincte Abbildung dersel- 
ben. Ich will Jf, die zu LZ hinzuconstruirte Flache nennen.* Die Construction 
geschieht, indem man in allgemeinster Weise (‘‘allgemein” beziiglich auf 
Geschlecht, Ordnung und Singularititen) ein »*-System auswihlt, seine Curven 
als Individuen den »* Kbenen eines #; und hiemit die o*-Systeme mit einem 
gemeinsamen Punkte P’ den »* Ebenenbindeln mit Scheiteln P, die die gesuchte 
MM, erfillen werden, entsprechen macht. Desgleichen, wenn man alle «‘-Cur- 
ven den »' #,_, eines f; zuweist. Aus der letzteren M, geht die erstere durch 
Projection aus 1 — 3 Punkten hervor. 

Was aus der rational distincten Abbildung als Folge rational distinct exist- 
irt, muss auch auf der hiezu construirten Jf, rational distinct vorhanden sein 
und was dort rational distinct abgeleitet wird, muss auch auf M, rational dis- 
tinct abgeleitet werden kénnen. So kann es kommen, dass die Abbildung 


* Ohne Erwahnung des Rationalen hat dieses Verfahren des Hinzuconstruirens zuerst Caporali 
(‘‘ Sui sistemi lineari tripli’’ in den Coll. math., 1879, Rom) in ausgiebigem Maasse verwendet. 


= 
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implicirt, deren Hxistenz auf M, 


rational gegebene Elemente—Punktgruppen 
die Transversalcurven eines gewissen Curvensystemes C—in unserem Falle mit 
p = 1—indert (vermehrt), und eine Folge davon wird sein, dass diese Transver- 
salcurven, weil sie jene implicirten Gebilde auf der einzelnen J, in Auspruch 
nehmen, nicht zu Transversal-M,_, des ganzen Complexes elliptischer Curven C 
Anlass geben. Hieher gehért nun das folgende wichtige Theorem : 

THEOREM V.—So oft es zu einem rational distinct gegebenen linearen Systeme 
von Curven (M,_1) ein rational distinct daraus ableitbares Curven—(M,_,)— 
System gibt, kann man zwei Flichen (M,), welche durch ein im ersten oder zwerten 
Systeme enthaltenes lineares System (1, 1)-deutig auf die Ebene (R,) abbildbar sind, 
auch in rational distincter Weise eindeutig auf einander abbilden. 

Denn vermége der (zu verfolgenden) Construction der beiden M, wird 
jedem Punkte der einen ein Punkt des FR, und derselbe Punkt wird einem 
Punkte der anderen JM, entsprechen.* 

Hier ist Zweck und Absicht, die Natur der «*-Systeme von Curven p= 1 
auf den rational distincten M, zu erforschen. Fir 7>3 k6nnen wir in einer von 
den Riemann’schen Methoden nicht verschiedenen Weise die MM, eindeutig dis- 
tinct—wenn auch nicht durch birationale Raumtransformationen—auf eine andere 
Fliche Y, abbilden, deren ebene Schnitte p=1 haben. Y, wird néthigenfalls 
unter Hinziehung von Irrationalitaten auf ein Abbildungssystem Z von Curven 
p= 1 abbildbar sein. Die Irrationalititen werden als rationale Gruppen zweiter 
oder héherer Art erscheinen. Wird Z raumlich birational transformirt, so wird 
an der Construction der Flache, und wird Z besonders durch die in der bezo- 
genen Arbeit definirten rational distincten Transformationen transformirt, auch 
nichts an den Rationalititsverhaltnissen auf Y, geindert. Die Typen der Z-Sys- 
teme fiir »= 1 habe ich hier oben in §3 beschrieben. Gegenwirtig muss also 


* Mit Hilfe des Principes der ‘‘ Verminderung der Functionen ¢” hat F. Enriques in den Math. 
Ann., Bd. XLIX. diejenigen Classen unicursaler Flichen bestimmt, deren Individuen sich gegenseitig 
(1, 1)-deutig ohne Einfiihrung numerischer Irrationalitaten ‘auf einander abbilden lassen. 

Aber gerade bei dieser Untersuchung ist das Princip der Verminderung nicht der wahre Grundge- 
danke und der geschickte italienische Verfasser hat nicht erkannt, dass das obige Theorem V seine 
Frage beherrscht, mit der ich mich iibrigens hier gar nicht zu beschiftigen habe, da fiir die gegen- 
wiirtige Theorie und meine Behandlungsmethode derselben eine in jener Frage nur als kleines Stiick 
erscheinende und nicht einmal in derselben Form zu stellende Frage erforderlich ist. Fir jene Frage 
kann er sich nicht nur die Prioritait zuschreiben, sondern ich will iiberhaupt an jener Frage als solcher 
einstweilen gar keinen Antheil haben. Also: die Verminderung der ¢ ist fiir seinen Gegenstand nur ein 
Mittel, um mein obiges Th. V in durchaus einheitlicher Weise anwenden zu kénnen. 


— 
a 


Kantor: Die Typen der linearen Complexe elliptischer Curven im R,. 225 


jeder derselben als Abbildungssystem einer nachzuconstruirenden Y, beniitzt 
werden. Diese Flachen werden alle rational von einander unterschieden sein, 
ware es auch durch die Trennung der Geraden od. dgl. in rationale Gruppen. 
Der zweite Schritt wird sein, die auf diesen rational distincten Flichen Y, vor- 
handenen rational von einander verschiedenen linearen Systeme elliptischer 
Curven zu untersuchen. 

Fiir den ersten Schritt waren die C,, C,, C,, C,Typen der bezogenen 
Arbeit (Monatshefte, 1899) zu verwenden, aber da es uns hier nicht auf die 
Abzahlung aller rational distincten Y,, sondern auf die Praparirung fiir unseren 
zweiten Schritt ankommt, mégen wir die C,, C,-Typen, auf welche die C,, C;, C, 
trrational zuriickgefiihrt werden kénnen, allein verwenden, dann aus den gefun- 
denen Y, die rational allgemeinsten Y, abstrahiren und an dieser Abstraction 
nun die Aenderungen beziiglich I[rrationalitat distinguiren.* Somit gestaltet 
sich der erste Schritt so: 

«°C; durch 6 Punkte bilden eine F; mit rationalem Geradensextupel (das 
aber in niedere rationale Gruppen zerfallen kann) ab. Die Untersuchung der 
Abbildung lehrt 27 Geraden kennen und fiihrt also durch Abstraction zu einer 
F, ohne rational distinctes Geradensextupel. 

oC, durch 5 Punkte bilden F, mit Doppelkegelschnitt und rationalem 
Geradenquintupel ab, fiihrt also durch Abstraction zu allgemeinen F, mit Dop- 
pel-C,. Hin Unterfall tritt ein, wenn drei Punkte alineirt sind. Die F, hat 
dann einen Doppelpunkt und ist rational distinct auf die Kbene abbildbar. 

0% O, durch 4 Punkte bilden /, mit Doppelcurve 5. O. mit 3-fachem Punkte 
ab. Diese Y, lisst sich auf die F; abbilden gemiass dem Vorausgesandten. Im 
vorliegenden Falle ist das durch die 4A; und die drei Nebenecken laufende 
C,-Netz rational distinct ableitbar, also auch ein im Netze enthaltenes Biischel 
und das Paar weiterer Basispunkte, dann das »*C,-System durch dieses Paar 
und die 4.A;. Dieses o%-System fiihrt dann zur Abbildung auf eine F, und dann 
auf eine Ebene, weil ein rationales Geradenpaar der F; bekannt ist. 

Zu einem anderen Beweise kann man sich aber des im *-Systeme enthal- 
tenen Systemes in C, + C, zerfallender C, bedienen, deren C, simmtlich einem 
einzigen Strahlbiischel angehéren. Der Scheitel dieses Biischels ist ein rational 


* Es kostet mich einige Uberwindung, die Aufzihlung der rational distincten M,, wie sie sich 
volistindig aus meiner friiher gegebenen Aufzihlung der rational distincten linearen Systeme ellip- 
tischer Curven in der Ebene ergeben wiirde, wegzulassen. 
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distinct ableitbarer Punkt P,. Sein conjugirter Punkt P, beziiglich A, A, A; A, 
ist ebenfalls rational distinct und P, P, bestimmen mit dem Vierecke wieder die 
Basis fiir das Abbildungssystem einer F, oder auch vermége der beiden Strahl- 
biischel, deren Scheitel P,, P, sind, sofort Abbildung auf die Ebene. 

«°C, durch 3 Punkte bilden F, mit Doppelcurve 9.0.ab. Im Falle der 
abstrahirten Flache fehlt die rationale Abbildbarkeit. Wir sahen im §1 dieser 
Arbeit, dass wir diesem merkwiirdigen Systeme kein rational distinctes Transver- 
salensystem zuordnen kénnen. 

»°C, durch 2, 1,0 Punkte bilden F,, F,, F, ab. Dieselben kénnen aber 
rational distinct auf die Ebene abgebildet werden. Denn (cf. §1) in allen drei 
Fallen ist das Geradensystem der Ebene ein rational distinctes Transversalensys- 
tem und ist auch rational distinct aus dem gegebenen C;-Systeme ableitbar. 

Es ist eben ein Corollar des Theoremes V, dass wenn aus dem Abbildungssys- 
teme einer M, das »’-R,_,-System des R, rational distinct ableitbar ist, dass dann 
die M,(1, 1)-deutig auf den R, abbildbar ist. 

oC, durch Aj A} gestatten die rational distincte Ableitung des Systemes 
der Kegelschnitte durch A, A,; also ist nach meinem Theorem IV die JZ}, die 
durch jene abgebildet wird, (1, 1)-deutig abbildbar auf die Mj, welche durch 
diese abgebildet wird.* In der That ist die M? ohne rationalen Punkt ein Typus. 

Wir schliessen aus dieser Discussion : 

THEorEM VI.—Alle linearen »‘**-Systeme elliptischer Curven im R, oder R,, 
welche nur zwet Dimensionen erfiillen, sind von derselben Art, wie entweder 1. die 
Systeme in einer Ebene oder 2. auf einer M? oder 3. auf einer Mj} oder 4. auf einer 
M;! mit eigentlichem oder zerfallendem Doppelkegelschnitt oder 5. auf einer M) mit 
Doppeleurve 9. Ord. 

Hiezu kommen die M? mit irrational verkniipften 2, 3, 4 Doppelpunkten, 
ebenso fiir No. 4. die Mj (C?) mit irrational verkniipften Doppelpunkten. 

Um nun den zweiten Schritt auszufiihren und dies eben in der oben genann- 
ten verkiirzten Art, haben wir noch auf M?, MM}, MY, MZ rational distinct Sys- 
teme von Curven p= 1 zu erzeugen, nachdem wir die in MM}, also der Ebene 
befindlichen bereits in §1 beschrieben oder kurz erwahnten. 

Wir beniitzen hiezu die irrationale Abbildung—und dies ist der Kern unserer 
Methode, wie sie aus dem in §2 und dem vorher in diesem § Gesagten resultirt— 


* Auch wird man aus dem Obigen schliessen, dass die M} mit Doppelgerade, wenn auf ihr ein 
lineares ©*-System elliptischer Curven rational distinct existirt, auf die Typen von oben abbildbar ist. 


| 
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und disponiren in der Abbildung das Bild des auf der M, zu erzeugenden (als 
rational distinct gewiinschten) Systemes. Hiebei sind aber nur jene Fille bei- 
zubehalten, wodurch dieses Schneiden mit anderen J, die supponirte M, noch 
nicht ihren Typus des Theoremes VI verliert. Das soll den Schluss dieses § bil- 
den und wir beginnen, da No. 1 schon in §4 zur I. Classe gefiihrt hat, mit der 
der No. 2 entsprechenden II. Classe. 


Die zweifach ausgedehnten »*-Systeme der IT. Classe (M/).* 


Auf M? gibt es ein einziges System von Curven p= 1, bei dessen Ausschnei- 
den M? nicht ihren Character des Theoremes VI verliert, dasjenige, dessen 
Abbildung die C,( Oj} O03) sind. Sie sind ausgeschnitten von allen M? des R;. 


Die zwerfach ausgedehnten »*-Systeme der III. Classe (M}). 


Dank den friiher gegebenen rein rationalen Transformationen der *%-Sys- 
teme elliptischer Curven auf ihre Typen k6énnen wir uns auf die Untersuchung 
derjenigen Bildsysteme in der Ebene beschranken, welche den unter Beachtung 
des Rationalen typischen Character haben. 

Von den »* Ebenen des R; wird ein rational distinctes System von C, aus- 
geschnitten. Das 04-System C;(A,...-A;) kann zum Schnitte mit M? nur dann 
erginzt werden, wenn A,.....A; gleichzeitig Basispunkte der /?-Abbildung 
sind; Erginzung ist (A, .... A; 03)’, Bild eines Kegelschnittes. Also: 

Ist auf 13 ein Kegelschnitt rational distinct bekannt, so ist ein System von 
M} p = 1 rational ausschneidbar mittelst der M? durch den Kegelschnitt. 

Erginzung zum Schnitte mit Jf} ist (Aj .... AZ O3)°, Bild einer MP p = 2. 


Also : 
Ist auf M3 eine Curve 5. Ord. p= 2 rational distinct bekannt, so ist ein Sys- 


tem von M} p =1 rational ausschneidbar mittelst der M} durch MP. 

Erganzung zum Schnitte mit My ist (Aj .... A} Bild einer 7. 
Also: Ist auf Mf eine Curve 8. Ord. p= 7 rational distinct bekannt, so ist ein 
System von Mp = 1 rational ausschneidbar mittelst Mj durch MP. Dies kann 
fortgesetzt werden iiber M? hinaus zu jedem n, aber die Basiscurve wird schon 
von M&M; an bedingen, dass sie in einer einzigen M? liege, was, wie wir sehen 
werden, fiir uns unbrauchbar ist. Uebrigens bemerken wir wohl, dass es sich 
hiebei stets um ein und dasselbe Curvensystem o* M‘ auf UM} handelt, dass 
dieses nur von verschiedenen Flachensystemen ausgeschnitten werden kann. 


*d bezeichnet die unbestimmt gelassene Dimension. 


— 
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Das ~»*-System C; mit (A, A, A;A,) unter den Fundamentalpunkten O, wird 
zum Schnitt mit M} nicht zu erginzen sein, zum Schnitte mit M? durch 
(A? .... A? O3 O3)°, Bild einer Mfy=0. Also: 

Ist auf M3 eine Mf p=0 (2. Art) rational bekannt, so ist auf derselben ein 
lincares p =1 ausschneidbar mittelst Mj} durch M}. 

Wird erginzt zum Schnitte mit durch (Aj .... A} Of)*, Bild einer 
Mip=4. Also: Ist auf M? eine M! p=4 rational bekannt, so ist auf derselben 
ein lineares 5-System M? 1 ausschneidbar mittelst durch Weiter 
miissen wir nicht gehen. 

Das «*-System C, mit A,A,A,; unter den O, wird zum Schnitte mit M3 
durch (Aj A} A} O} Bild dreier windschiefer Geraden, erginzt. Hier miis- 
sen wir zum ersten Male beachten, dass nach §3 das Geradensystem als rational 
distinct fiir das C,-System anzusehen ist, wenn ein Punkt A, rational bekannt ist. 
Um also den Typus JM} nicht zu verlieren und auf §4 zu fallen, miissen wir 
A, A, A, irrational verkniipft voraussetzen. In der That ist von den 3 wind- 
schiefen Geraden eine rational bekannt, so kann man die M} durch die Congru- 
enz tiber die beiden anderen Geraden rational auf die Ebene abbilden und das 
System von M? in ein monoidales verwandeln, Also: 

Ist auf M? ein irrational verkniipftes Tripel windschiefer Geraden bekannt, so 
ist auf derselben ein lineares »*-System M$ p= 1 ausschneidbar mittelst M3 durch 
das Tripel. 

Wird auch ergiinzt durch (Aj A} Oj Of O%)*, Bild einer M'y=1 zum 
Schnitte mit M3. Durch die weiteren Curven ist nur eine einzige M3} méglich 
und wir brechen treu unseren obigen Vorsatzen ab. 

Das «'-System mit A,A, unter den O; wird zum Schnitte mit nicht 
zu erginzen sein, zum Schnitte mit durch (A? A} O} O} O} Bild eines 
Geradentripels ; da aber zwei windschiefe Geraden darunter sind, so verliert die 
MM? ihren typischen Character. Wird auch erganzt durch (Aj A$ 03 .... 03)", Bild 
einer Mf? p = 3 zum Schnitt mit einer einzigen I}. 

Das «*-System C; liefert durch (A{ O§ .... O§)”, Bild einer M5 + Mj, die 
sich nicht schneiden, ebenfalls kein neues System und desgleichen das °*-Sys- 
tem 

Wiirden wir in einem dieser »*-Systeme einen Punkt A; ausserhalb der O; 
angenommen haben, so hatten wir einfach ein Untersystem des jedesmal nich- 


sten erhalten. 
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Das «'-System C, mit (Aj.A}.A,A,A,A,) unter den O, wird zum Schnitte 
mit M} durch (A; A, A; .A,)’, Bild eines Kegelschnittes, erginzt, was oben vorkam, 
ebenso die weiteren Erganzungen; das «°-System zum Schnitt mit Mj durch 
(A, A, Aj Aj A? Aj)’, Bild von Mi p=0, was oben vorkam, ebenso mit 

Mf, ....; das System zum Schnitt mit durch (A, A, A? A? A? A3)’, 
Bild dreier Geraden, die sich nicht schneiden ; das *System*zum Schnitt mit 
My} durch (Aj A} .... O§)*, Bild zweier windschiefer Geraden. Wir diirfen 
aber den C,-Typus noch nicht verlassen. Werden A? A} ausserhalb der O, 
genommen, und hiezu A;.... A, auf der O;, so erginzt (Aj, .... zum 
Schnitte mit M3, Bild einer MM?» =0, deren Kenntnis die M4 rational auf die 
Ebene abbildbar macht, desgleichen mit M}, und werden die «*-bis »*-Sys- 
teme von C, genommen, so erhalt man entweder nur eine M}? oder Unmoglich- 
keit der Erganzung. Wird nur A% ausserhalb der O, genommen, so erhalt man 
beim o®-Systeme Hrginzung durch (Oj .... was nicht mdglich ist, 
oder (O} O3 .... O})", was zwei windschiefe Geraden implicirt; beim *- und 
o®-Systeme desgleichen; das o-‘System (Oj O, O; O, O;.A3)* mit A, ausserhalb der 
O gibt als Ergianzung zum Schnitt mit oder die Curve (O, 03 Oj OF 
Bild von Gerade und Kegelschnitt, welche sich nicht schneiden. Sind also auf 
M3 ein Punkt, eine Gerade M} und ein Kegelschnitt M? rational bekannt, wo 
M}, sich nicht schneiden, so kann ein = 1)-System auf derselben aus- 
geschnitten werden mittelst M3, welche M}, M? enthalten und im Punkte die M, 
beriihren. Das %-System C, wird durch (O, O3 .... O§)°, Bild einer Mi p= 1 
zum Schnitt mit M? erginzt. 

Also: sind auf M3? ein Punkt und eine Curve M} p = 1 rational bekannt, so 
kann ein »*System ausgeschnitten werden mittelst M3, welche 
enthalten und die 1/? im Punkte beriihren. Aber beide Systeme sind 4quivalent 
Untersystemen friiherer. 

Die C,- und C,-Systeme liefern, insofern es méglich ist, sie zu erganzen, nur 
dieselben raumlichen Curvensysteme wie bisher. In den meisten Fallen tritt die 
Mj aus ihrem Typus heraus. 


Die zweifach ausgedehnten ~*-Systeme III, Classe (M/). 


Die ebenen Schnitte bilden ein typisches »*-System auf M,(C?), aber dieses 
ist nicht vollstandig. Das «1-System von M?(C,) schneidet Mf in einem *-Sys- 
teme elliptischer Curven VM. Dasselbe System wird auch ausgeschnitten von 
30 
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M3 durch C, und eine M} p = 1, welche C, vierpunktig schneidet und auch durch 
die mit fester = 1 und durch die (C}) mit fester M’p =5. 

Das «*-System von C,(A,....A,) erfordert als Erginzung zum Schnitte 
mit M}(C,) eine Curve (A, .... Ay, O03)’, Bild einer Mi(p=0). Also: 

Ist auf einer J/{(C}) ein windschiefe Curve 3. O. oder eine IM p=3 
bekannt, so kann ein °-System von =1 mittelst M}(C,) oder M}(C?) 
beide durch die M} oder mittelst M(C?) oder M/(C}) durch p= 3 ausge- 
schnitten werden. 

Das «*-System von C;(A,A,A;) erfordert als Erginzung zum Schnitt mit 
M3(C,) eine Curve (Oj O} O, O, O,)*, Bild von zwei windschiefen Geraden, die 
irrational verkniipft sein miissen. Zum Schnitte mit (C?) durch (0}0}0,0,0;)° 
dasselbe wie soeben und mit durch O} Oj Bild einer p=1 
und desgleichen mit (C?). 

Das »'-System C,(O,, O,) erfordert als Erginzung zum Schnitte mit M/}(C?) 
eine Curve (03 O} Oj O3)°, Bild einer Geraden und einer p= 0 2. Art, die 
sich nicht schneiden. Zum Schnitte mit M3, die nicht durch C, geht, desgleichen. 
Das System dieser M/(C}) ist reductibel auf ein System J}, weil die Gerade 
rational gegeben sein muss. 

Das »*-System C;(O,) wird erginzt zum Schnitt mit durch (AjA}.. 
also jedenfalls eine rat. dist. Gerade, was die ©,‘ auf M3 reductibel macht, zum 
Schnitte mit durch Of Oj Bild von M? und M' p= 2, mit 
M;} (C.) durch O03 O} Of Bild von und M?, mit M{(C?) durch 
(O} O; O;), was unméglich ist. 

Das «*-System C; wird durch (0, O, O§ O} zum Schnitt mit erginzt ; 
dies sind 4 windschiefe Geraden, aber durch sie geht nur eine einzige Mt (C?). 

Das «*-System C,(Oj wird durch Bildcurven erginzt, denen keine ver- 
wendbare Curve auf der M;(C?) entsprechen kann. Das »*-System C,(0]030;0,) 
wird zum Schnitte mit JM? erganzt durch (O; O, 03)’, also in A, ein Paar wind- 
schiefer Geraden. Also: Ist auf einer M‘(C?) ein Paar windschiefer Geraden 
bekannt, so kann ein »*-System von Curven p= 1 mittelst oder M}(C,) 
durch die Geraden ausgeschnitten werden. 

Zum Schnitte mit durch (0, O, Of O3)°, Bild einer MS p = 1, zum 
Schnitt mit J? (C,) durch (O; O, 03), mit Mj durch ( O} 03 03 O4)*, Bild einer 
p = 7, durch welche nur eine M‘(C?) geht. Also bleibt nur durch 

,p=1. Das System C;, liefert nichts Neues. 


Kantor: Die Typen der linearen Complexe elliptischer Curven im R,. 231 


Das ~*-C,-System liefert M}(C?) durch M?(p=0); eine Disposition ein- 
zelner Doppelpunkte ausserhalb der O' ist unméglich wegen der irrationalen 
Verkniipfung von Oj .... O§. 

Das «°*-C,-System liefert (Aj A} A} Aj und wird zum Schnitt mit (C?) 
durch zwei windschiefe Geraden erginzt. 


Die zweifach ausgedehnten «*-Systeme V. Classe 


Abbildung der ebenen Schnitte geschieht durch »°C,(O, 0, O;). Das Bild 
der Doppelcurve 9. Ordnung ist in der Ebene eine Curve 9. O. durch O} 03 03. 
Die Curven O, O;) sind Bilder der Schnitte von (C?) mit welche 
die C, enthalten. Die C, ist also in einer M3 enthalten und ist also die Basis 
eines /-Systemes von M{(C?). hat~=9. Wir kénnen daher auch keine 
My, .... zum Ausschneiden der Curvensysteme verwenden, da die Basiscurve 
die (C7?) vollstandig bestimmen wiirde. 


§6.—Die eigentlichen Complexe elliptischer Curven im R,, deren zwetfach ausge- 
dehnte Systeme von den Classen II bis V sind. 


1. In §4 sind die Complexe der I. Classe erschépft worden. Nachdem wir 
nun die Typen der zweifach ausgedehnten Systeme elliptischer Curven, die in 
einem Complexe iiberhaupt noch vorkommen kénnen, festgesetzt haben, miissen 
wir die Méglichkeit untersuchen, jene Complexe, in denen diese ‘'ypen als Unter- 
systeme vorkommen, auf eine méglichst geringe Anzahl nicht aquivalenter Typen 
zu reduciren. 


2. Classe II. Wie die Abbildung zeigt, gibt es fiir das einzige hiebei erhal- 
tene typische System, nimlich * M¥, ein rational distinctes Transversalensys- 
tem %, die Transversalen sind selbst rational. Also muss es fiir das »*-System 
von M,;", wenn diese Mj den M?-Typus haben, ein »*-System von MM)” geben, 
welche die M? in rationalen Curven schneiden, weil diese Curven die MM? in 
Punktepaaren schneiden miissen, indem das Transversalensystem den Rang 2 
hat. Das System ist ausserdem vollstindig; daher folgt nach dem Lemma in 
Amer. Journ., XXIII, p. 13, dass es bomoloidal im &, ist. Wird dieses also zu 
einer Transformation beniitzt, so erhalten wir die M verwandelt in M7. Also: 

Diejenigen My-Systeme mit gegenseitigen elliptischen Schnitten, deren zweifach 
ausgedehnte Curvensysteme (also deren M,')—vom M?-Typus sind, sind raiimlich 
birational dquivalent mit dem «*-M}-System oder einem durch 2, 3, .... 8 Punkte 
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daraus ausgeschiedenen Untersysteme, wobet aber diese Punktgruppen so irrational 
verkniipft sein miissen, dass kein einzelner Punkt rational gegeben ist. 

Denn, wenn ein Punkt rational gegeben wird, fallt das System unter 
den §4. 


3. Classe III. Hier ist folgende Feststellung nothwendig: Geht man die 
typischen Systeme der Reihe nach durch, so sieht man, wie in Anbetracht der 
Transversalzahlen (cf. §1) das System der «* Kbenen des R;, eine einzigartige Rolle 
inne hat. Ks gibt kein anderes vollstaéndiges lineares »*-System von M,, die die 
Curven des Complexes und die mit ihnen in Zusammenhang stehenden Curven 
in ebenso vielen Punkten schneiden wirden wie die Ebenen also u. A. die Com- 
plexcurven resp. in 4, 5, 6, 6, 5 Punkten. Das Gesammtsystem der vorliegenden 
M? besitzt in sich dieselbe Transversalzah] und dieses System ist als 1,System 
selbst rational distinct. Aber in diesem ist kein anderes System vom Range 1 
enthalten, das die M?, welche den Complex erzeugen, in elliptischen Curven mit 
gleicher Transverzahl schnitte. 

Das System der ebenen Schnittcurven ist also fir jene gefundenen Curvensys- 
teme auf den M}, also auch auf den Mj ihres Typus das entsprechende »*-Sys- 
tem, ein rational distinctes Transversalensystem ;* wir schliessen mit Hilfe des in 
§2. u. 1. Gesagten, dass es dann auch ein System von J.” geben muss, welches 
die simmtlichen Curven des Complexes in ebensovielen Punkten schneidet und 
also die My gerade in jenen »? Transversalcurven des rational distinct ableitbaren 
Systemes schnevdet. 

Diese Mj” miissen nun ein System von Curven erzeugen (als gegenseitige 
Schnitte), die jene M? in Punktetripeln treffen. Da wir nun aber mindestens 
o*.Systeme My untersuchen und die »*-Systeme noch nicht einer systematischen 
Discussion unterziehen wollen, kénnen wir auf einer solchen Curve 2 Punkte 
nehmen, durch sie die My legen, welche noch o! sein werden und aber jede 
dieser Curven noch in einem variabeln Punkte schneiden, also sind diese Curven 
rational. Sonach ist aus jedem Curvencomplexe p= 1, dessen M," vom M}-Ty- 
pus sind, auf rational distincte Art ein vollstindiges lineares »*-System von ©, 
mit rationalen gegenseitigen Schnittcurven ableitbar und die Schnittcurven 
treffen die M? in Punktetripeln. Nach dem mehrfach von mir angewandten 
Lemmaf ist dieses System homaloidal. Wird es zu einer Raumtransformation 


* Man wiirde den Sinn der Transversalenmethode misverstehen, wenn man daraus schliessen wollte 
dass auch das System der R, selbst fiir die Curven rationaldistinct sei. 
+ Amer. Journ. of Math., XXIII, p. 13. 
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verwendet, so wird durch diese J’-Systeme eben in das M3-System iibertragen. 
Daher : 

Diejenigen eigentlichen Complexe von Curven p=1, deren zweifach ausge- 
dehnte Curvensysteme also (erzeugende M,) von der Classe LIT. (M}-Typus) sind, sind 
rdumlich birational dquivalent mit 

1. dem w*-System von M} durch p= 2, 

2. dem «°®-System von M} durch p= 0 (2. Art), 

3. dem ®-System von M? durch ein irrational verkniipftes Tripel windschiefer 
Geraden, 

4. einem der Systeme M} mit 2, 3, 4 irrational verkniipften Doppelpunkten und 
gegenseitigen elliptischen Schnittcurven, 

5. emer der Degenerationen, die aus n. 1. durch Zerfallen von M> ina) Mi p=1 
mit Bisecante oder 6) zwei irrational verkniipfte M? und eine beide schneidende 
Gerade hervorgehen (die iibrigen Degenerationen gehiren nach Classe I.), 

6. der Degeneration, dre aus n. 2. durch Zerfallen von M;¥ in zwei sich einpunktig 
schneidende Kegelschnitte enisteht, 

oder mit niederdimensionalen Systemen, welche aus diesen durch Annahme fester 
einfacher Basispunkte im R, entstehen. 

Classe IV. Dieselbe Beweisfiihrung wie fiir Classen II. und III. gilt fiir 
den (C?)-Typus und ergibt : 

Jene eigentluchen Complexe von Curven p= 1, deren zweifach ausgedehnte Cur- 


vensysteme also (erzeugende M,) den M}-Typus haben, sind simmtlich birational 
dquivalent mit 


1. dem von (C}) durch Mi p= 1, 

2. dem o®-System von M} (CZ) durch p= 0, 

3. dem «'-System von durch zwei irrational verkniipfte windschiefe 
Geraden, 

4. denselben drei Systemen, aber mit trrational zerfallendem Doppelkegelschnitt 
oder einem Systeme, das aus diesem durch Festsetzung irrational verkniipfter ein- 
facher Basispunkte entsteht. 


§7.—Die volistindigen «»*-Systeme mit elliptischen Complexcurven im 


Aus den Untersuchungen der §§4 und 5 kénnen wir ein wichtiges Resultat 
ziehen: Es gibt in R, kein volistindiges «*-System einer der IV. Classen. Sie 
kénnen alle aus hiher dimensionalen Systemen durch Festsetzung einfacher Basis- 
punkigruppen ausgeschaltet werden. 


a 
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Zur vollstindigen Erkenntnis bleibt uns noch iibrig, jene Flachenabbild- 
ungen zu discutiren, wo man von einem System C, p= 1 auch nur zu einem 
o*-Systeme von Curven gefihrt wird, das auf J, rational distinct vorhanden ist. 
Hiezu wird uns in Anwendung des Theoremes IV jede Fliche dienen kénnen, die 
in die Ebene auf ein Curvensystem abgebildet wird, das aus dem »*-System 
rational distinct ableitbar ist. Es gibt hier deren verschiedene. Die inversen 
Adjungirten* fiihren in einfachster Weise zum Ziele. Namlich aus dem *-Sys- 
teme von C;, C,, C,, C, mit resp. (A,,...- A,), (Aj Aj A; ...- Ag), (Aj, --- 
(Aj A} Aj Ai A? A, .... A,) ist das System G, C,, C;, C, mit resp. (A?, ...- Aj), 
(Ai A} A2), (Al.... AB), (Aj Aj AS AB AG .... AS) rational distinct 
ableitbar. Wenn somit auf einer Jf, ein vollstindiges »*-System von Curven 
p= 1 erscheint (also ohne einfache Basispunkte) dessen Typus der der C3, C,, C; 
in der Ebene bei irrationaler Abbildung wird, so ist diese Fliche rational distinct 
auf eine M} abbildbar, deren Abbildungsystem aus den genannten C,, C,, Cy, Cy 
besteht. 

wo°-System C,. Wir erhalten eine Vereinfachung dadurch, dass mit den 
‘«*(, auch die einzelnen Biischel, also die einzelnen Punktepaare der Ebene, 
welche zu Basisnonupeln erginzen, rational distinct gegeben sind. Setzen wir 
zwei solche Paare zu den 7 Doppelpunkten hinzu, so erhalten wir immer noch 
ein rational distinctes »*-System. Durch diese 11 Punkte geht stets eine C;; 
die Fliche, auf welche wir jetzt rational distinct abgebildet haben, ist die von 
Nother} entdeckte WM} mit Selbstberithrungspunkt O; das Curvennetz ist das der 
C, mit Selbstberithrungspunkt, welche von den Hbenen durch O ausgeschnitten 
werden. 

Der letzte Typus von Flachen, auf denen ein ~*-System elliptischer Curven 
rational distinct ausgeschnitten werden kann, ist der, dessen Reprdsentant die M;} 
mit Selbstberiihrungspunkt ist. 

Die *-Systeme C,, C,; und das *System C, von hier vorher fiihren zu 
keinem neuen Typus. Fiir C, und C, ist das »*-System C, durch A,, A, rational 
distinct ableitbar, daher nach Theorem V. die Flachen M/ und MU, auf die M} und 


* Act. Math., Bd. XIX. “* Neue Theorie etc.”’ 

¢ Gott. Nachr. 1870. 

} In der von mir schon genannten Arbeit des F. Enriques in Math. Ann., Bd. XLIX, ist gesagt, dass 
die Flichen mit vollstindigem »? Systeme elliptischer Curven die (1, 1)-deutige Abbildung auf eine 
elliptische Doppelebene gestatten. Damit ist aber nichts gewonnen und diese Angabe ist fiir die An- 
wendung werthlos. Hier ist der Ersatz durch die Mj mit tacnode unerlisslich. Enriques kannte diesen 


Typus nicht. 


— 
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wegen des beim C,-System rational distincten Systemes C;(A, .... A;) diese M] 
auf die M(C%) rational distinct abbildbar sind. Aehnliches ist fir C, durch- 
fiihrbar. 

Um nun die ¥;'-Systeme, deren M, diesem Typus angehéren, auf Typen zu 
bringen, wenden wir wieder das Transversalenprincip aus §7 an. Zwar ist 
fiir die C, durch den Selbstberiihrungspunkt das Ebenensystem des A, nicht 
rational distinct, aber das M?-System mit Beriihrung in O an den Flachen MM}. 
Die Schnittcurven mit 1; bilden Transversalen, deren Analoge auch auf den M} 
irgend eines Systemes unserer Classe wieder erscheinen miissen, also auch das 
o®&System von Transversal-,", deren Schnittcurven C die in Punktequad- 
rupeln treffen und welches unter diesen Curven C ein *-Biindel rationaler 
Curven hat, die die My in Punktepaaren treffen. Wegen des »*-Systemes J? 
kénnen wir auf allen Curven Co! quadratische Involutionen ausschneiden, 
indem wir je zwei Punkte fiir die My fest legen, also sind die C jedenfalls ellip- 
tisch. Ohne erst nachzuweisen, dass sie sogar rational sind, was sie thatsach- 
lich sind, kénnten wir im Falle » = 1 durch estlegung Feiner festen Berithrungs- 
ebene der &M," ein homaloidales System derselben ausschalten, mittelst dem 
transformirt das M'-System sich in ein »*-¥,'-System verwandeln muss, das das 
o#*-System von elliptischen Curven liefert. Hine weitere Discussion fiihrt dann 
dazu, dass diese M? nur vom gegenwartigen Typus sein kénnen : 

Jeder ergentliche Complex von Curven p=1 in einem vollstindigen »*-M,- 
Systeme, dessen M, vom Typus der Mj mit tacnode sind, ist réumlich birational 
dquivalent einem »*-Systeme von M; mit tacnode selbst, welche sich in einer Schnitt 


curve auf M} (O) schneiden. 


§8.—Die uneigentlichen Complexe elliptischer Curven im R;, thre Auffindung. 


Von den beiden erzeugenden &M,-Systemen sei eines vom M} oder M?- oder 
oder M}-Typus. 

Classe In diesem Falle entsteht sofort ein System einpunktiger 
Transversalen und also das monoidale System. Diese Complexe sind in §3 unter- 
sucht worden bis auf jene, wo nur ein Biischel solcher Flachen vorhanden ist. 
Dies lasst sich stets rational distinct auf ein Ebenenbiischel beziehen. In den 
Ebenen kénnen dann entweder Systeme vom C,-, C,-, C;- oder C,-Typus erschei- 
nen, wodurch 4 Classen uneigentlicher Complexe entstehen. 

Classe II. Das moégliche System der hat auf ein rational dis- 
tinctes Transversalensystem, namlich das der «* Kegelschnitte vom Range 2. 
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Solches muss auch auf jeder My eines der fraglichen Systeme sein, ausgeschnitten 
nach §2 von einem * M,"-Systeme, von dem wie in §6 die Rationalitat der 
gegenseitigen Schnittcurven und der Rang 1 bewiesen wird. Transformation 
damit fiihrt auf ein M/-System und wir finden: Uneigentliche Complexe mit 
einem erzeugenden Systeme vom M?-Typus sind raumlich birational aquivalent 
einem Complexe, der von den M? und M} durch einen festen Kegelschnitt oder 
einen, der von den M? und UM} durch eine feste Mf‘ p = 1 erzeugt wird. 

Classe III. Wir haben die Discussion der M? in §6 durchzugehen, zu 
bemerken, dass fiir die dort auf M} erzeugten Curvensysteme, welche jedesmal die- 
selben sind wie die in §7 verwendeten, die von den Ebenen ausgeschnittenen 
Transversal-C; rational distincte Systeme bilden, dass deren also auch auf den I? 
desselben T'ypus erscheinen miissen, die dann wieder von einem Systeme J/,", 
das den Rang 1 erkennen lasst, ausgeschnitten werden, um mittelst einer Trans- 
formation zu schliessen: Uneigentliche Complexe, von deren erzeugenden Sys- 
temen keines der Classe | oder II ist, eines aber der Classe III ist, sind raumlich 
birational aquivalent einem Complexe erzeugt von M3 und durch eine p=7 
oder p= 4 oder Mf p=1 oder durch MS p= 2 nebst Beriihrung in einem 
festen Punkte oder durch M/ p=5 nebst Berithrung in einem freien Punkte. 
Hiezu kommt der uneigentliche Complex aller @;, in denen die Ebenen des R, 
alle Mj schneiden. Endlich kénnen die Basiscurven sich zerlegen. 
Dies darf jedoch nur so geschehen, dass der Mj-Typus sich nicht andert. 

Classe IV. Hier miissen wir beachten, dass in einzelnen Fallen zwar nicht 
das System der * Ebenen, wohl aber das der »*M/?(C,) ein rational distinctes 
Transversalensystem liefert. Die anzuwendenden Transformationen sind diesel- 
ben wie in §7; die néthigen Vorarbeiten sind in §6 durchgefiihrt. Uneigentliche 
Complexe, von deren erzeugenden M,-Systemen eines der Classe [V ist, sind raum- 
lich birational aquivalent einem Complexe, erzeugt von den M}(C?) und den MP 
durch C, und eine M? p = 0 (ein System ist dann vom monoidalen T.) den J} (C?) 
und M}(C,) durch zwei windschiefe Geraden (desgleichen), den M?(C?) mit den’ 
M}(C,) durch =5 oder Mi p= 3 oder Mfp=1. Kommt es nur auf den 
Complex an, so ist der erste dieser Aufzihlung identisch mit dem ersten der unter 


Classe III. hier aufgezahlten, 
Classe V. Die Mf (C%) geben zu einem Complexe elliptischer Curven Anlass 


vermoége der Ebenen des Raumes und dann vermége der &;! durch die Doppel- 
curve, hieriiber §5. 


rt 
q 
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M; (O°) mit tacnode fiihrt nur zu dem Systeme der Schnitte der simmtlichen 
IM; dieser Art mit gegebenem tacnode und gegebener Beriihrungsebene mit allen 
Ebenen durch diesen Punkt und zu keinem anderen Complexe, weil diese Curven 
nur mittelst Flachen ausgeschnitten werden kénnen, durch deren Basiscurve héch- 
stens eine solche M} hindurchgehen kann. 


§9.—Die Typen uneigentlicher und eigentlicher Complexe elliptischer Curven im R;. 


Die gewonnenen Resultate sollen nun gesichtet und zusammengefasst wer- 
den. So entsteht das 

TuHEorEM VII.—A. Die wneigentlichen Complexe elliptischer Curven sind auf 
rational distincte Art riumlich birational aiquivalent den folgenden Typen.* 

Classe I. Schnitt eines linearen o%-Systemes elliptischer Kegeln mit 
gemeinsamem Scheitel O und von einem der friiher gegebenen Typen mit einem 
linearen «”-Systeme von Monoiden M,'(O"—'). Hier ist n, unbeschrankt gross. 

Classe II. 1. Schnitt der M? mit den JM} durch einen beiden gemeinsamen 
Kegelschnitt. Von den M? geniigt auch ein System mit 9 festen Basispunkten 
ausserhalb den M?. 

2. Schnitt der M? mit den M} durch eine beiden gemeinsame Mi p= 1, 
nebst Degenerationen durch Zerfallen der Basiscurve bei irrationaler Verkniip- 


fung. 
Classe ITI. 1. Schnitt der M? mit den M} durch eine beiden gemeinsame 


2. oder IM! p= 4, 
3. oder MP p= 1, 
4, oder M$ p = 2 und mit Contact in einem freien Punkte, 
5. oder M! p = 5 mit Contact in einem freien Punkte. 
Classe IV. 1. Schnitt der Mj(C?) mit den M}3(C,) durch eine beiden 
gemeinsame p =1. 
2. Schnitt der (C?) und M}(C,) durch Mf p= 5, 
8. der M}(C?) und M}(C,) durch p= 3, 
4, der M}(C}) und (C,) durch p= 1, 
5. der Mf (C?) und M3? (C,) wie n. 1 aber mit zwei irrationalen Y?, 


* Hier kommt es nur darauf an, die typischen Complexe zu finden. Anders gestaltet sich das Resul- 
tat bei der Frage nach den typischen Paaren von M,-Systemen. Diese Frage kommt dann in der The- 
orie der Transformationsgruppen in die erste Reihe. 

T Hier herein gehort die Gesammtheit aller ebenen C, , p=1, etc. 


31 
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6. Degenerationen von n. 3. bis n. 5 durch Zerfallen der M3’, M/, MU, 

7. Degenerationen von n. 1 bis n. 6 durch Zerfallen der C, in zwei irration- 
ale Gerade. 

Classe V. 1. Schnitt von Mf (C?) mit den M}(C,), 

2. Degenerationen von n. 1. durch Zerfallen der C,. 

Hiezu kommen als Typen noch Untersysteme, die aus den aufgezihlten Sys- 
temen durch Festsetzung einfacher Basispunkte entstehen, die entweder beiden 
erzeugenden M,-Systemen oder nur einem derselben gemeinsam sind, und welche 


in einzelnen Fallen nicht rational sein diirfen. 
B. Die eigentlichen Complexe sind auf rational distincte Art raumlich bira- 


tional aquivalent folgenden Typen: 
{ Classe I. 1. #” M? durch einen rational gegebenen Punkt O 


und weitere irrational verkniipfte Punktgruppen, unter denen auch 
mit O complane Tripel sein kénnen, wodurch eine typische Unter- 
eintheilung entsteht ; u< 9. 
2, mit festem Osculationskegel in O und a = 0, 
1, .... 6 festen Geraden durch O oder im Falle a =6 mit 6 freien 
einfachen Basispunkten, welche in keinem Quadrikegel mit dem Schei- 
tel in O enthalten sind.* Die Geraden oder Punkte kénnen verschie- 
dentlich irrational verkniipft sein, 
3. 07 M3 mit 
C,- Typus + 4, M}(O*) mit (0°), 
5, M?(O*) mit MP(0'), 
6. of M?(O*) mit 
7. «'M3(O’) mit einer festen Osculationsebene in O und einer 
festen, nicht in dieser enthaltenen UM; (0), die nicht zerfallen soll. 
8. of M?(O*) durch zwei feste ebene Curven 3. O., welche in O 
eine gemeinsame Spitzentangente haben, 
9. of mit fester 
10. 0°) mit fester 
(Hieher wiirde auch das System M/(O*) mit fester C,,( 0") 
| gehoren). 


* Wenn man nicht darauf halt, die Ordnungen der Complexcurven zu vereinfachen, kann man 
auch statt der Typen, die 7=1,....5 Geraden durch 0 enthalten, solche wahlen, wo c=1,.,..5 


freie einfache Basispunkte vorhanden sind. 
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f 11. ©’ M?(O*) mit zwei Geraden durch O und einer Geraden 
fremd zu O, 

12. M}?(O”) mit zwei Geraden durch O und M/}(0*), 

13. «° mit festem Osculationskegel und Beriihrung 
langs zweier Geraden durch O,* 
C,- Typus + 14. «7 mit zwei Geraden durch O und (0), 

15. mit zwei irrational verkniipften Geraden durch 
O und 0"), 

16. «° mit zwei Geraden durch O und M$ (0%), 

17. M}(O*) mit zwei Geraden durch O und M7 (04), 
18, M}(O*) mit zwei Geraden durch O und M?(0*). 


19. M!(O*) mit 5 Geraden durch die irrational verkniipft 
sein miissen und (0°), 

20. M?(O*) mit festem Osculationskegel und Beriihrung 
lings 5 irrational verknipfter Geraden, 

21. M?P(O*) mit Y,"(0°) und einem rationalen Geraden- 


| quintupel durch O. 
22. M5(O*) mit und Beriihrung lings dreier, Oscu- 
lation lings zweier je irrational verkniipfter Geraden durch O, 

23. «° M>(O*) mit (O) und Geraden wie in 22. 

24. «'Mf(O*) mit Geraden wie in 22. 

Classe IIT, «* M? mit einfachen Basispunktgruppen, unter denen kein ein- 
ziger rational distincter Punkt sein darf. Untertypen entstehen durch complane 
Lagen von Quadrupeln dieser Punkte oder andererseits Beriihrungen, die aber 
theilweise jenen complanen Quadrupeln 4quivalent sind. 

Classe ITT, 1, M3 durch If? p= 2, 

2. 0° M3 durch Mi p= 0, 2. Art., 

3. « M3 mit irrational verkniipftem Tripel windschiefer Geraden, +t 

4, M3 mit Mi p= 1 mit Berihrung in freiem Punkte, 

5. M}-Systeme mit 2, 3, 4 irrational verkniipften Doppelpunkten. 


C;-Typus - 


C.- Typus 


* Enriques hat M4(O*)mit 2 Doppelgeraden, was, so viel ich sehe, ebenfalls richtig ist. 

+ Diese Bemerkung ist ganz wesentlich. Denn sind die Geraden nicht irrational verkniipft, so sind 
die M3 vom monoidalen Typus, weil sie mittelst einer rationalen Strahlencongruenz auf die Ebene 
abgebildet werden kénnen. In der That kann man dieses System stets in ein monoidales verwandeln, 


also von der I. Classe. 
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6. Wie n. 1. aber mit Zerfallen von in (p= 1) mit Bisecante.* 

7. oder in zwei irrational verkniipfte M? und eine gemeinsame Transversal- 
gerade, 

8. oder in eine ebene /? und einen sie zweifach schneidenden Kegelschnitt, 
aber mit der ausdriicklichen Voraussetzung, dass man auf keiner dieser beiden 
Curven einen rational distincten Punkt kenne;+ die Curven kénnen irrational 
zerfallen. 

9. Wie n. 2, aber mit Zerfallen von Jf‘ in zwei sich einpunktig schnei- 
dende &M?. 

10. M3 aus n. 4., wo M! in zwei irrat. verkn. M? oder in ein irrat. verkn. 
windschiefes Vierseit zerfallt. 

11. «5 M3 mit UM}, M? windschief und Berihrung in einem freien Punkte. 

Classe IV. 1. durch (p = 1), die nicht zerfallen darf. 

2. «®M}(C?) durch M? (p= 0), die nicht zerfallen darf. 

3. «7-M}(C?) durch zwei windschiefe irrat. verkn. Geraden. 

4. M, mit zwei irrat. verkn. Doppelgeraden nebst Curven wie n. 1. 2. 3. 

Classe V. «* M,4(O*) mit gemeinsamem Beriihrungsknoten O und gemein- 
samer Tangentenebene in O nebst einer Basiscurve 12. O., Schnitt mit UM. 

In allen diesen Typen kénnen typische Untersysteme durch Hinzunahme ein- 
facher Basispunkte ausgeschieden werden, wo aber zu beachten ist, dass von 
n. 13 bis Ende der Classe I., dann in Classe II., in n. 4., 5., 9., 10. von Classe 
III. und in Classe IV kein rationaler Punkt unter den Basispunkten sein darf. 

Auch wird man das Entstehen gemeinsamer Untertypen* in zwei verschied- 
enen Typen der obigen Aufzihlung vermeiden kénnen, indem man die neuen 
Basispunkte frei im Raume wahlt (cf. auch die Anmerkung zu n. 2. der Classe I). 


§10.—Recapitulation unserer Methode. Das fundamentale Transversulentheorem 


fiir den Rg. 


Ueberblicken wir rasch nochmals den zuriickgelegten Weg. Wir mussten 
uns zunichst Sicherheit verschaffen tiber diejenigen »*-Systeme elliptischer Cur- 
ven, welche auf Flachen existiren kénnen, fanden diese entweder unicursal oder 
vom Kegelflachentypus, eruirten dann das Characteristische—nimlich die Trans- 


* Die Zerlegung in Mi (p=0) mit Trisecante entsteht auch als Untersystem von No. 2, wenn man 
einen weiteren Basispunkt nicht frei, sondern auf einer Trisecante der M/ von dort wahlt. 

{In der That wire der folgende Complex n. 11 aquivalent einem Complexe n. 8, wo aber C, einen 
rationalen Punkt enthielte. 


| 


Kantor: Die Typen der linearen Complexe elliptischer Curven im R,. 241 


versalzahlen—jener Systeme, welche auf Flachen rational distinct ausgeschnitten 
werden kénnen, setzten dann—oft nur summarisch—jene Characteristica fiir die 
typischen Systeme fest, machten dann nach §2 den Schluss, dass diese Transver- 
salzahlen (und transversalen Curvensysteme) auch auf den M}, welche Systeme 
elliptischer Curven von jenem Typus tragen, also auf jene typischen Flichen 
rational distinct abbildbar sind, wieder erscheinen miissen, hierauf jenen Schluss, 
dass sie auch in den eigentlichen und uneigentlichen Curvencomplexen wieder 
erscheinen miissen, machten dann nach §2 den weiteren Schluss, dass ausschneid- 
ende M}-Systeme existiren miissen, fiir die wir eben aus ihren Transversaleigen- 
schaften gegen die Mf’ den Rang 1 oder ihr Enthalten eines »*-Systemes vom 
Range 1 herleiten konnten, womit wir sofort auf den Typus gefiihrt werden. 

Das Problem im R, ist damit gelést, aber—und dies ist die Kraft der Trans- 
versalenmethode—mit einem Schlage auch das Problem im #&,. Hiezu bedarf es 
eines wichtigen Theoremes, das aus den bisherigen Discussionen extrahirt werden 
kann und nun ausgesprochen werden soll. 

Um die erhaltenen Typen arithmetisch zu characterisiren, miissten wir fiir 
jeden einzelnen die simmtlichen méglichen Transversalzahlen s und die Dimen- 
sionen der zugehérigen Transversalensysteme aufstellen. Aber fiir unseren 
Zweck ist hauptsichtlich ein System von Transversalen in’s Auge zu fassen. Im- 
plicite haben wir bereits fiir die M?- M}?-Typen davon Gebrauch gemacht, dass 
fiir die Curvencomplexe, zu denen sie fiihren, die Ebenen des 2, ein rational-dis- 
tinctes System bilden, wihrend fiir die My (Cy) ,-M)(C?)-Typen die 
M?(O), M?(C,) und M}(C,) als rational distinctes System verwendet werden. 
Wird nun von den Typen zu den fquivalenten Curvencomplexen iibergegangen, 
so bleiben diese Kigenschaften erhalten. Ja wir kénnen sogar aussprechen : 

TuHeoreM VIII.— Fiir die Curvencomplexe erzeugt von M,-Sysvemen vom monoid- 
alen Typus gibt es ein rational distinctes «»*-System rationaler Curven, von denen 
durch jeden Punkt des R, nur eine Curve geht und welche die erzeugenden ‘M, in 
nur einem Punkte treffen, aber ausserdem ein rational distinctes «*-M,-System 
Ranges 1, unter dessen gegenseitigen Schnittcurven jene enthalten sind. 

Fitr alle iibrigen uneigentlichen Complexe und fiir die eigentlichen Compleze, 
von denen ein erzeugendes M,-System den M}-, M}-, M}(C?)-Typus hat, gibt es ein 
rational distinctes «»*-M,-System vom Range 1, fiir die mit My (C?)-Typus ausser- 
dem ein rational distinctes ~*-M,-System vom lange 1, fiir die mit M} (C?)-Typus 
ausserdem ein rational distinctes »*-System vom Range 2, dagegen fiir die vom 
( O”)-Typus noch ein rat. dist. «°-M,-System vom Range 4. 


| 
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Bleibt noch zu beweisen, dass tir die drei M{(C?)-Systeme das System 
der »* Hbenen ein rational distinctes Transversalensystem ist. Hiezu muss man 
sich der bedienen, welche resp. oder das Geradenpaar enthalten. Das 
System, das die #, auf diesen ausschneiden, hat den Rang 2, die Dimension 3; die 
Systeme, welche die tibrigen «*-Systeme vom Range 1, die unter den «* M? 
gewihlt werden kénnen, ausschneiden, haben stets, wenn man ihnen den Rang 
2 verschafft, eine Dimension < 3. Nun sind jene MM? rational distinct fiir das 
M;-System, also sind auch die * R, ein rational distinctes System. 

Fiir ist §13. al. 8. heranzuziehen. 


§11.— Hinleitende Theoreme fiir die eigentlichen Complexe im R,. 


Uns beschiaftigt—bei eigentlichen Complexen—ein von J/,_,, die 
sich zu je zwei in den Curven des #”—“~"+*-Complexes schneiden. Sie 
erzeugen also durch den Schnitt von je r—2 »*—%@%—-"+® Blichen, auf denen 
je ein «“—**+*-System elliptischer Curven rational distinct enthalten sein wird. 
Diese Flichen werden von einem unserer Typen aus §§6, 7 sein und wir unter- 
scheiden danach ebenso viele Classen von «*-Complexen des f&,, entsprechend 
der Ebene, M? (C?), Mz (0*). 

Die M,, welche innerhalb der J,_,-Systeme erzeugt sind, sind, wie leicht zu 
sehen, unicursal. Denn nach §4 kénnen wir schliessen, dass es ein «‘-System von 
M,_, geben miisse, welches aus den J, die rational distincten *-J/,-Systeme aus- 
schneiden, deren das Theorem VIII Erwaihnung thut. Ist das rational distincte 
System ein homaloidales, so ist sogar die Complex-¥, rational distinct auf den , 
abbildbar. Uebrigens kann man auch das ‘System vom Range 2 beniitzen 
und beim 5. Typus das *-System vom Range 4, und es bedarf dann nur der 
Festsetzung eines Punktes oder Punktetripels auf R,, um ein System vom Range 
1 auf M, festzusetzen, also ist mit Zuhilfenahme jener Irrationalititen, welche 
durch das Schneiden mit einer Geraden eingefihrt sind, die M/,(1, 1)-deutig auf 
einen R; abbildbar. Lassen wir einstweilen die M;(0O*)-Classe bei Seite, die nur 
beim ’-M,_,-Systeme vorkommen kann. 

Wir haben dann vermége Theorem VIII. auf den erzeugten J, je ein rat. dist. 
«*-System, dasnun von einem rat. dist. o*-J/",-System ausgeschnitten sein muss. 
Combiniren wir mit diesem ein »’—*-System M/_, und setzen beide in collineare 
Beziehungen zu zwei #,_,-Systemen, resp. »? und »”~% in R/, so erhalten wir 
eine birat. Transf., so dass die M"_, gleichzeitig in solche iibergefiihrt werden, 
welche von den f,_, des »*-Systemes in einem rat. dist. Systeme vom Range 1 


Kantor: Die Typen der linearen Complexe elliptischer Curven im R,. 243 


geschnitten werden. Wird nun mittelst einer raumlich birationalen Transformation 
iibertragen, welche die Systeme vom Range 1 in den »’R,_, in die R,_y- 
Systeme in den #&,_; durch den festen R,_, des R} verwandelt, so erhalten wir 
das Resultat : 

TaeorEM [X.—Alle eigentlichen Complexe elliptischer Curven, die aus 
o"-M,_ ,-Systemen, u>r—1, erzeugt sind, sind réiumlich birational iibertragbar 
in solche, deren M;"_ , einen festen (n—1)-fachen R,_, besitzen, also Monoide mit 
R,,_ ,-Scheiteln sind. 

Die erzeugten Curven p=1 werden von diesem F,_, auf den &; in die 
Curven eines Complexes transformirt. Wir kénnen nun stets eine birationale 
Transformation einrichten, welche die R,_.; durch den R,_, wieder in #,_; durch 
den #,_, verwandelt und ausserdem den eben genannten Curvencomplex in 
seinen Typus. 

Somit entsteht ein System von &,_,-Monoiden, deren gegenseitige Schnitt- 
curven von #,_, aus in Curven eines unserer typischen Complexe des R, proji- 
cirt werden. 

Das Problem ist nun wieder so ungeformt, wie wir es in §6. aussprachen. 
Die Typen des §9 sind in die Abbildungen verschiedener Monoide zu situiren, 
und es ist zu fragen, durch welche Situirungen verschiedene Transversalzahlen des 
Complexes im &, erreicht werden kénnen. 

Ks bleibt noch der Beweis fiir die in das Theorem [X mit aufgenommene 
Classe der M{(O*). Das System der ebenen Schnitte ist nun allerdings auf der 
einzelnen JM} nicht rational distinct fiir das »*-System der C,p=1. Ist aber 
einmal die Curve 12. O. Schnitt mit M? hinzugenommen, welche Basiscurve der 
Mf des »*-Systemes ist, dann ist fiir das ganze »*-System von J dennoch das 
System der »* #, ein rational distinctes Transversalensystem. Wenn also ein 
bestimmtes »’-System J/,_, im vorliegt, dessen Schnitt-1/, den M}(0O*)-Typus 
haben, so werden die J/, nothwendig, da sie ja nach Hinleitung dieses § unicursal 
sind, ein fiir das rational distincte *-M,-System in ihnen, also auch fiir sie selbst 
rational distinctes «*-J/,-System vom Range 1 tragen. Damit haben wir den- 
selben Ausgangspunkt wie vorhin fiir die anderen Classen gewonnen und schliessen 
wieder wie fiir die anderen Classen. 

Auch hier kann stets birational so transformirt werden, dass die Projection 
des Complexes von #,_, aus auf den R; der Typus im R, wird. 

Was nun zuerst die Classe I. aus §9 betrifft, so haben wir diesfalls sogar auf 
den J, ein rat. dist. System vom Range 1; es existiren also »” M,_,, welche die 
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M, des Complexes in einzelnen Punkten schneiden. Gehen wir genau so vor, 
wie vorhin, so erhalten wir: 

THEOREM X.—Alle eigentlichen Complexe von Curven p=1 im R,, deren M, 
vom Ebenentypus sind, sind in rational distincter Weise réumlich birational solchen 
Complexen dquivalent, welche innerhalb eines Systemes von f,_3-Monoiden erzeugt 
sind. 

Bemerken wir, dass wir im R, Systeme von M?, M?, Mf als Typen haben 
und Systeme von M?, Mf nur bei der Classe J. und nur bei Geltendmachung irra- 
tionaler Verkniipfungen unter gewissen Geradengruppen. Wir kénnen nun in 
der Abbildung die J/?-Systeme schon bei M?_,-, die M?-Systeme schon bei J/7_,-, 
die M;-Systeme schon bei J/?_,-Systemen zu vollstandigen Schnitten erginzen. 

Hiezu ist es niitzlich, tiber die Abbildung der M?_, (R,_;), M?_, (R?_,), 

(R3_;), MAL, (}_,) einiges vorauszuschicken. 


1. Abbildung der M?_, (,_;) auf den R?_, geschieht durch Projection aus 
einem Punkte Odes R,_;. Bild des O wird ein R,_,=Q, welcher durch den 
Schnitt-R,_, des R,_, mit R?_, geht. Jeder R,_, durch den &,_, schneidet 
M?_, in einem #,_,, der den ersten in F,_, trifft. Dieser gibt es «?, die also 
einen /,_, gemeinsam haben. M?_, enthilt diesen R,_, zweifach, ist also ein 
R,_ «Kegel. Bilder der Schnitte von mit allen R,_, des R,sind durch 
eine feste M?_, in Q, die O, heissen soll. O, enthalt den Ri_, einfach. Bilder 
der Schnitte von M/?_, mit M?_, durch O sind M}_, (O,). Diese MM3_, besitzen 
also im R,_, eine Doppel-J/?_,, welche aber variabel ist. Bilder der Schnitte 
mit M@?_, durch R,_, sind M}_,-(R%_,)*, welche O, einfach enthalten. Wenn 
diese M?_, in O die gegebene M?_, berihren, so haben die Schnitte zu Bildern 
M?_, (R,_,), welche O, nicht enthalten und also O, ausser im #,_, noch in 
einer M3_, schneiden. Wenn diese M?_,(R,_,) die Q lings des beriihren, 
so tritt das in n. 1 der Aufstellung des Theoremes X. beschriebene Verhalten ein. 


2. Abbildung der M?_,(R?_;) auf den R?_, geschieht durch Projection aus 
einem Punkte O des R,_;. Bild des O wird eine M?_, = Q, welche durch den 
Schnitt-R,_, des R?_, mit doppelt geht.—Jeder R,_, durch den R,_, 
schneidet /3_, in einem #,_;, der den ersten im R,_, trifft. Dieser gibt es «’, 
die also einen #,_, gemeinsam haben, der fiir J/?_, dreifach ist, also ist M3_, 
von r=6 ab im R,_,-Kegel. Im linearen J/3_,-Systeme variirt der Scheitel 
R,_,.—Bilder der Schnitte von M3_, mit allen R,_, des R, sind M3_, durch eine 


Kantor: Die Typen der linearen Complexe elliptischer Curven im R,. 245 


feste J7'_, in Q, die O, heisse. O, enthilt R,_, 4-fach und ist der Schnitt der 
von O aus in die M/°_,gehen den Geraden auf dem R?_,. Bilder der Schnitte mit 
sind M?_, durch 03, der Schnitte mit J/3_,(0*) sind durch O, und 
mit #3_,, der Schnitte mit M3_,(R?_;), sind M>.(R*_,) durch O,, der 
Schnitte mit M}_, welche in O berihren, sind J/3_,(R?_,), welche 
O,, nicht enthalten miissen. Der Ausdruck, ‘‘beriihren in O” bedeutet, dass 
beide in O dieselben gestatten, in denen die Schnittcurve in O 
eine Spitze besitzt. Die Spitzentangenten schneiden auf 0; zu ihnen gehéren 
specieller Weise die Geraden von O, welche in O, schneiden. Jede Ebene durch 
O schneidet die beiden M?_, in zwei 1/°(O”) mit tibereinstimmenden Doppel- 
punktstangenten. 

Im Allgemeinen gibt es fiir die beiden M?_,(R?_,;) einen biquadratischen 
Kegel von gemeinsamen Tangenten—f,_, durch R,_;. Wenn aber die 
M}_,(R?_ ,)—die Schnittbilder—die Q langs des R,_, beriihren, dann reducirt 
sich der biquadratische Kegel auf einen doppelt gezihlten quadratischen. Um eine 
Vorstellung von diesem Verhalten zu geben, will ich die 1? (Rj) des R, auf die 
Ebene abbilden. Die Schnitte mit anderen J/} (Rj) bilden sich als MP (2?) ab und 
wenn sich die zwei Bildgeraden von O absondern, noch durch M? (#j). Diese sind 
Bilder von M}, welche O enthalten und #, noch zweimal variabel und, wenn die 
M? (Rj) feste Doppelpunktstangenten hat, mit festen Tangentenebenen durch R, 
treffen und aber, wenn MM}? (J?j) jene zwei Bildgeraden beriihren, diese variabeln 
Schnittpunkte mit 2; in O selbst hineinziehen. Ls fallen also von den 4 durch 
FR, gehenden Tangentenebenen der Schnittcurve WP je zwei in eine zusammen, 
namlich in die beiden Tangentenebenen des Punktes O. So ist es also—mit 
entsprechender Aenderung der Dimension—zu verstehen, wenn im §12 in der 
Aufzihlung steht: ‘‘mit einem doppelt gezaihlten quadratischen Kegel gemein- 
samer Beriihrungs-/,_, .” 


3. Abbildung der Mi_,(R3_,) auf den R?_, geschieht wieder durch Projec- 
tion aus einem Punkte O der R,_,: Bild von O wird eine M?_,(Ri_;2=Q, 
wo f,_, der Schnitt des R,_, mit R?_, ist. Jeder R,_; durch den R,_, 
schneidet M?_, in einem #,_,, der den ersten in einem R,_, trifft. Dieser gibt 
es », die also einem R,_, gemeinsam haben, der fiir M*_, einfach ist, also ist 
vonr=8 ab ein R,_,-Kegel. Im linearen M#_,-Systeme variirt aber 
dieser Scheitel F,_,. 

Bilder der Schnitte von mit allen R,_, des sind M3_,(#?_,) durch 
eine feste UM, , in Q, die wieder O, heisse. O, enthalt R,_, 9-fach und ist der 
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Schnitt der von O aus in die M{_, gehenden Geraden auf dem #?_,. Bilder 
der Schnitte mit M/{_, sind durch Of, der Schnitt mit , (0%) sind M,"_, 
durch O, und mit #3_,, mit M/f_,(J23_,) sind M7_,(R%_,) durch O, und wenn 
in O Beriihrung stattfinden soll, also die Tangentenebenen der beiden J/,*,, in O 
iibereinstimmen sollen, werden die Schnittbilder M'_,(R?_,;) sein. Zwei solche 
M4_, werden von jeder Ebene durch O in zwei Curven J‘ (0%) geschnitten, die 
im dreifachen Punkte iibereinstimmende Tangenten besitzen. Wenn aber die 
letzterwihnten die Q lings des &,_, beriihren, so tritt ein ahnliches Ver- 
halten wie bei M?_,(?_,) ein und die Beschreibung in Classe [V und V des 


§12 ist daher in derselben Weise durch die Abbildung zu commentiren. 


§12.— Ueber die Aufstellung der Typen im R, nach meiner Methode des §4. 


M?_,. Gehen wir zunichst zum &, tiber und suchen ein vollstindiges 
Schnittsystem von M} (2,) zu ergiinzen, ausgehend von einem typischen Complexe 
des §9. Nur die Systeme von JJ? lassen sich derart situiren und hierzu muss Q 
doppelt abgerechnet werden, was auf M/}(£,) fiihrt, die sich in einem Punkte 0, 
von (2,) beriihren. Von hier zum &, tibergehend verlegen wir diesen Punkt O, 
des Bildsystemes auf O,,, lassen die feste Berithrungsebene mit der von O, coin- 
cidiren und verlegen auch den festen Punkt O aus dem R, her auf O,, und kénnen 
nicht O gleichzeitig in eine Gerade aus O verlegen, da sonst eine Gerade sich von 
den Schnittcurven absondern wiirde. Setzen wir so weiter bis zum R#, fort, so 
erhalten wir die in n. 1, Classe I. hier folgend beschriebene Beriihrung. 

M3_,. Indem wieder mit &, begonnen werde, versuchen wir, ein System 
von JM} (Rj) herzustellen, dessen einzelne Mj} durch die Abbildung n. 2 aus §11 
den Typus 2. der Classe I. aus §9 liefere. Von den JM) () kénnen wir die 
des Typus § 9 absondern und es bleibt als Erginzung (2). Da die 
M?} des genannten Typus nicht durch O, hindurch gehen kénnen, so muss Q selbst 
als Erginzung genommen werden. Nehmen wir iberdies den festen Osculations- 
kegel des Typus als mit dem Kegel © tibereinstimmend, so handelt es sich nun, 
die Lage des J} (Rj)-Systemes im £, zu definiren, dessen Schnitte mit der gege- 
benen JM; deren Typus als Bild liefern. Wirsahen aber in der Abbildung n. 2., 
dass in diesem Falle der sonst biquadratische Kegel der gemeinsamen Tangentene- 
benen um #2, in einen doppelt gezihlten quadratischen ausartet. Da nun der Oscu- 
lationskegel von © in &,stets auch im f,, .... bis &, quadratisch ist, so kénnen 
wir stets den Osculationskegel aus dem Typus im R,_, mit dem von Q zusam- 
menfallen lassen und erhalten stets einen Typus gleicher Art, 
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Den Typen 3. bis 7. der Classe entsprechende Typen finden wir im R, bis F, 
dadurch—ebenso wie wir sie im R, entdeckten—dass wir die J/?_,, durch welche 
wir die J/?_, zum vollstandigen Schnittbilde 1/°_, erginzen miissen, einmal mit 
Q zusammenfallen lassen, wo es dann noch fiir die Transversalzahlen im R,, also 
fir die Méglichkeit, eine birationale Aequivalenz wie in §4 einzurichten, also 
auch fiir die Natur des Complexes indifferent ist, ob wir die Basis des Bildcom- 
plexes in die © verlegen oder frei im F, lassen, ein anderes Mal aber die Ergiinz- 
ungs-M?_, von Q verschieden nehmen, zu diesem Zwecke aber die Basis des Bild- 
complexes im &,_, auf Q selbst und zwar gerade als Bestandtheil von O,, wihlen 
miissen, damit der fiir die vollstandigen Schnitte geforderte Durchgang durch O, 
geleistet sei. Durch den restlichen Theil von O, geht die Erginzungs M?_., der 
als Bild denn auf M/?_, im &, eine Original-M,_., entspricht, welche eben in den 
Fallen n. 4 bis 7. beziiglich eine Mt_., MP_,, ist. Ebenso verhilt 
es sich mit den iibrigen Typen der Classe I. aus $9. 

Bei der Classe III. tritt von #, angefangen eine grosse Verschiedenheit 
gegeniiber dem R, auf, die ihren Ursprung wiederum in der Erginzungsmannig- 
faltigkeit zu dem den Bildcomplex erzeugenden Systeme hat und die ich erliut- 
ern muss. Wir haben es im R, mit 1/}(£>) zu thun. In Abbildung n. 3. aus $18 
haben wir als O, eine Curve Mj p=4 und miissen im Bild-R, die Complexe der 
Classe III. aus §9 situiren. Der erste hat die Basis I/° p= 2; es ist auch that- 
sichlich méglich, eine M; zu construiren, wo O, sich in C; p= 2 und eine Trise- 
cante spaltet. Durch diese Gerade wird die Ergiinzungs-M? hindurchgehen miis- 
sen und wir kénnen sie nun 1. mit © coincidiren lassen oder sie 2. davon 
verschieden nehmen, sodass zwei verschiedene Complexe im RF, entstehen : 

1. M}(R5) mit fester Osculation im , und einem im Osculationskegel 
enthaltenen (R3). 

2. M; (R?) mit einer Basis-M)(,). 

Gehen wir nun von n. 1. zu &, tiber, so werden wir im Bild-R, diese M3 (2) 
so verlegen, dass der Doppelpunkt mit #, coincidirt und dass ausserdem der 
Osculationskegel den wir oben eruirt haben, mit dem Osculationskegel von Q, 
welche noch Abbildung 2. des §11 M? (2) ist, coincidirt. Wir bekommen so von 
R, bis R, stets nur denselben Typus (bis auf die Dimension). Gehen wir aber 
von n. 2. ab weiter, so haben wir, da dieser Typus bis auf die Dimension genau 
mit n. 1 der Classe III. im #, iibereinstimmt, allerdings neuerdings die Méglich- 
keit zweier Situirungen. Aber die eine derselben liefert immer wieder nur den 
oben gefundenen Typus, die andere eben den dem 2. im F, entsprechenden 
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Typus. So verhalt es sich beinahe mit jedem Typus der Classe III. und wir 
haben vom &, ab die doppelte Anzahl Typen jener im #,, mit Ausnahme nur 
des Typus mit 3 Geraden. Denn dann ist der Rest von O, wieder ein wind- 
schiefes Geradentripel, und da die Erginzung dieses enthalten muss, fallt sie noth- 
wendig mit Q zusammen. 

Classe III liefert aber noch eine weitere neue Besonderheit gegentiber dem 
R,. Némlich die in R, scheinbar nebensichlichen Degenerationen der Basis- 
curven fiihren hier dadurch, dass man nur einen Theil derselben in die O, ein- 
gehen lasst, den anderen ausserhalb nimmt, zur Méglichkeit, neue Erginzungs-M/, 
verschieden von Q zu verwenden. So sind einige im &, neue Typen der Classe 
III entstanden. 

Classe IV. bietet gegen Classe III. einige Higenthiimlichkeiten. Gemiss 
Abbildung n. 3. aus §11 haben wir fiir 2, die M{(C?) des Bild-R,; zu erginzen 
zu Mj. Dies kann in zwei Arten geschehen. Wir verlegen C, und resp. 
M}, M?, M+ M} in Q, indem wir sie sogar als Bestandtheil von O, wihlen, 
welche der Schnitt 12. O. einer M? und einer M? sein muss. An einer Hilfsab- 
bildung von M? erprobt man, dass der Resttheil, der von O, nach Wegnahme 
von (C,+M)}+ M bleibt, nicht mehr das Hindurchgehen einer zweiten J} 
gestattet. Nach Wegnahme von (, + M;} oder C, + M} bleibt dagegen M/? oder 
Mj, durch welche ausser Q eine zweite M} als die nothwendige Ergiinzungsfliche 
gehen kann. Da die Bild-M?} die C, doppelt enthalten, miissen wir einen Kegel 
M? (O*) hinzufiigen,* der C, enthalt, und aus der Ergiinzung entsteht resp. eine 
Mf oder M’(O*), welche die Higenschaft besitzt, in einer zu sein. Fiir 
Q als Erginzung entsteht dagegen der feste Osculationskegel in O und ein 
Beriihrungskegel J//(O*) selbst ‘M,*(O*) oder JM} (0%) oder M/(O) + (O)', 
welche alle in Osculationskegel enthalten sind. 

Weitergehend zum &, haben wir also im Bildraume 72? einen der beiden im 
Ff, enthaltenen typischen Complexe zu situiren. Fir die drei Typen mit festem 
Osculationskegel lassen wir iiberdies die drei Basiskegel MM? + (2) oder 
M? (Ro) -+ MP oder M? (Rj) + + Ry) in die O,, welche jetzt eine 
(fj) Schnitt vom Q= und ist, als Theile eingehen. In Folge davon 
wird der Osculationskegel aller Bild M, nothwendiy durch diese Basiskegel 
hindurchgehen und nichts hindert, ihn mit dem Osculationskegel Q selbst coin- 


* Dieses Verfahren driickt sich arithmetisch durch die Thatsache aus, dass man fiir einen Punkt A, 
der a-fach gezihlt ist, den Singularititencomplex n=0,—a,0....0, wo die letzten Nullen sich auf 
die etwa weiter vorhandenen Grundpunkte beziehen. Cf. meine Arbeit in Cr. J., CXIV. 
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cidiren zu lassen. Wir bekommen damit die in n. 3. des §11 erwahnte Beriihr- 
ungsart, wenn wir © als Ergiinzung nehmen. Aber wie im &, bekommen wir 
aus den beiden ersten die Moéglichkeit, die Erginzungs-J/? durch den Resttheil 
von OQ, verschieden von © situiren. Diese liefert dann im FR, einen Typus, wo 
nur der der C, entstammende M?-Kegel erscheint und ausserdem eine M} (R,) 
oder (f,). 

Ks bleiben noch zwei Bilder zu verwenden, die beiden letzten Typen aus 
dem &, Da dort die Basis-MS,-MP in einer M? enthalten waren, kénnen 
wir sie in O, als Theile eingehen lassen. Dagegen ist es nicht mdéglich, gleich- 
zeitig den M?-Kegel in dieselbe O, mit aufzunehmen, aber wir kénnen ihn so 
situiren, das ihm auf den J/; des #2, nicht ein Kegel 4. O., sondern nur ein Kegel 
2. O. entspricht (Typen n. 6., 7. der Classe [V). Die Ergiinzungs-M/} durch die 
restlichen Mf, Mj liefert im R, wieder J/$, M$ derselben Art bis auf die Di- 
mension und so entsteht also eine ganze Reihe von Typen bis zum &,, welche in 
der Tafel unter Cl. [V erscheint. 

Wird aber mit jenen zwei letzten Bildern aus dem Ff, doch noch die 
Erginzungs-M} mit Q identisch gemacht, so entsteht zuniichst im R, ein System 
von M} mit fester Osculation nicht nur in O sondern so, dass die gemeinsamen 
Tangentenebenen einen doppelt gezihlten quadratischen Kegel bilden, und einen 
gemeinsamen Kegel M/?, MP? und ausserdem wiederum dem Basiskegel 2. O. M?. 
Setzt man von diesem Typus im Bild-R; angefangen dieses Verfahren bis zum 
f, fort, soerhilt man immer wieder einen Typus derselben Art oder einen Typus 
der schon vorhin erhaltenen beiden Arten. 

Indem ich nun die soeben in einzelnen Fallen angedeutete Anwendung 
meiner Methode durchgefiihrt denke, erhalte ich folgendes Theorem, das ich 
jedoch mit dem Vorbehalte hier ausspreche, dass sich beispiterer Discussion eine 
Subdivision der Typen herausstellen kénne. 

THEOREM XI.— Alle eigentlichen Complexe elliptischer Curven im R,, welche 
durch «“-M, _,-Systeme, u>r— 1, erzeugt sind, kinnen in rational distincter Art 
réumlich birational dquivalent einem der folgenden Typen gemacht werden : 

Classe I. 1. welche einen rational distincten gemeinsam 
haben, und mit einem doppelt zu zahlenden &,_,; von gemeinsamen Beriihr- 
ungs-f,_. durch einen f,_,im &,_, nebst ausserdem einer Anzahl einfacher 
Basispunkte, die frei im #, gewahlt werden kénnen. 

2. , welche lings dieses #,_,; gemeinsame Tan- 
genten-R,_, in einem doppelt gezihlten quadratischen Kegel besitzen und aus- 
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serdem a=0,1,..-. 6 gemeinsame Punkte, die verschiedentlich irrational 
verknipft sein kénnen. 

3. w' tt? mit gemeinsamer 

4, M3 mit gemeinsamer (1? _;). 

5. t® mit gemeinsamer (J?? _ 3). 

6. mit gemeinsamer M°_, (J?! 

7. mit gemeinsamem Tangentenkegel wie in n. 2. mit 6 
einfachen freien Punkten, welche irrational verkniipft sind und nicht in einem 
quadratischen Kegel mit &,_, als Scheitel enthalten sind. 

8. tIM? ,(2?_,) mit derselben Berithrung umden wie in n. 2. und 
mit mehr als zwei einfachen Punkten, unter denen aber auch Tripel, die mit 
R,_, in einem /,_, sind, oder Berithrungen vorhanden sein kénnen. 

9. ,(R2_,) mit gemeinsamem Osculationsraume /?,_, durch den 


R._. und einer gemeinsamen M?3_.(R?_ die aber nicht in jenem R._ 
3 2 r—3/)) 1 


enthalten sind. 

10. mit zwei die in zwei #,_, durch 
enthalten sind und deren QOsculationskegel in einen und denselben doppelt 
gezihiten 2, ausgeartet ist. 

11. mit gemeinsamer (2 _.,). 

12. mit gemeinsamer 

(Hieher gehort das ”~!-System (22,3_ 3) mit gemeinsamer , (/?}°_,)]. 

13. ow” t4M?_, (?_,) mit zwei irrational verkniipften durch 2,_, und 
einem #,_,, der nicht durch den R,_, geht. 

14, ,(R?_,) mit zwei durch und 

15, ,(R3_,) mit der zu n. 2. analogen Beriihrung um #,_, lings 
eines doppelt gezithlten cubischen Kegels und mit Beriihrung lings zweier /?,_ , 
darunter. 

16. ,(R3_,) wie 15. nebst fester (2?,_;). 

17. wie 15. nebst fester M>_,(R3_;,) und irrationaler 
Verkniipfung der R,_». 

18. mit zwei irrational verkniipften R,_, durch R,_, und 

19. mit zwei R,_, durch R,_, und M7_,(Rt_,). 


* Diese M3_, sind jedoch sehr specieller, niher zu beschreibender Natur. 


20. M*_,(R3_;) mit zwei R,_, durch und M?_,(R5_,). 
| 
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21. w"*?M*_,(23_;) mit 5 irrational verkniipften R,_, durch den R,_, 
und 

22. ow” t?M>_,(#4_3) mit der zu n. 2. analogen Beriihrung um R,_., lings 
eines doppelt gezihlten biquadratischen Kegels und 5 irrational verkniipften 
R,_. durch den 5. 

23. ow” mit und Beriithrung lings dreier, Oscula- 
tion lings zweier je irrational verkniipfien durch den R,_ 3. 

24. wo” mit J7'.,(2}_,) und 5 irrational verkniipften R,_, 
durch den &,._ 

25. mit M3_,(R,_;) und mit R,_, wie in 24. 

26. wo” t 4S mit R,_, wie in 24. 

Classe IIT. «“M?_, mit Berithrung wie in Classe I. n. 1. aber ohne den 
gemeinsamen /?,_, und Gruppen gemeinsamer Punkte, unter denen aber keiner 
rational gegeben sein darf. 

Classe ITT, 1, »"**M3_, (2?_,4) mit gemeinsamem Tangenten-R, _ ,-Kegel 
welcher ein doppelt gezithlter quadratischer ist, und einem unter diesem enthal- 
tenen Kegel (A?_,). 

2. wo mit einer Basis M>_,(R?_,). 

3. w tt? ,(Ri_,) mit Beriihrung wie in n. 1. und einem Basiskegel 


M‘_,(R4_,)p=0, 2 Art. 
4, mit einer Basis-M}_, (2?_,), p=0, 2. Art. 
5. of t4M3_,(222_,) mit Berihrung wie in n. 1. und drei gemeinsamen 


durch den ,. 
6. ow” +33 ,(R?_,) mit Berithrung wie in n. 1. und gemeinsamen Kegel 


M?_,(R?_,), gemeinsamen /,_,(/?,_,), der jenen nicht anormal schneidet und 
Beriihrung lings gemeinsamem durch 4. 

7, w»"* 33 ,(R?_,) mit Beriihrung wie in n. 1. und gemeinsamem Kegel 
Mi_,(k*_,) p= 1 und Berihrung langs gemeinsamem durch R, _,. 

8. M3_,(22_,)-Systeme mit Beriihrung wie in n. 1. und gemeinsamen 
Berithrungs-/, in 2, 3, 4 irrational verkniipften freien Punkten der R,. 

9. Degenerationen, welche aus n. 1. durch Zerfallen der M?_, in M}_, mit 
R,_», oder 
10. in zwei irrational verkniipfte M?_, und einen beide anormal schneid- 


r— 


ende oder 
11. eine in einem R,_,(R,_,) enthaltene M?_, und eine in einer M?_, 


schneidende M?_, entstehen, jedoch mit dem Vorbehalte, dass man auf keiner 
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dieser Mannigfaltigkeiten einen rationalen Punkt kenne. Bei 11. muss der Tan- 
gentenkegel um den #,_, in zwei /?,_, zerfallen. 

12. Degeneration, welche aus n. 3. durch Zerfallen von J/3_, in zwei sich in 
einem #,_, schneidende M?_, entsteht. 

13. Degeneration von n. 6., wo J/?_, in ein rational verkniipftes R,_,-Paar 
zerfallt. 

14, Degeneration von n. 7., wo in zwei irrational verkniipfte J/?_, 
oder ein irrational verkniipftes Quadrupel von ?,_., die aber keinen gemein- 
samen /?,._, bestimmen, zerfillt. 

15. ,(R?_,) mit R,, M?_, und gemeinsamen Beriihrung-/, in 
einem freien Punkte des /, (parallel mit n. 6). 

16. mit zwei sich in einem schneidenden Variatiten 
M?, (parallel mit n. 10). 

17, mit Mt_,(R?_,) mit einer diese zweimal schneidenden 
Geraden. 

18. System wie n. 17., ausser dass jene in zwei M?_.,(R,_,) zerfallt 
(parallel mit 10.). 

19. mit gemeinsamem Tangenten-#,_, in einem 
um den #2,_, und im R,_, einer festen J/?_, und ausserhalb des R,_, einer 
festen M?_.(R?_,). 

Classe IV. 1. mit gemeinsamer Berihrung lings eines 
doppelt gezihlten cubischen Kegels um den f,_, und mit einer Basis- 
M}_,(Rt_,) p=1, die nicht zerfallen darf, und welche aus Tangenten-R,_, um 
den besteht, nebst Berithrung langs einer Basis-/?_, (22? _.,). 

2, mit Berthrung wie in n. 1. und einer Basis- 
=0, die nicht zerfallen darf, und mit Berihrung lings einer 
Basis-M/?_, _ 4). 

3. ,) mit Berithrung wie in n. 1. und zwei Basis-R, _, _ ,), 
die sich nicht normal schneiden, und mit Beriihrung lings einer Basis- 

4, Mi_,(R3_,) mit gemeinsamer J/?_,(/?7_,) und einer Basis- 


(Re _ 4) 
5, ,(R3_,) mit gemeinsamer M?_,(H?_,) und einer Basis- 


r—4 
6. ,(R3_,) mit Berithrung wie in n. 1., einer Basis-J/°_, und 


einer gemeinsamen 


i 
j 
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7, Mt (23_,) mit Berihrung wie in n. 1., mit einer Basis-MS_, und 
einer gemeinsamen J/?. 

8. Degenerationen, welche aus n. 1-7. entstehen, indem die vorkommenden 
quadratischen Kegel in rational verkniipfte Paare linearer Raume zerfallen. 

Classe V. «’M;_,(R3_,) mit einer Selbstberiithrung in einem R,_, und 
einem gemeinsamen Basiskegel M,_, 12. Ordnung. 

Hiezu kommen typische Untersysteme, welche aus den vorhergehenden 
durch Festsetzung gemeinsamer einfacher freier Punkte des FR, entstehen, wobei 
aber zu beachten ist, dass, um irreductible Systeme zu erhalten, unter diesen 
Punktgruppen in Classe I. von 13. bis 25., in Classe II und in Classe IV. kein 
einziger rational gegebener Punkt sein darf. Ob noch weitere Hinschrankungen 
zu machen sind, kann ich derzeit nicht entscheiden, da hiezu eine Discussion aller 
verwendbaren Raumtranspositionen néthig wire. 


§13.—Dte uneigentlichen Complexe elliptischer Curven im 


Jeden linearen Complex von der Art der in dieser Arbeit untersuchten, also 
in Bezug auf Dimension vollstindigen, sei er eigentlich oder uneigentlich, kén- 
nen wir durch r—1 lineare M,_,-Systeme von verschiedenen oder gleichen 
Dimensionen erzeugen.* Von diesen erzeugen r—2 einen vollen M,-Complex. 
Wahlen wir sie so, dass das (r—1). System eine Dimension >1 hat, was 
moglich sein wird, da, wenn alle »—1M,_,-Systeme gleiche Dimension 
1 hatten, der Complex eigentlich wire und durch ein einziges M,_,-System 
erzeugt werden kénnte, so wird auf jeder J/, des genannten Complexes ein min- 
destens «*-System vorhanden sein; also werden die M, abbildbar sein; ja, da 
der Complex rational distinct gegeben ist, werden diese Curvensysteme auf den 
MM, rational distinct und die M, werden von einem der Typen des Theoremes VII. 
sein. Nur wenn JM, den Kegelflichentypus hatte, miissten wir zuerst bedenken, 
dass die simmtlichen Schaaren rationaler Curven in einem einzigen ”’~'-Sys- 
teme enthalten sein miissen, wo von wir auf das Strahlbiindel und damit auf den 
Typus des §3 kommen. Setzen wir also voraus, dass es nicht mdglich sei, r — 2 
unter den r—1 Systemen so auszuwihlen, dass sie M, vom Kegelflachentypus 
erzeugen. 

Dann wihlen wir 7 — 3 unter den Systemen. Sie erzeugen einen M/,-Com- 
plex und diese MM, werden nach den in §11 gemachten Schlusse wieder unicursal 


* American Journal of Mathematics, vol. XXIII, p. 1. 


33 
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sein, werden also wegen des Complexes elliptischer Curven, den sie enthalten, 
ein rational-distinctes J/,-System vom Range 1 tragen, das dann aus allen simul- 
tan durch ein M,_,-System ausgeschnitten werden muss. Indem wir aus den 
7 — 3 Systemen durch Festzetzung rational distincter Punkte Untersysteme aus- 
wihlen, kénnen wir wie in §11 auf jenes «*M,_,-System eine birationale Trans- 
formation griinden, die es in ein »*-System von /,_, iiberfiihrt und weiterhin 
die r — 3.M,_,-Systeme in _ ,-Monoide (wie in §11). 

TurorEM XII.—Jeder uneigentliche Complex elliptischer Curven des 
dessen erzeugte M, nicht den Kegelflichentypus haben, ist in rational distincter Weise 
riumlich birational dquivalent einem Complexe von Curven, welche als Schnaitt von 
r — 3 Systemen von R,_ .-Monoiden und zwei Systemen von R,_.-Kegeln erzeugt 
wird, welche simmtlich denselben Scheitel-R,_, haben. Die beiden Kegelsysteme 
bestimmen sich gemdss den beiden erzeugenden M,-Systemen vm Rs. 

Wir k6énnen endlich aus allen bisher erhaltenen Resultaten die wichtige 
Folgerung ziehen : 

XIII.—Fiir jeden eigentlichen oder uneigentlichen linearen Complex 
elliptischer Curven im R,, ausgenommen den eigentlichen »’—'-Complex, lasst sich 
in rational distincter Weise ein lineares »*-System Transversal-M,_,, das den Rang 


1 hat, angeben. 


§14.—Die M, im L,, welche elliptische ebene Schnittcurven haben. 


Nachdem ich bereits im American Journal, vol. XXIII das Theorem von 
Picard iiber die Flichen mit rationalen ebenen Schnittcurven auf den 
verallgemeinert habe, kann ich nun aus §§12 und 13 eine ahnliche Folgerung 
fiir die M; mit elliptischen ebenen Schnitten ziehen. 

Wie in §3 kann mit Hilfe derjenigen Schnittcurven, welche in den Tangent- 
enraumen, also rational sind und welche iiberdies ihre Doppelpunkte lings einer 
solchen rationalen ebenen Curve, dann einer unicursalen M, etc. besitzen, be- 
wiesen werden, dass die JM, abbildbar ist, sofern nicht die Tangenten-f,_, o! 
lineare Systeme bilden, welche «!-Reihe dann elliptisch sein muss. 

Ist nun die JM, einmal unicursal, also abbildbar auf den /2;, dann muss das 
Abbildungssystem eines der in §§11, 12 kennen gelernten M,_,-Systeme des R. 
sein, das Bild der ebenen Schnittcurven muss einer jener typischen Complexe, 
sein, da eine birationale Uminderung des Abbildungssystemes gestattet ist. 
Diese M;_,-Systeme belehren nun dariiber, dass auf den J, ein lineares System 


| 
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von #;_, bestehen muss, entsprechend den /;_,, welche durch den Scheitel der 
4-Monoide der Abbildung gehen. Daher: 

THEOREM XIV.—Jede M, im R,, welche durchaus elliptische ebene Schnittcurven 
besitzt, erhdlt entweder «1 R;_,, welche eine elliptische Reihe bilden, oder ~* R;_ >, 
oder «* R;_ 5, welche je eine unicursale Reihe bilden, deren Beschaffenheit aus 


Theorem X. abzulesen ist. 


Ap noTtaM.—In Ergiinzung meiner chronologischen Feststellungen, die ich in 
der Fussnote zu pag. 1 gemacht habe, will ich hier angeben, welche Fortschritte 
meine Arbeit auch fiir den #3, auf den F. Enriques sich tiberhaupt beschrankt, 
gegeniiber der Enriques’schen Arbeit in Math. Ann., Bd. XLVI. leistet. 

Hnriques gesteht selbst ein, dass ihm die Behandlung des Problemes im FR, 
mittelst einer directen Methode zu schwierig war und beniitzt dazu den 2, gemiss 
einer von Riemann-Clifford-Veronese ausgebildeten Methode. Hs sagt auf pag. 
100: “Non potevo qui trarre grandi ajuti dalla teoria delle trasformazioni .... ; 
era dunque naturale che cercassi un ausilio nello studio projettivo delle varieta 
di 3 dimensioni a curve sezioni iperellittiche.” 

Nun ich erledige das Problem mittelst einer directen Methode, nimlich mit- 
telst des von mir zuerst im American Journal, vol. XXIII ausgebildeten Trans- 
versalenprincipes. Wie ich schon daselbst erwihnt habe, ist der Character 
meiner Methode geradezu entgegengesetzt dem des italienischen Verfassers, 
insofern meine vom niederen zum hdheren Raume fortschreitet, jener aber vom 
hoheren in den niederen Raum herunter steigt. 

Kin zweiter Fortschritt ist der, dass ich auch die «’-Systeme, also im J, die 
#*-Systeme zu erledigen im Stande bin. Win dritter Fortschritt ist, dass ich die 
Typen nicht nur gegeniiber der alteren Auffassung sondern auch gegeniiber deren 
von mir zum ersten Male zur Geltung gebrachten Principe der durchgehenden 
Vermeidung alles Irrationalen aufstelle. Ein vierter Fortschritt, der meiner 
Methode inhirent ist, ist die in meiner Typentafel hervortretende ganz natiirliche 
Nintheilung der eigentlichen Complexe in V Classen, wihrend Enriques seine 
Typen im &, ganz péle-méle gibt, wie sie eben bei seiner Methode erscheinen. 

Der bedeutendste (fiinfte) Fortschritt aber ist der, dass Enriques tiber- 
haupt die von mir als uneigentlich bezeichneten Complexe nicht untersucht, 
wihrend ich auch fiir sie die Typen angebe. Aber gerade die uneigentlichen 
Complexe sind fiir die Theorie der Transformationsgruppen die wichtigsten. 

Auch erscheint es mir sechstens nothwendig, bei einigen Typen nicht bloss 
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anzugeben, dass die Basiscurven zerfallen kénnen, sondern auch welche Zerfall- 
ungen—es sind dies sehr wenige—wieder auf neue T'ypen fiihren. Dies wird 
besonders dann beim Fortschreiten zum £2, wichtig. 

Indem ich die Fussnote auf pag. 1. in meinem Interesse, die hier vorher- 
gehende Aufzihlung im Interesse der Sache gemacht habe, ist es nicht mein 
Wunsch, dem Verdienste des italienischen Verfassers, dessen leider sehr ver- 
streute Arbeiten genauer Lectiire werth sind, um das /?;-Problem nahe zu 
treten. Aber eine Vergleichung meines §10 mit der Aufzihlung in der 
Enriques’schen Abhandlung des Bandes XLVII der Math. Ann. wird zeigen, 
dass er ausserdem auch einige Fehler begangen hat, auch innerhalb der Be- 
schrankung, die er sich nothwendiger Weise auferlegt. Ihm fehlen die Systeme n. 
4. 5, 6 der Classe I. das System n. 4. der Classe III. Im Bande XLIX bezeich- 
net er dann die MM}, Bild aller C, der Ebene als einen Typus, was sie nicht ist, 
da das Gesammtsystem aller C; ein rational distinctes ”*-System von T'rans- 
versalen gestattet. Ferner muss fiir die Anwendungen, wie meine Arbeit erst 
deutlich macht, jene ‘‘Néthersche Doppelebene” durch die J/* mit tacnode 
ersetzt werden, u. A. 
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Generalization of the Differentiation Process. 


By Ropert Moritz. 


1.—NoTATION AND DEFINITIONS. 


For the purpose of this discussion, we shall use the following notation : 
The symbol ) represents any process or operation whatsoever between any 


two concepts a and 6, thus: 
a)b=e, 


where ¢ is the result of the operation, a is the operand, b the operator of the pro- 
cess. If we look upon a as the operator and upon 6 as the operand, we write 


b( axe, 


where the symbol ( represents, of course, a new operation. 

For every combinatory process ), there exist, in general, two dissociating 
processes known as inverses. We denote these by the symbols ~ and ~, the 
former denoting the dissociation of c and b, the latter the dissociation of c and 


a, thus: 
ew basa, c~ ab, 


and we refer to these processes as the first and second inverses of ) respectively. 
Hence, they are likewise the second and first inverses of ( respectively. 

We may look upon e¢ and b as the original concepts, and upon a as the 
result obtained from their combination, that is, we may look upon either inverse 
as the direct process and upon the former direct process as one of the inverses of 
the inverse. 

If, among the process and its inverses, there is one which is single valued, 
that one is selected as the direct process. In this paper we shall assume 
throughout the singlevaluedness of the direct processes. 
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In special cases ) and ( may denote the same operation, and in such cases 
we shall represent the operation by |, a symbol devoid of aspect. It immedi- 
ately follows that in this case ~ and ~ will also be the same operation which 
we will denote by —. 

When relations are considered which subsist not only for the direct pro- 
cesses ) and (, but for their inverses ~ and — as well, the symbol )( might be 
employed, this symbol being merely a combination of the others ; in cases where 
the two inverses are identical, the symbol is contracted into T. This latter form 
corresponds to the well-known symbols =, >< of the ordinary algebra. When 
we deal with a second operation, we represent it by )) and its inverses by ~ 
and = respectively. To the symbol | corresponds || and to T corresponds 7 .* 

We shall have occasion to deal with associated processes, processes which 
are related to each other by definite laws. The addition, multiplication, and 
involution processes of the ordinary algebra are such processes. We shall dis- 
tinguish associated processes from each other by using as symbols for them ) 
with various indices. Suppose that we have selected a reference process, say 


a do b = 
then we may write 
to a (b) terms = a), b, 
“ =a),b, 
o, (b) =a), 
where a, (b), @,(b), ..-- , o, (6) represent arbitrarily selected functions of b. We 
shall refer to such processes as processes of the zero, first, second, .... n“, 


(n + 1) orders respectively, the reference process being of the zero order. 


* I am aware that I am guilty of adding another set of symbols to the already too long list of sym- 
bols with a similar meaning used by others. Grassmann uses ~ ~ and also = ~ to denote direct and 
inverse combinations respectively, De Morgan uses 4 y, Hankel 49, Stolz O — and also © ~, Houel 
—~w~and |. Davis suggests the use of auy letter which has aspect as U, Y, or V;a Yb or bAa could 
be used to denote any combination between a and b, a-~<b and a> b its two inverses, 1 (i, and g 4 have 
also been suggested, and there are no doubt many others which I have not seen. Where there are so 
many symbols to choose from, it is easier to devise a new symbol than to discriminate justly among 


the old. 
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When a) (4), a, (6), @,(b) become all equal to 6, )) may be taken equal 
to +, and ),, ), become the x, ( ) of the ordinary algebra. 

Any process may be selected as the reference process and negative indices 
may be used as well as positive. Thus we may have processes defined as follows: 


which shows how the process a ), 6 and hence any higher process may be defined 
in terms of any negative process. The first and second inverses of ), are, of 
course, ~, and —.,, respectively. 

The laws of combination, to which different operations are subject, cannot 
be determined a priori. They depend upon the nature of the concepts involved, 
the relations which subsist among the combinations employed, and upon the 
meanings attached to the results of the combinations. In a study of pure form, 
we may posit any laws of combination and examine the consequences following 
their assumption. In that case the concepts, among which the combinations 
take place, are in part defined by these laws, and hence may or may not have 
an existence in the world of experience. On the other hand, we may limit our 
discussion to such laws of combination and their consequences as are suggested 
by experience. There are five such laws which may be put under three general 
heads and are defined as follows: 

1.—The Commutative Law,a)b=b)a. This law is characteristic of any 
process denoted by | or ||. 

2.—The Associative Law, a), 6 ),¢e=a or When it is expressed in 
the most general form possible 

f(a, b,c) =9o[a, (4, 

3.— The Distributive Law, the common form of which comes under the form 
a),(5),¢)=a),6),(a4),¢), and this is but a special case of the still more 
general form 

f(6, c)] =®[9 (a, 4), 
Among the symbols which enter into combination with each other, there is fre- 


quently one, Mf,, which satisfies the equation a), M,=a, no matter what a is. 
Such a symbol is called the modulus of the process under consideration. The 
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second inverse gives immediatelya ~,a=WM,. Alsoa ~, M,=a, that is, MU, 
is likewise a modulus of the first inverse. 


2.— PRELIMINARY THEOREMS. 


Grassmann,* Hankel,} and Stolzt{ have considered at length single associa- 
tive processes both with and without commutation. Interesting results have 
been reached by them, as for instance that the formulz 


a~(b)c)=a~ b~ec and a~(b~c)=a~b)c 


involve the commutative law, and that a combinatory process which is commuta- 
tive for two terms and associative for three, is commutative and associative for 
any number of terms. LHqually interesting is the study of the theory of associ- 


ated processes. We shall prove three theorems. 
THEOREM I.—Jf an associated process of the n“ order admits a modulus M,,, 


then M, MM, ts indeterminate. 
We have, by definition and hypothesis, 


a), M, = a, 


and, therefore, 


a may be taken equal to W/,, hence, 
M, \n UM, )n to f(b) terms = 


The second inverse of this last equation yields 


M,, ~n+41 = 6, no matter what is. 


Familiar illustrations of this theorem from the ordinary algebra are the forms 


and log,1. 


* Grassmann, ‘‘ Ausdehnungslehre,”’ 1844. 
+ Hankel, ‘‘ Vorlesungen iiber Complexe Zahlen.”’ 
t Stolz, ‘‘ Algemeine Arithmetik,” Bd. 1. 
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TuEoreEM II.—/Jf two associated processes are subject to an associative law, then 
P =P ~n& —n 
if, moreover, one of the processes admits a modulus, then 
= M,, ~m (q ~n 


The proof is simple. Let 
C= Pp, 


and a), == 
By hypothesis a),6),e=a), (6), ¢). 
Let 
then 


The second inverses of these processes are 

b, 

¢; 

b —C¢, 

or. 
Now substitute in the third of the last four equations, the values of 7, b and 
c, from the other three, and we get 


If, now, the nv process admits a modulus, we have, by putting p for a in the last 


equation, 


or M, (q~nP)=Pp —~nq- 

If, on the other hand, the m‘" process has a modulus, we have, by putting p for q 

or 


This last equation holds for any p, hence the n“ process has a modulus, and the 


theorem follows as before. 
In the ordinary algebra, the m in our statement of the associative principle 


34 
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is either m or n — 1, and hence our theorem gives the forms, 


for m=n, for m=n— 1, 
ant (7 =P ~n-1 (9 ~,4@), 
= ~nP); Parad = M,, Pp): 
For n= 0, 1 and 2 successively, we get the familiar equations 
p> q=pra+ (qa); 
d —q=—(q—p), 1 


TueoreM III.—IJf three associated processes, of the (n —1)™, and m™ orders 
respectively, of which the first and third admit each a modulus, M,_, and M,,, are 
subject to a distributive law, then M,_, ~,a= M,,, a being different from M,_,. 


By hypothesis, 
a he c) —a b (a 


and, therefore, 


Now put and c=)! —.,, and the last equation becomes 
a \n (0! —m b) —a b (a \n b). 
Let b'=b, b! ~,,6 becomes M, and the right member of the last equation 


becomes so that 
a), M, = unless a = 


or, finally, ~ 


Ifa = M,_,, the left member of the last equation becomes M,_, ~, M,_,, which 


by theorem I, is indeterminate. 
In the ordinary algebra, the distributive law holds only for m=n—1 and 


m—=n—2. We obtain then the two forms 
and M1 


which, for n = 1 and n = 2 successively, reduce to 


=0, a=0; and logi=0, a#$1. 
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3.—Limitine Processes ALLIED TO DIFFERENTIATION. 


Using the general notation defined in art. 1 instead of that ordinarily 
employed in writing the differential coefficient of a function, the definition equa- 
tion of the differential coefficient may be written as follows, 

= lim {F(x )yh) F(@) ~12}, 
where y = F(z). 
This form of the differential coefficient suggests at once other processes 


which lead to the symbols 
dy dey dny 


da’ dea’ 
as defined by the following equations, 
= lim F(a) h) F(@) ~2ht, 


yo h=M, 
dyy 
{F(a ~2 F(x) ~3h}, 


— Jim} F(a yh) F(a) 
h= M. 


n 


The ordinary differential coefficient is the _ belonging to this chain of expres- 
‘0 


sions. 
Consider the process defined by the last equation. We pass to the limit 


indicated and have 


So = lim {F(2)qh) 


nv h=Mn 
= F(a \n ~, F(z) —~n+1 
— F (x) F (x) J M,, = M,, ~n41 


The right member of the last equation is indeterminate by theorem I of the pre- 
ceding section, and gives rise to an algebraic limiting process, provided that a 
process of the n™ order exists, and that this process admits a modulus. The 


evaluation of oe may be considered, and if it can be effected, will give rise to a 


n 


set of forms of which the ordinary differential coefficients constitute a particular 


‘ 
| 
| 
4 
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set. In some cases the evaluation can be readily effected. If, for instance, an asso- 
ciative and distributive law obtains, as in the case of the involution process of 
the ordinary algebra, then 


M 


dy x n 


by aid of theorem II of the last section, and this in turn, by applying theorem 
II], may be transformed into 


d,y __ M 


n—l 


that is, If, ~,,,, M, can be evaluated, provided M,_, —, M,_, can be. In this 


da 
case, and others that will be treated later, al can be expressed as a function 
of 


4.—QUOTIENTIAL COEFFICIENTS. 


Let us now consider more closely the process defined by 


dy = lim / F(a), h) F (2) hs. 


d\x h= NH, 


When the operations involved in this equation are those of the ordinary algebra, 


we shall write £Y for ay so that 
qx dyx 


WY — im Slog, 
from which follows 
F (ah) 
log 
— lim F(a) 
qe h=1 og h 


0 
This is of the form 9 and may hence be evaluated by well known rules. We 


have 


but dF x 


lim (wh) =2— cF'(2), 
h 


=] 


dx 
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so that qy dy d log y 
qe F(a) y de dadlogx 


Or we proceed as follows 


Wy — f(ah)\ log f (xh) — log | 
= lim log, Fay f lim wan 


= lim 
h'=0 

where h' = logh, z = log x, F(z) = log f (a), hence, 
—4F(2) _ dlog f(x) _dlogy_ dy 


1 


qu dz dloga  dlogx y 
We call the form thus derived the quotiential coefficient of the function y= /(a), 
and refer to the process of deriving it as quotientiation. The following table gives 
a partial list of quotiential coefficients : 


(1). g(a) _ = 0, a being any constant. 


qu 
q(x) q (ux *) 
(2). (3). n. 
(4) q + bx™) naz” + 
(5). x cot x. (6). loga.®@ (zx). 
(7) q(@) (8) g(logx)_ 1 
gx loge 


qx utovtwt. 
u,v, w,..-- being each a function of x. 


gu 
1 
Gz gx 


| 
OKT) 4 
| qv 
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v 
where ae 2) signifies that v is to be considered constant, while the function is 
qu 


quotientiated with respect to w. 
(16) 
gu 


’ 


in which w is a function of z, and z in turn a function of a. 


5.— QUOTIENTIATION NOT DEPENDENT ON DIFFERENTIATION. 


While, for the sake of convenience, we have made use of the well-known 
rules for differentiation in deriving the above formule, it is not necessary to do 
so, but each quotientiation formula can be derived by an independent limiting 
process. In fact, since 

qv « dy 


each of the processes of differentiation and quotientiation can be expressed in terms 
of the other. Having once established independently the rules for quotientia- 
tion, all differentiation formule may be deduced from them. Some differentia- 
tion formule are thus more easily derived than by the ordinary methods. We 
proceed to derive a few of the leading quotientiation formulx without the aid 


of differentiation. 


(a).— Quotrential Coefficient of ax". 
By definition 


q(62") — tim {log = lim log, = lim (n) = n. 
h=1 


qx h=1 h=1 


(b). Quotiential Coefficient of 
By definition 


(17). 
qu 
qu 
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Put h—1=/h’, then 


h—-1 
2 3 
and lim = lim =1* 
a=1 ( log — ete. 


Therefore, 
gx 


(c). Quotientiation of the Trigonometric Functions. 


= Cine). 


log h 


Gx h=1 sin x hoot 


Put A=1+™, then 


log sin « cos mx cos x sin mx 
lim 8 sin x = lim sin x 


= log h _ log (1 + m) 
{708 + cot sin mz) 
log (1 + m) 
_ (1 + mz 
(1 +m) 
2 
cot x (men + etc. ] 
m— + ete. 
that is, q (sin _ 
qe 


(d). Quotiential Coefficient of a Function of a Function. 

Let u = f(z) and z= (a), and suppose that the substitution of @(x) for 
zin f(z) givesu= F(x). Let us change x into xh, in consequence of which z 
becomes zk and u becomes wl, thus, zk=@(xh), ul=/f(zk); also ul = F (ah), 


* The development of log (1-4), and its convergence is readily established without the aid of the 


differential calculus. 


' 
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since « and uw have obviously the same values in the third equation as in the 


first two. 
Now, by definition, we have 


qz (2) k=1 
= lim } log, | log, ( ) = lim (log, 


Multiplying these two equations, remembering that &, h, and / approach unity 
together, we have 


lim ‘log, 2. log, = lim 


== lim 1 { log, (+)} = = lim }log, t= 4 


6.—PARALLELISMS BETWEEN QUOTIENTIAL AND DIFFERENTIAL PROCESSES. 


log logk) 
= Slog, 7! 


We propose now to trace some of the more important parallelisms which 
exist between quotiential and differential processes. In most cases, a mere 
inspection of the formule in §4 will justify the theorems as announced, in others 
what proof is necessary will be added. We shall use the abbreviations q. c¢. for 
quotiential coefficient and d. c. for differentia] coefficient. 

(a). Both processes are distributive, the one over a product, the other over a sum 


of functions, 


’ 


qx qu = 


(Uy +++ Un) qm, A (um 


Uy, U, being each a function of a. 
If (u; = x, =1, 2, ....n) there follow immediately the corollaries : 


The q. c. of a function powered by The d.c. of a function multiplied by 
a constant, is equal to that function a constant, is equal to that constant 
multiplied by the q. c. of the variable, multiplied by the d.c. of the function, 
qu dx dx ’ 
d (nx) 


qu dx 


| 
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(b). The result of the quotientiation 
is not changed if the function is multi- 
plied or divided by a constant, 


q(wxa)_ qu 
qe qu 


(c). The q.c. of the reciprocal of a 
Junction is equal to the q. ¢. of the func- 
tion with its sign changed, 


(d). 


Ue + Pe. 
qx qr 


where F= wu, + ut ...- + Uy. 
(e). y=log x, when quotientiated be- 


—— remains 


comes its reciprocal, y = 
log x 


unchanged. 
(f). The q.c. of a function of a pro- 
duct of two independent variubles ts the 


same, whether we quotientiate with re- 
spect to one or the other of the variables, 


(xy) of (xy) 
qu qy 


This theorem may be proven as fol- 
lows : 


f (ah. y) 
(xy) 
f (x. yh) 
St (ay) |= qy 


— gf (xy) 
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The result of differentiation is not 
changed if the function is increased or 
diminished by a constant, 


d (u + a) _ du 


dx 


The d.c. of the negative of a function 
is equal to the d. c. of the function with 
its sign changed, 

ad(—w) du 
da dx. 


y = e”, when differentiated, remains 
unchanged, y = / 2a, becomes its re- 


ciprocal. 


The d.c. of a function of the sum 
of two independent variables is the same 
whether we differentiate with respect to 
one or the other of the variables, 


Uf(at+y) (a+y) 
dx dy 


1 
qe 
‘ Uy Um) du, 
gf (xy) 
qu 
35 
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(g). Pu=F(z), z=f (ax), we have 


qe dx dx” 
(h). Lf u and v are both functions of x, we have 
qu / gu qv 7 qu’ dx dw ‘dr Ov dx’ 
and, generally, if F is a function of uy, Un, Where Uy, Uz, Uny are 
each functions of «, we have 
qu qu;] qx dx Ou; dx 


(i). Implicit functions. 
If in the last equation “= 0, it can readily be shown that 


F F\ 
For F=F = 0, th tion b =0, andh 
or (x, y) e equation becomes and hence 
qk 
Ge) 
qu gf 


(j). Successive Quotientiation. 

In general, the q. c. of a function of « will be again a function of x, and the 
q. c. of this function may be found by the preceding rules. We may, following 
the nomenclature of the differential calculus, designate this q. c. as the second 
quotiential coefficient of the original function, and write 


Ce) 


and generally de q 
ga 
just as we write ay py (4, 


AY 
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(k). Change of independent variable. 


Since YM 1 
qu qu’ qu qe gz | 
qy 
and hence 


TY (FY _ qu 
qv / gz’ 
Ty fy Gu 


Py _\ qe qe Fu | 
qu" Ty qe 


etc. etc. formule which must be used, when we wish to change the independent 
variable from « toz. When z=~y, these formule become 


WY |Z Ty¥__ 

qa qy? qa” 
3 3 

qu a Zl ay 


7.—FUNCTIONS OF TWO INDEPENDENT VARIABLES. 


TueorEM [.—/fu= f(x + y), where x and y are independent variables, then 


qe 
For, if we put « + y = z, we have 
qe uty 


ge qy tty gouty 


TueEorEM II.—Jf u = f (xy), where x and y are independent variables, then 


qv 
qe" gy" 


| | 
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Let us assume that the theorem holds for some index 7, we will show that it 
then holds for the next higher index r + 1 


Put , and ay=z, 
qx qd 
then qtiu_qvui_q 
ga ga’ 
and _ qv _q ge 
gay’ 
but and @=1, 
qx 
hence _ gu 


Now the theorem has already been proven when 7 = 1 (/f. §6.), hence it 
holds when r = 2, 8, 4, or any number. 


TaeoreM u = f(x’), and y being independent, then 
qe gy 
Put z= 2’, then =y, and =y logz; 
also 


Te 


U U 
qx 


Hence, 


If we put y= log y’, that is, if w = f(x'*%”), the theorem assumes the 
symmetric form ; = log y’: log =. 
y qx gy! Sy : 10g 

THEOREM [V.—/fu= f(x, y), x and y being independent, then 


gu q_ gu 
qyqu qe 


Proof : 
qu _*\u dy/_~\dady dy 
qeqy du 
dy 
x du 1 du du ) 
dydx u ‘dy dx 
qy qe qy du 


da 
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whence qu _« du du _ qu, qu 
qeqgy qyge wu gx’ qy’ 
dy dx 


qa 
Cor. 1. If u=f(a+ y), then y= x, for in that case it has 
been shown in theorem I, 2% :2% =z: y. 
qe gy 
Cor. 2. In order that 2“ = 2% , we must have qv — . hence, the 
necessary and sufficient condition that the same result be obtained whether a function be 
quotientiated first with respect to x and then with respect to y, or first with respect to y and 


then with respect to x, is that wu satisfies the relation pa = . u=f (ay) evidently 


satisfies this criterion. 


8.—FuncTIONS OF THREE OR MorRE INDEPENDENT VARIABLES. 


Let, now, w= f(a, y, z), where x, y and z are independent variables, we 
then have, by theorem IV of the last paragraph, 


gu gu qu 


dl 
and hence 
qu 
q 
git grqy ququ’ 
or 4 qu _ qu qu [Aq 


geqeqy 


Again, putting » = — , we have 


gu gu gu gu [B] 


qeqyy qeqe 


‘ 
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Gu 
gu gu qu _ gu gu, gu gu 


from [B], 


Finally, multiply [A] by 


gu_ fu 
geyeqy qeqy’ 
and interchanging « and z in [A] and multiplying b =~ 
ging [A] 
Gu fu, fu fu guy gu gu 


Adding the last three equations and simplifying the result we obtain 


Formule [A], [B], [C], give the rules according to which we may interchange 
in any order whatsoever the quotientiation with respect to the three independent 


3 
variables x,y,z. The law of the interchange of x and y in za is obtained 


from [C] by puttingz=y. We get 


4 gu , guy gu 


We next consider the general problem: Given a function of n variables 
u=f (a, --- , required the rule by which then” q.c. of u with respect 
to the n variables x,, x2, -.--, %,, may be replaced by the n” q.c. of u with respect 
to the same variables in the same order except that the quotientiation with respect to 
any two particular variables as x; and x, ts interchanged. 

We shall find it convenient to use an abridged notation so we shall write 


2 3 
Q,,u for for similarly ,.u=—~—, 


and finally, when there is no danger of confusion, we put Qu for Q,u, Qu for 
Qiu, for Qiosu for ete. Using this notation, the for- 
mule of theorem IV, $7. and [A], [B], [C] of this paragraph, become respectively 


etc. ; 
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QU = Yau. Qu, 
+ Vist = Vint + 
[Ors + + = [ + + Qs] 


Let us now suppose that the laws for the interchange of variables in the q. c.’s 
of the n and lower orders are known, and that the equations expressing 
these laws are rational and linear in the q. c. of the highest order. Let 

be the q. c. in question, and let it be required to find the 
law for the interchange of x; and 2,. Then three cases arise : 


Case When i, k= 1. 


Under this assumption, we put 


Now, the law for the interchange of variables in Q} .....n41¥ 18 known, 
hence, if we quotientiate with respect to x the siiaina which expresses this 
law, we get an equation which is seen to involve only terms of the first degree 
In and together with q. c.’s of 


lower yon i. e. we get the law desired. 


Case Wheni=1,k—n+1. 


Put 0, then Qis,.....20- The relation 
between Qk, 0 and Qi» ....,,.v is known, & being at most equal to n, hence 


is also the relation between wand 


Case Wheni=1,k=n+1. 
Consider any third variable as ;. We first establish the law for the inter- 
change of a and a by case I. This gives Q?f?...;,......u in terms of 


Then we express .»,....,;% In terms by 
case II. Applying now case I again we express SS i ju in terms of 
Between the equations expressing these we eliminate 
..,;wand obtain an equation between Us 
and q.c’s ofa order than n+ 1. Moreover this equation is 


rational, and linear in the q.c’s of the (n + 1)" order. 
We conclude then, that knowing the law for the interchange of variables 
in a q.c. of one order we can deduce the law for the interchange of variables in 


» 
‘ 
a 
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the q.c’s of the next higher, and hence of any higher order, and having already 
established these laws for the q.c’s of the second and third orders, the problem 
is theoretically solved. The general formula can not be compactly exhibited, 
but can be readily worked out for any special case. Applied to the possible 
cases of the various quotiential coefficients of the fourth order, we have 


+ = Visa + 
+ Visit] = [ + Viet, 


It will be observed that the right member of each of the above equations 
can be written down from the corresponding left members, by simply inter- 
changing the suffixes 1 and k of the variables x; and x,, and it can be shown that this 


as true generally. 


9.—SUCCESSIVE QUOTIENTIATION. 


We now return to functions of a single variable z. Asa rule, the n* q. c. 
of y = f(x) does not admit of a simple algebraic expression, but there is at least 


one exception. For y= logza, .. 1 


qu loga’ gx? loga’ and after that, every 


log a’ 


successive q. c. is equal to 


ga" log x’ 
according asn=1lorn+1. 
The second q. c. can in most cases be readily expressed. If y= log"a, we 
have 


log"™a log a’ 
and gy , q log x 
qr ( ga gu ga ): 


| 
—1 
that 
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Ify=u.v.w...., u,v, w, .--- being functions of x, 
ang Fu | qu 


* Yul Yu 


Using the notation introduced in the preceding paragraph, these formule may 


be written : 


Oy = 2Qu, Uy = 
Fory=u+tv+tw+.... 
yQy = 2uQu, + yQy = ruQu@u + LuQu. 
Let us find an equation involving the third g.c.ofy=utou+wet .... 
To do this we quotientiate the expression 


y Oy Fy + yQy = + LuQu, 


and obtain 
y Oy My (Qy + Oy + Vy) + Qy + 2 
yQy + 
SuQueiu(Qu + Qu) + BuQu(Qu+ 2 Qu) 
+ Sage: 


and cancelling the equal denominators and collecting like terms, 


—2 
yQy + 38yQy + + Vy 
—8 —2 —2 
= SuQu + + + SuQueuQu. 


An examination of this expression involving Q*y, and a comparison of it 
with the similar expressions involving Q’y and Qy respectively, suggests the 


following law of formation : 
(a). The left member of the equation is homogeneous of the fourth degree wm 


y, Qy, Vy, Vy. 
36 
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(b). Hach term contains the factor y and a cofactor of degree three, which is a 
multiple of Qy, and consecutive ones of the quantities, Qy, Oy, Qy. 

(c). All the terms, 2? in number, that can thus be formed, occur. 

(d). The sum of all the coefficients on the left is 3! 

(e). The right side of the equations can be formed from the left side by replacing 
every term on the left by a sum of terms formed by substituting in that term for y 
successively the quantities u, v, w, etc. and adding the results. 

We now show that these statements can be generalized for an expression 
involving Y"y and quotiential coefficients of lower orders. To do this we assume 
the existence of an expression formed according to the above law involving 
Q”y and quotiential coefficients of lower orders. Quotientiating this gives an 
expression, involving Q"y and lower quotientials, which obeys the same law. 
But we have shown the existence of such an expression when n — 1 = 3, hence 
the law holds in general. 

(a). The terms on the left are homogeneous of the n + 1" degree in y, Qy, Q’y, 
..++y Q"y, where n is the order of the highest quotiential which is involved. 

Notice, first, that since the q.c. of a sum of terms is equal to a sum of 
products formed by multiplying each term by its q. c., adding the results and 
dividing the suin of the partial products by the original sum, the divisors on the 
two sides of the equation, after quotientiation, will cancel, being equal. The 
quotientiation of a sum of terms equal to another sum reduces then to a con- 
sideration of products of the individual terms by their quotientials. 

Let 


—a 


be a term of the assumed equation. Multiplying this by its q. c., we obtain 


—a — 


B 


This shows that the degree of every term is raised by unity, and hence, if the 
assumed expression is homogeneous of degree n, the expression obtained by quo- 
tientiation must be homogeneous and of degree n-+1. A new factor Q"y is 
introduced in the case, s=n—41, so that the new expression involves 

(b). Hach term contains the factor y, and a cofactor of degree n, which is some 
multiple of Qy and consecutive ones of the quantities Qy, Q@’y,.---, Q"y. 


| 


Moritz: Generalization of the Differentiation Process. 279 


That each term contains the factor y is obvious when we remember that 
each term of the result of the quotientiation contains some term of the original 
expression as a factor. Again, every term except the last arising from the quo- 
tientiation of a single term contains all the constituent factors of that term, while 
the last term contains, besides the original constituents Qy, Qy, ..--, Q’y, the 
new constituent Q*t'y. 

(c). All the terms of degree n + 1, 2"~1 in number, that can be formed to satisfy 
(b), occur. 

Every term of the (n + 1) degree can be formed from some term of the 

n” degree, by either increasing the exponent of some Q by unity, or by adding 
the factor Q"y. Both possibilities are exhausted during the process of quotien- 
tiation. Hence, all possible terms occur in the expression of the (m +1) degree 
provided all possible terms exist in the assumed expression. 

The total number of these terms is 2”~’, for, to every term in the assumed 
expression as 


correspond two terms in the final expression, viz. 
and 


—a+l1—f8 —dao 
yQy Vy, to=n+1, s<n, [B] 
It is clear that the terms thus derived are all different. That the totality of 
these pairs of terms exhausts all possible terms in the final expression is evident, 
since any term in the final expression as 

yQy Gy Vy, ltd +O rn, 
is of the form [A] or [B] according asa= 1 ora1. Finally, because of this 
one-to-two correspondence between the 2”~* terms of the assumed expression, 
and those of the result of quotientiation, the number of terms in the latter is 

(d). The sum of all the coefficients on the left 1s n! 


—a—f8 


Let one term of the original expression be Ay Qy Y’y ...- . Oy. Quotien- 
tiating this, we get, for corresponding term in the ‘naiaiattis 


—a— 


Ay Qy Gy Oy (Qy + + + 
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the sum of the coefficients of which is A(1+a+ 6+ .... Similarly 
for every other term. The original coefficient sum n—1! is hence multiplied 
by n, giving n! for the final coefficient sum. 

(e). The right side of the equation can be formed from the left side by replacing 
every term on the left by a sum of terms, formed by substituting in that term for y 
successively the quantities u, v, w, etc., and adding the results. 


—a 


To any one term in the assumed expression, as Ay Qy Y’y .... . Oy, there 


—a — 


corresponds on the right-hand side a sum of terms ADwQu Gu .... ie Con- 
sider the terms that are yielded by these corresponding terms on sicpieanaeiiaian 
The left term yields 


Ay Qy Cy + ody Qy Oy 
+ cAy Qy Oy ..-. Oty, 


while the corresponding right side sum yields 


—a— 


Au Qu Qu Qiu (Qu+aQu+ BQut .... 


+ Av (Qu + + BQ + .... 


This, by summing terms which stand under each other, may be written 


—a—B+1 —o 
AduQu Qu.... QGutadsuQu Gu .... Qut . 


We see then that the law expressed in (e) holds for the results of corresponding 
terms, hence also for the collected results. 

We have now determined everything except the specific coefficients of the 
individual terms. To find these, let us consider the general term of the expres- 
sion giving Q"y, viz. 


—p —o 


A,yQy Wy Oy .--- Vy, 


This term is obtained by multiplying each of the following terms belonging to 


+ etc. 
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the expression for Q"~'y by its respective q. c., 


—p 
A,_yQy Qy Uy by Qy, 
B,_yQy Oy Vy Vy “ aQy, 
—y-—1 


Oy Vy ..-- Vy 


—p —o—l 


Adding these products and collecting the coefficients, we see that 
A, = A, + BC,_1+ + pS,-15 


a formula which enables us to compute the coefficients of the expression for Q"y 
from those of the expression for Q"~'y. The computation of the complete 
expression for Q”y becomes laborious when n is large. The properties set forth 
under a), b), c), d) and e) furnish efficient checks for the computation. Below 


we give the expressions for n= 4, 5 and 6. 
yQy + byQy + TyQy + 4yQy Py + y + Oy Oy 


+ yQy ay + yQy Vy Sy Vy = XuQu + ete. 
© 6. 


yQy + 10y Qu @ y + 2yQy + Loy Qy + 15y Qy + Qy ey 
+ 5y Qy Oy Py + 5y Qy + + 6yQy ey 
+ Ty Qy + 4yQy ey + y Vy Cy ey 
+ sy Qu Py Py + yQu Py Py Sy + yQy Py Py Py ey 
= etc. 


» 
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6. 
—3—3 
yQy 15y Qy 65y Qy + 209 Py Py + 90 yy 
—3—2 —2—4 


+ Qy + Py Py + 39yQy eye yey 
+ sy Qu Py + Qy Py Py Oy + Ey ey 
+ 10yQy Py Gy + 15y Qy Py + Qy y Py Cy 
+ 5yQy Py + 5yQy Py + Py 
+ 6y Qy Py Py + Ty Qy Sy Py Vy + sy Wy Py Py Gy 
+ Vy Qty + 38yQy Oy Qty Oy + yQy Vy Vy Py 
+ yQy Vy Vy Sy Oy = Zu Qu + ete. 
It is now easy to find the successive q. c’s of a product. For if 
y= 


then Gy = Gut .. 


so that, in order to form the expression for the n“ q. c. of a product, we need 
only to substitute in the expression for the » — 1 q. c. of a sum 


Qy, Qu, etc., for Y, U, etc., 
and generally 


Ot Ot v, etc. for Oy, Qu, Q’v, etc. 
Thus, if y=w.v.w...., we have for n= 3 and n= 4 respectively 
Qy Oy + 3Qy Gy + Qy Oy Qy Oy = 2 Qu Gu ete, 
Oy Py + 6Qy + 7Qy Oy Oy + 4Qy Gy Oy Wy + Oy 
+ 3Qy Gy Fy Qyt Oy Cy + Cy Py Cy Fy=ZQu Put ete, 


10.—SyYZYGIES CONNECTING DIFFERENTIAL AND QUOTIENTIAL PROCESSES. 


It remains to consider operations into which differential and quotiential 
processes enter conjointly. In discussing such, it is convenient to use the follow- 


Moritz: Generalization of the Differentiation Process. 283 


ing notation : 


— g(Dy) _ d(Qy) 


similarly, 
—4(@Dy) po, — — UPQY) ote 
It is now easy to express these various mixed operations in terms of succes- 
sive q.c’s alone. We have 


x 
2 QDy= Qy) = Gy + Qy—1 
e e ’ 
similarly, 
3. DQy=+*- QyQy. 


4. Dy=-, + Qy—)), 


6. Vy + Vy —1, 


Vy 
8. DQ Y= ’ 
9. DQDy= (Py + Qy), 
10. = (ay + Gy —1), 
ll. Qy (QDy — QDy + «DQDy) 
Qy + Gy (Vy + Gy —1) + (Oy Py + Oy Qy)]- 


These mixed operations may also be expressed in terms of differential pro- 
cesses alone, but in most cases the resulting formule are more complex than 


| 
2p, — (Vy + 
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those given above. For instance, 6) and 8) become respectively 


QDQy = =. — 2yDy — + ay? 
yDy + — xDy 
= — yDy — + Dey 
Each of the groups of operations, I, II, III, is connected by a remarkable 


syzygy, which affords a convenient check in the computation of successive groups. 


I. We may write 


—s 
If we eliminate Qy and Qy from the equations under II, we have 


Py Q’y 
QDy Dey’ y 


Eliminating Qy and Q’y from the equations under III, we find 
Diy DOy =z _, 

and similarly, if we should use the groups of equations into which respectively 

four and five successive operations enter, we would find the syzygies, 


Oy DEDy DEDQy QDQDy « _ 


and 
Dy D'Qty DQDQy DQy DQDQDy 
From these special cases a general law can readily be deduced. In fact if 
F,, F,, ..-- , F,, represent the factors in the numerator, and /,, f,, ..-- ,f,, the 


factors of the denominator of the syzygy connecting operations of any order, 
then 


wn. Qf) 


represents the syzygy connecting the operations of the next higher order. 


Dy 

Wy 
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11.—THE Process ); IN THE ORDINARY ALGEBRA. 


We have shown how a consistent calculus can be built up in which the pro- 
cess of quotientiation occupies the same place that the process of differentiation 
occupies in the ordinary calculus. This calculus is not only consistent but could 
be used, though with less ease than the differential calculus, to represent many 
facts of the universe. For just as it is arbitrary whether we represent aggregates 
by sums, or products, or powers of certain of their constituents, so likewise is it 
arbitrary whether we consider growth as accretion or expansion, and change of 
any kind as caused by additive or multiplicative processes. In the one case, we 
give to the element which is considered independent in its change, an additive 
increment dx, in the other case we give it a multiplicative expansion gz. While 
it may be convenient in practice to measure absolute change by subtracting the 
initial state from the final, and relative change by division, it is not necessary to 
do this. We could measure all primary change by dividing the final state by 
the initial, and relative change by computing the logarithm of the final state 
with reference to the initial as base. If logarithms not ratios, powers not 
multiples, were the functions sought in practice, quotientiation would logically 
take the place of differentiation, and would probably have preceded it in the evo- 
lution of mathematical knowledge. 

Let us next consider whether a consistent and possible calculus could be built 
up involving the process dey day was defined as limit { F(a ),h) ~, F(x) —sh}, 
A= My 
an expression which involves the symbol —,. The ordinary algebra is not 
usually extended beyond the process ), and its inverses, that is, beyond involu- 
tion and its inverses, evolution and the finding of logarithms, so that the consid- 
eration of - necessitates a short preliminary discussion of the process ), and its 

inverses. 

The equation a)o@),...- tod terms =a), 5, 


when applied to the ordinary algebra, and written at length, becomes 


/ a 


a 
((a)*) and we shall denote this by where 6 is the number 


of a’s which are involved. If we interpret generally a! to be that function 
37 


| | 
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which, when raised to the a power, gives al, we have immediately at =a, 


a= do = and generally, 


a= = Va 
where the expression in the middle contains (6+ 1) radicals, that is, (b + 2) 


letters a. 
The first inverse « =a ~,6 is defined by 24 =a, and we shall denote the 


thus defined by a= The second inverse =a —, is defined by 
and the x satisfying this equation we denote by x = 7g,a, which we read x equals 
range of a to the scale b. We have then for the complete definition equations 
of the first and second inverses of a4 respectively 


(Ja\®=a and 


al. may also be written a”~’, and using this relation, we may easily estab- 
lish the following rules of operation : 
(b). (w= 
(d). = = (aL)”, 
(e). 
(f). log, = a log, (a2) . og, (alt) = 


(g). log, alt)* = a” + a’, 
(h). log (al™) =a™-", 


a”.a¥ 
a 


The differential and quotiential coefficients may now be readily computed 
The work is so simple that we shall give only results. 


ad 
(i) = + a—1 log 2), = + a—1 log =z), 


da qx 
(j) = ylogalog y, 4 logy. 
(k) y= the, 1 qy — logy 


dz logx'1+(a—1)logy’ 


Q) y= ade, — logy 


dx logy—rg,a’ qx  loglogy—rg,a’ 


t 


Moritz: Generalization of the Differentiation Process. 287 


dy _ 1 qy 1 
(m) y=rg, dx xlogzloga’ qe ylogzloga’ 
(a) y=rge, loge gy 1) loge, 
daz x log x ylogaz 


12.—Tue Limitinc Process DEenotep By . 
TX 


at =a, hence the equation a ), M, = a is satisfied and by theorem I, Art. 2, 


dey = lim {F(z ), kh) ~, F(z) =M, M, 


dye 
is indeterminate. When ),, ~,, ~, and M, are replaced by their algebraic 


equivalents, we denote this limit by 2, so that 


r) 
=1+ lim slog, log, logpy) F(x")}. [A] 


Either of the last two forms is convenient for the evaluation of the indeter- 
minate. We consider some special cases first. 


(a). y=2". By formula [B], 


h\n __ 
TY — 144 lim —1+lim =]. 
TX h=1 log h h=1 log h 


(b) y=ak. By formula [A], 


"Y 1 + lim flog, log, log 2 (a*)#}. 
h=1 
Put « = &, then (a"\l4 = log /log (e)E. 
Now, by formula (b), sect. 11, 
so that log hze"—»™ and log = 


(n—1)hz 


—Il)z 
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1+ (n— 1)z= 1+ (n—1) log a, 
so that finally 


— 1 + lim flog, (1 +n —1 loga)}=1+ 
h=1 


unless n = 1, the case which has already been considered. 
(c). y=e. By [A] 
lim ‘log, log, log.. (")} 
TL h=1 
hence vu = 1 + lim flog, log, (2*—*)}. 
h=1 


thea 
and 


lim jlog, = lim | log, = = loge, 


h=1 qx 
so that finally 
TY — 1 + lim flog, log xz} =1+0 =o. 
h=1 
In each of the foregoing examples except the first, we found V— om. We 
ra 
shall now prove that y =x" is the only possible function of x for which ms is 
finite. 
Let y= f(x). We have 
r 


1 + lim flog, log, logy. , 


h= 
which, on putting x = e*, becomes 


"Y = 14 lim log,log, gf (e") 


Tx og f (e *) 
now log f(e") | _ q (log )) 


so that lim | log, 


THX 


| 
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and since log,a = , a 1, this expression = » unless But 
Z 


qlog qlog fe) 9é 


q2 ge qa’ 
qf logf(“) ge’ qu qa 
sothat qlogf(¢)_ qy dy 
qz logy qx ylogy du’ 


and that this may equal unity, we must have dy = log (y’) which, therefore, 
dx log (a*)’ 
is the condition that = 
This equation of condition may easily be solved, for, on separating the 
variables, we have 
log (y”) log (a”) ’ 
hence dy da . d 
log log c, an ince f (y) log log y, 
the equation of condition reduces to 
log log y — log loga =e. 
This equation is transcendental in form only, for 
log log y =e + log log x, 
log y =z of = loge, 


where n=e%. We conclude, therefore, that -/ = 1 or », according as y= or 


is different from x", a fact which must render inadequate any calculus involving 
only these limiting processes. 


13.—Dr MorGAn’s EXTENSION OF THE ALGEBRAIC PROCESSES. 


It would appear from the foregoing articles that the algebraic processes do 
not admit of a generalization of the process of differentiation, that in fact the 
only possible extension of any consequence is quotientiation. This inference is 


‘ 
' 
7 
a 
& 
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erroneous. The fault lies with the extension of the algebraic processes them- 
selves. We shall see that a'°*’ as well as a’ may be looked upon as the a ), b of 
the ordinary algebra, and that when the former is chosen, a consistent calculus 


may be built up in which bY i. the limiting process employed. In fact, by 


doa 

choosing properly the functions 
(5) ’ (b) @, (4) ’ 


which enter into the definition equations of associated processes (art. 1), we shall 


arrive at a set of processes in which a a exists for any two consecutive pro- 
x 


cesses ),_, and ),. 
De Morgan* has shown how to extend the algebraic processes both forward 


and backward without violating the principle of the permanence of the formal 
laws of the addition and multiplication processes. Jf, in the equations ™ art. 
1, we put a (b) =, the ), and ), processes can at once be identified with the ordi- 
nary arithmetic addition and multiplication. If, furthermore, we put 


@, (6) = 5 )) r, 
(d) = b )) 


n 


o, (b) =b))r, 


where )) represents any process such that 


and b))r=b))r))r)).... tob+ 1 terms, 
then a))7),(b)) 7)- 1] 
The proof of this proposition is easy. Let us assume that for some n 


a),b)) =@))7 7), 
then, by definition, 


...- terms. 


* De Morgan’s ‘* Extension of the Algebraic Processes,’’ by Christine Ladd, American Journal of 
Mathematics (1880), vol. 3. 
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hence 
)n419)) 7 = ---- to6)) r— 1 terms) ))7),_1(@)) 7), 
r—2 terms) )) 7), _1(@)) 7) )n_1(@)) 7), 
7) to (B))7)))r terms, 


=a))r),(6))7) by definition. 


The proposition holds, therefore, for any n if it holds for some particular n, 
but by hypothesis it holds when n= 1. 
By a reapplication of [I] we have 


—n—] 


a),b))r=a)) 


= r))) 1, 


—p 


7, pen, [11] 

when p=, this becomes 
a),b))r=a))7r )g(b)) 7). [111] 


By definition, page 2, 


so that we may puta = r=a))r without destroying the law of indices. Simi- 
larly, 


——n 


terms 


If, now, we take w_,, (b) = 0))7, all of the processes in art. 1 come under the 
single formula 


to b))r terme = 


when n may now be negative as well as positive. The fact that n is positive 
does not enter into the proof of formule [I], [II] and [III], so that these also 
hold when n is negative. 

Formula [III] shows how any process, whether positive or negative, may 
be expressed in terms of the addition process, hence, the existence of a )) process 


. 

—+n 
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necessitates the existence of all the ) processes. Now, log,a satisfies the defini- 
tion equation of the )) process for 

log (m.n) = log m + logn, 
hence all the processes, both positive and negative exist and may be written out in 


terms of the addition process. 
Again, equation III, shows that the process ), is commutative ; it has, there- 


fore, but one inverse ~,,, and since 
log (a+ b) = loga — log, 
the equation a~—,b))r=a))r~,(6))7r) 


is satisfied, from which equations I, II, II follow with ), replaced by ~,. We 
have finally, in accordance with the definitions of article 1, 


[IV] 


If the natural logarithmic process is the )) process employed, 
—-1 


a))r=loga, a))r=4e, 


and [IV] becomes 


log”b) 


al_,b= log" Le J 


(n) 
according as the index of ! is positive or negative, and @ signifies ¢ tones 
just as log” signifies log log .... tom logs. If we write 
(n) 


= a, e”= log~*a, and generally, e = log-*a, 


(n) 
al ba 
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aT,b, and aT_,b may be written 
aT,b =log-"[log*a = log’ d], 
aT_,b= log” [log-*a = log-"6]. 


In particular, we have 
=log‘*[logta = log‘d], 
aT;b =log-*[log?a log’d], 
aT.b =log-*[log*a = log?b] =a! 
=log ‘[loga log b] =aXb, 
=a+b, [A] 
= log [log-'a = log™'d], 
aT_,b = log’ [log-*a = log-*6], 
aT_3b = log’ [log-*a + *6], 
aT_,b = log* [log-*a log~‘6], 
etc. 


Finally, each of the processes T, admits a modulus. To show this, we put in 


[lIIj,o6=—= &% \)r, M, being the modulus of the process Ty). We get 


—n -——-—n —n 


at, (M,))r) ))r=a))rt(M))r ))n), 


=a))rTM,=4))r, 


hence aT, (Jf, )) r) = 4, that is, M,. 
But Mf exists, being 0, hence 
according as the process in question belongs to the positive or negative series 


In particular, 
M =0, =i, ete, 
M_,=—~«, M_,=log(—~)* ete. 


14.—GENERAL EXTENSION OF THE DIFFERENTIATION PROCESS. 


The theorem last proven is of utmost importance. For, since every process 
)n, a8 now defined, admits a modulus, it follows from theorem I, art. 2, that 


n—1 


* Here log (— ») = log (— 1) + log™, where log » = lim [log z], z being a positive real number. 


M,,-1 


38 


——n —-—n 
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is indeterminate, and it remains to show that this expression can be evaluated, 
i. e. that it has a distinctive determinate form in every case. This problem we 
will now consider. We begin with some special cases. 
dy 
= F(a). 


Referring to the forms [A], art. 13, we have 


h= 4M, 

F (xh) 
log = lim log—' log, F( 
lim 1 | log, as = 

(b). 
— jim | F(a ~, F(a) 
h=M, 


im) og? log~*[log? F (log~? log? + log” A) — log? F(x) ] — log* h)} . 


Let us put logh=k, logx=z, then k= 1 when h=e, and 


F (log-? log’ + log*h) = F(e*), 


_, log F(e**) 
log? [log? — log? = 08“ 


og og® log P(e) — log’h log? log; log F(é) 
hence 
dey log F'(e*) q log F(e*) 
log~? lin lim 1 log. log og | | = Io 


log z 


= Jo 
g log x d log? x 


== log 


F (xh 
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(c). 


= lim { F(a )_.4) ~_, F(x) ~_1h} 


d_ git h= M-2 


=lim {log log— ‘log’ [log—* F(log”log—*? h) — log F(a) |—log—"h} 


h=1log?0 
Put log*h =k, log-*a =z, then k= 1 as h = log’ 0, also 
F (log” log~* x + log~*h) = F(log* zk), 


log—* F'(log® zk 


log F (log? zk) 3 log—* F (log? zk) 
1 3 » 1, = log? log, 
log {log 108 log” * F (log*z) log~* F (log*z) 


hence, 
d_.y 2 F' (log? zie) og? (log? : z) 
= log lim | log, log=? F (log*z) | 
= tog? jogs 
g x d log-* x 


Sor any positwe or negative index. 


dx 


n 


Whether n is positive or negative, we have 


lim{ h) F(x) ~n4ih} 


Mn 


= lim log" [log” F (log—" log” + log” h) 


(d.) The general case 


h=Mn 
log” F(a)| log” +1 ht 
log log—"—» log™—!a. log"—'h 


If we now put log”"’h=k, log”~'a = z, then as A approaches the limit log~* 0, 
k approaches the limit unity; also 


log"~ (log~“— log*="h) __ log"—1F (log~“— zk) 
log” (x) F z) ’ 


| 
—— | 
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so that 
log"—“F —zk) 
og 
lim | ___log**F (log 
log k 


lim [1 8 
0g {lin im Of: log"— hz) 


= q log" F (a) — log" q| log"— 


a log"a [A] 
When 2 is positive, this may be written 


log— 2 logz dy 
€Llog*—ly log*—*y "logy y * dx 


(n) [B] 


=e 
d,,x 
When n is negative, say n = — m, 
(m) (m—1) 
(m) (m—1) 


We shall call Se! the ratient of the n* order, so that the ratient of the 


mu 


zero order is the ordinary differential coefficient, the ratient of the first positive 
order is the exponential of the quotiential coefficient. 

Formuls [B] and [C] express the ratients of the m™ order in terms of dif- 
ferential coefficients, but it is possible likewise to express ratients of the n™ 
order in terms of the ratients of any lower or higher order. We have in fact 


| 
[ J 
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logy _ _& log*y d d log"—*a 


log"—!y log™—ly d log" 
—n = n—1“n—1 
similarly, 
dn (n—)) log” * n—-24n—2 ¥ 
so that 
dae y log d, 3% 
and, generally, 
=] n 7 n—7“~n—r 
Again, 
ia" d log” d dlog*« 


_nflog”y d d log" *! 
Lise’ d log" tly d log"* 


—n log” Y ot +1 d, 
= log . log 


and, generally, 


y log***y log" ly log" +" [E] 


An 


log" x log” +” 


Successive ratients may be readily expressed in a compact form. For 
instance, whether x is positive or negative, 


d,,y d log" y 
dey lake it d log” x 
d,a dyx d log" x d log" x 


—n | 
] 
ag 
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and hence, assuming that 
"'Y — Jog-n log" y 


it follows by induction that generally 


@ lor y 
d,x” 0g (d log [ ] 


15.—GENERAL RATIENTIATION FORMULA. 


Let us now form the ratient of the m™ order of the ul, v, u and v being 
functions of . We have from the preceding paragraph, 


for 
d,(UT,%) _ log” (uT,v) 
Ant d x 
5 Ld log"=" (wT, v) dlog"(uT,v) d 
sal 1 1 1 
now 
dlog’u_ dilog"w d log" *) u d log™—1u d log” u 
= log" .log*ti% .... log*—'e. log™ 
so that finally 
log” w.log*t!w .... log™—!%. log™ 
og" u.log*t! log”~!u. log 
+ .... v. log” 


dy, (UT, v) 


log" (u T,, v) log" (wT, v) log™-1(uT,, v) 
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for m<n, 
An (UT,v) log” (u T,, v) 
d log™x 
dlog™ (uT,,v) d log™t!(uT,, v) d log"—1(uT,v) dlog” 
= d (log” u= log"v) 
m +1 1 
= log [ log (u T, v).log™**(wT,v) ..-- log*~*(uT,v). | 
and since 
dlog"u_. dlog*w d log™*1u d log™w 
dlog™x log™w log™= 
1 1 1 loo™ 
we have 
u .... log” u)—! log™ 
Dn 
(log*—* 0. log*~*o . ... log*v)-' log” 
[log"~1 (wT, v) .log*—? (wT, v) .... log™(wT,v)]~? 


Formule [A] and [B] enable us to express the ratient of two functions com- 

bined by any process, as exponentials or logarithms of sums of multiples of the 

ratients of the functions taken separately. The extension of the formule to the 

d, (UT, wT,, ete. 
AX 

When m = 0, [A] and [B] become respectively 


is obvious. 


distribution of dm over u, v, w, etc., in 


du dv 
log*u log* + log*v .log*t*» ... 4v. 
d(uT,v) _ g og * og” og'v .10g° og 
da log’ (wT, v) log"*! (wT, v) log—!(uT, v) 
oy = (uT, v) log (wT, v) .... (wT, 2) 
1 1 1 du 1 1 1 dw 


which are the formule for the differential cvefficient uf two functions combined by 
the n process. 


: 
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When n= 0, [A] and [B] yield 


dy, (u 0) 
Ad 
ulogu .... log"—'w. log™ vlogu .... log™—'v. log™ 
(u + v) log(u+v) .... log”! (u+v) 
log—'w. .... log™u)~} On 
(log 'w. log~*w og”u)—" log, 
2 dv 
] 1 ‘ y— m ‘m 
(log~*(u + v) log—*(u+v) .... log" (w+ 


formule which express the ratient of a sum of functions in terms of the ratients of 


the functions taken separately. 
Putting n =1, we get corresponding expressions for the ratient of a product. 
When n= 1, m= 0, we get from [B] the differential coefficient of a product. 


n= 2, m=0 gives, after replacing log v by v in the final result, and taking 


the lower sign, 
dv 


du’ Au 


+ logu.u 


These special cases suffice to indicate the extreme generality of formule 


[A] and [B]. 
Finally, it is not difficult to show that for m =n [A] or [B] leads to 


d, (wl, v) _ dav [C] 


and for n= m + 1, [B] becomes, for the lower sign, 


and for the upper sign, 
dn, (U —m 410) du v2) . 


[C], [D] and [D’] are generalizations respectively of 
d(u + v) _ du _ dv d(u.v) _ du ot 


| 
| 
| 
| 
| 
: | 
| | 
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and d(u=v)_ du . 
dx dx da 


The formule 
Oxdy Oydu’ dx dy 


assumes the generalized forms 


O,,x On dx 


301 


and in fact every theorem or formula in the ordinary calculus has its analogue 


in the calculus ot ratients. 
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Simple Pairs of Parallel W-Surfaces. 


By Henry DALLAS THOMPSON. 


Formulas between the Elements of Parallel Surfaces. 


Let x, y, 2 be the coordinates of any point M on a given surface S; and let 
X,Y,2Z; F,G; D, D', D';e,f,9; H, K; re, ete., have the usual mean- 
ing on this surface; r,, 7, being measured toward the point M. [B.-L., p. 98]. 
(For convenience use will be made of the formulas of Bianchi, ‘ Differential- 
geometrie,” Deutsche Uebersetzung von Lukat, Leipzig, 1899, and such references 
will be indicated by B.-L.). Let 7 be a constant which gives the length (positive 
or negative) from some point J on the normal at the point M; then, if 2’, x’, 7 
be the running coordinates, 


(x! — a) X+(y—y) (1) 


is the equation to the plane parallel to the tangent plane at M/, and at the dis- 
tance —/ from M. To find the envelope SS’ of the plane (1), that is, the ‘“ parallel 
surface” to S with the constant distance / between the parallel tangent planes, 
differentiate (1) with regard to wu and v respectively, which gives 


(of — 2) + — + 8) = 0, 
aX aZ 


The solution of the equations (1) and (2) for («’—~z2), (y’— y), (#—z) is 
(using B.-L., p. 128, mid.), 


e—x=—IlX, Y—y=-—lY, 4—2=—/1Z. (3) 
40 


‘ 
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Thus the point M’ is the point M, and the parallel surface S’ is the dilated sur- 
face S,, of which Bonnet speaks in N. Annal. (1853), pp. 433-8. 

Let 2%, Yo, %; 4, Y,Z; Ey, BH, G, ete., be the elements of the point M 
of the surface S, corresponding to M of the surface S. Differentiation gives 


Oxo _ OX Oyo __ Om Oz OZ 
du Ou’ Ou Ou Ou’ du du Ou’ 
Oxo Ox OX Oyo Oy _ 02 _ 1,94 4) 
Ov dv Ov’ dav adv Ov’ dv dav ov 


and thence follow directly from the definitions, 
H=F+tAID G= G+ (5) 


Setting the values of e, /, g from 
e+ KE+HD=0, f+ KF+HD=0, 9+KG+HD"=0 ([B.-L., p. 119] 


in (5), these formulas become 


E,=E+2D—(EK+DH), , 
F,=F+2D—?(FK+ DH), (5) 
G,= G+21D'—P(GK+D"H), Di= D'—1(@K+ 


Using the values of H and K [B.-L., p. 105 (18)]: 


_DD'—D* 2FD’—ED"'— GD 


K 


direct calculation from the formulas (5’) gives: 


B,G, — F? = (EG — F*) + 21(ED" + GD— 2FD’ 
+ 2 [4 (DD! —D")—K (EG + GE—2F") —H(ED"+GD—2FD’)] 
— 2° [K (GD + ED" — 2FD’) + 2H(DD" — D")] 
+ U [K?(EG—F*) + HK (ED"+ GD — 2FD) (DD" —D")] 
= (EG — 211+? (4K — 2K + HA") + (KH—2HR) 
+ (K?—H’K + H’K)] 
= (EG — F*)(1—1H + PK), 
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D,Di! = (DD" —D") (ED! + GD — 2FD’) + 2H(DD" — D")) 
+P [K?(EG — HK (ED" + GD—2FD') + (DD" — D”)] 
= (EG— + 1(KH— 2HK) + + 
= (EG — F)(1— 1H + PRK) K, 
E, Di! — = (2FD! — ED" — GD) 
—1[—4(D" — DD") + 2K(F? — EG) + H(2FD! — ED" — GD)} 
—P[K(6FD' — 3ED" — 3GD) + H(6D" — 3DD" —3D"D)] 
+ 20 [K? (F*?— EG) + HK (2FD! — ED"— GD) + H*(D"—DD")) 
= (EG — F*)[H—1(4K— 2K + —?(3KH— 
+ 22 (— K?+ IK — H?K)] 
= (EG — F*)(1— 1H + PR)(H — 21K). 


Combinations of these three formulas give: 


whence, 21 — 1 
and, therefore, finally also, 
Ky A+ 21K, 
T 41H, + PR, 


The value of A, in (6) has been given by Craig, Jour. fiir Math., 94 (1883), 
pp. 162-170. 

To the lines of curvature on S correspond the lines of curvature on S,; for, 
from (5), if F=0, D=0 and f=0, then M&=0and Dj\=0. And the corre- 
sponding lines of curvature on the two surfaces have parallel tangents, for the 
direction cosines are in proportion, viz. [B.-L., p. 63]: | 


cos (u, x) = = cos (u, = cos (u, z) = (8) 


and setting in the values from (4) and using the formulas B.-L., p. 102 (18), the 


| 
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cosines of (9) become: 
1 Oz | @ey, 1 
and are proportional to the cosines of (8). And similarly for the other line of 


curvature, 
Four Triples of Parallel W-Surfaces. 


The equations (6) lead to pairs of simple parallel W-surfaces when 
+ Kor + 

Cause a. If K,=K, the first equation of (6) gives 7= H/K=7,+ 7. This 
equation, /=7r,+7,, may be called the Weingarten equation for this surface. 
In this case, H} = — H. (The solution 7=0 corresponds to the original sur- 
face.) Then 7,=l—r7, =—7y, and 7, = 1—r, = — 7. The surface S’ at the 
distance — }/ from S, that is, the surface midway between S and S, will have, 
from (6), the mean curvature H’= 0; and then from (7), 


_ 
a= 


This may be expressed: The two parallel surfaces on the two sides of a minimal 
surface at any constant distances + $/, have at corresponding points their prin- 
cipal curvatures equal, and the mean curvatures equal but with opposite signs, 
and each radius of principal curvature equal to the negative of the non-corre- 
sponding radius of principal curvature of the other surface. A figure showing 
these relations may be obtained by taking two equidistant surfaces parallel to 


the catenoid. 
Case b. If Ky =—K, the first of (6) gives K = 0, or 


(10) 


Then the original W-surface being given by the Weingarten equation (10), the 
mid-surface S’ at the distance — 4/ will have, from (6) and (10), A’ = — 4/?. 
And, from (7), the two parallel surfaces at the constant distances + 4/ from 
a surface with constant principal curvature — 4//’, at corresponding points, have 
their principal curvatures equal but of opposite signs. A figure showing these 
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relations may be obtained by taking surfaces parallel to a surface of revolution 
with constant negative curvature. 


Casec. If H, =H, the second of (6) gives the Weingarten equation 
l= H/K—2/H= /(n+7), (11) 


and for the second surface, — 1 = (ri, + 75;)/(7%2 +7). To get the mid-surface 
S', the combination of the two formulas (7) gives: H’/K'’ = H/K—I. And (11) 
then becomes, using the second of (7), 


l= + 1K), 
or A” +. 1H'K! = 2K! + 1H'R'+4PR", 
or finally 4? = — 2K')/K" = rf + 


Cased. If H,=— H, the second of (6) gives (LK — H)(IH— 2)=0, and 
the first factor equal to zero has been considered under case a. The considera- 
tion of the second factor gives the Weingarten equation / = 2/H= 2r,r,/(r, +7) . 
This surface, H equal to a constant, has been studied by Bonnet,* who has 
shown, as follows also at once from (6), that, for the mid-surface 8’, 
K'=4/? = H*. The two cases } and d give one pair of real surfaces parallel to 
and equidistant from every real surface with constant measure of curvature. Sev- 
eral well known theorems, some in an extended form, follow from (5) and the 
formulas immediately following. Every pair of orthogonal lines on one surface 
will correspond to a pair of orthogonal lines on a parallel surface only when the 
surfaces have constant mean curvature equal but with opposite signs. For, if 
and F=0, with D’ not zero and / not zero, then 2D’ +/7/=0 and 
0= f+ HD’; hence, /= 2/H. The asymptotic lines on one surface correspond 
to a pair of conjugate lines on the parallel surface only when the surfaces have 
constant mean curvature, equal but with opposite signs. For, from (5), 


D,D" + — 2D{D! = 2(DD" — D") + U(eD" + gD — 2D’). 


* Bonnet, Nouv. Ann., 12 (1858), pp. 483-8. See also: Jellett, Jour. de Math., 18 (1853), pp. 163-7. 
Bour, fe. Polyt., 89 (1862), pp. 109f. Bonnet, Kc. Polyt., 42 (1367), p. 77. Simon, Diss., Halle, 1876. 
Willgrad, Diss., Gdttingen, 1883. Chini, Gior. di Mat., 27 (1889), pp. 107-123. Darboux, ‘‘ Surfaces,’’ 
vol. II, pp. 248 ff. ; vol. III, pp. 875 f. Vivanti, Lomb. Rend. (2), 27 (1895), p. 699. 
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And the left-hand side of this equation equated to zero is the necessary and suf- 
ficient condition for the correspondence of the asymptotic with a pair of conju- 
gate lines. [B.-L., p. 293.] But the right-hand side equated to zero gives 
1=2/H. [B-L., p. 124, (8)]. A pair of orthogonal lines on one surface cor- 
responds to a pair of conjugate lines on a parallel surface only when the first 
surface has constant mean curvature and the second surface is the parallel mid- 
surface with constant principal curvature. For, F=0 and Dj=0 in (5) and 
the following formulas give: 0= D'+/7/, f+ HD =0 orl=1/H. 


Pairs of Anharmonic Parallel Surfaces. 


The constant distance MM in the case d is 2/H. If 7, be MM and 7, be 
MM, it is seen at once that here M, is the fourth harmonic to the points 
M,, M, M,. The question at once arises, for what surface will the line 44M be 
a constant, when J, is the fourth anharmonic to the points M,, M, M,? Here, 


a and b being constants, 
= aM, M, :— bM,M,. 


Setting in MM, MLM,=7,— MM, this reduces to (ar, + br,) 
= (a+ b) or finally : 


In order that MM shall be a constant, it is necessary and sufficient that 
the denominator be constant, say c; that is, M,M= (a+ b)/c, and the Wein- 
garten equation is the most general linear relation between the reciprocals of the 
principal radii of curvature, 


(12) 


Let this surface be referred to its lines of curvature; the parallel surface at 
the distance — MM or — /, will have from (5) and B.-L., p. 102, (14) and B.-L., 
p. 235, formulas between (3) and (4), 


EF (1 — 1/72)*, Gy G (1 —2Z/r,)’, 
D=D(1i—1/r,), Di =D! A—l/n), 
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and then = 7, (1 — and rg = or 
+l, $l. (13) 
These values set in (12) give: 
(To + 1) + + 1) (71 + + 2), 
or (a — cl) re, + (6 — el) ro, — Cry = (cl —a — B). 


But setting in the value 7/=(a + b)/c and dividing by — 7.rq, this becomes the 
anharmonic surface, with the linear Weingarten equation : 


(14) 


The relation between the principal radii of curvature of all surfaces parallel 
to the original surface satisfying the equation (12) may be found. To this end, 
the values (13) set in (12) give again: 


+ + O (E+ =e + + 72) 
or (a a—el b—el =0 (15) 


ToT oz To Toe 


From this equation it follows: There is one and only one other surface parallel 
to the surface satisfying (12) which has a linear relation between the reciprocals 
of the principal radii of curvature, and that is the surface at the distance / given 
by (a + 6)—cl=0, or /=(a+6)/c; and for this value of 7, a— cl = — 3, and 
b — cl = —a, 80 that (15) in this case becomes : 


b a 

 - 0. 14 

Tou To2 (14) 
It is further seen from (15), that no parallel surface to (12) has a constant 


K, or a linear relation between H, and K, (unless a = b, where (12) reduces to 


case d above). 
The surface midway between (12) and (14) is found by setting 7=(a+6)/2c 


in the formula (15), and this gives: 


4c 2 
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And the pairs of parallel surfaces on each side of (16) at the distances + J! 
respectively, satisfy the equations : 


Cc 111 2 


It will have been noticed that the Weingarten equations for the pairs of 
parallel surfaces (not mid-surfaces) in cases a, 6, c, and d, and also in the anhar- 
monic case (17), can be derived one from the other by writing — 7, and — rq 
for r, and 7, respectively. 


PRINCETON, N. J., October 7, 1901. 


On Systems of Linear Differential Equations of the 
First Order.* 


By MAxtme BOcuHeERr. 


It is my object in this paper to consider the system of n differential equa- 


tions: 
dy, 
j=1 


where the coefficients « and @ are functions, not necessarily analytic, of the real 
variable « which, throughout the interval 

(Z) aSaSb, 
satisfy the following condition: 

A. The functions a; and 8; shall have at most a finite number of discontinut- 


ties in (I), and the integrals 


shall converge, when extended over any portion of (I). 

We add the definition: 

B. A set of n functions of x (y1, Yo; ---- Yn) are said to form a solution of (1) 
when, and only when, they are all of them continuous at every point of (I), and, 
except at most at a finite number of points of this interval, have derivatives which 
satisfy (1). 

The first theorem we wish to prove is the following: 

I. Any set of n constants (c,, C, ---- €,), and any point c of (1) being given, 
there exists one, and only one, solution (y;, Y2, ---+ Yn) Of (1) which satisfies the 


initial conditions : 
y;,(c) =<¢,, 1, (2) 


* This paper was read before the American Mathematical Society, February 22, 1902. 


41 


— 
| 


312 Bocuer: On Systems of Linear Differential 


To prove that at least one such solution exists, we use the method of 
successive approximations,.* For this purpose consider the series 


Yo AY +yP+ .... (ard, ... <0), (3) 


where 
and, when k >0, 


It is clear that the integrals here written all converge, and represent func- 


tions which are continuous throughout (/). 
In order to prove the convergence of the series (3), let M be a positive 


constant such that 


and let @(a) be a function which has at most a finite number of discontinuities 


in (Z), for which the integral 
(x) dx 


converges when extended over any portion of (7), and such that 


We can now establish the fundamental inequalities : 


| M k! k= 0, (7) 


These inequalities reduce to (5) when 4=0. We shall therefore have estab- 
lished their truth by the method of mathematical induction if, assuming (7) to 


* This method was used for this purpose for the first time by Peano; cf. Mathematische Annalen, 
vol. 32 (1888), p. 450. Peano, however, restricts himself not merely to homogeneous equations (i. e. 
assumes f, = 8,=... = 8, =0), but also restricts the coefficients a, to be continuous throughout (Z). 

t That such a function exists will be seen from the example: 


i=n j=n 


> |- 


t=1 j=1 


(=1,%....2, @ 
k 
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hold when k<%,, we can prove that it holds when k =k, +1. Now we have: 


(x) da) de . (8) 
_ 


f ff (ax) de) d ° (9) 


The substitution of (9) in (8) gives us (7) for the case k =k, + 1. 
If, now, we write 


(ky +1) (ky) 
lyo*”| <f (> lay] |) | SM ki! 


By integrating by parts we find 


b 
v= (10) 
we deduce at once from (7) the further inequality : 


If, then, we compare (3) with the convergent series of positive constant terms, 


(12) 


| 
= k! 


we see that the series (3) are absolutely and uniformly convergent throughout 
(J). Writing 


yi + ...., (t= 1,2,..-. m) (138) 
we see that the functions (y,, y¥,, .--- Y,) thus defined are continuous through- 


out (J). Moreover, since, when «=e, all the terms except the first of these 
series vanish, while (c) =¢,, it follows that y;,(c) = 

In order to prove that (y, .--- y,) form a solution of (1) according to the 
definition (B), it will then be sufficient if we can prove that, 2 being any point 
where the coefficients a,; and @; are continuous, (y,,.--- y,) have derivatives 
at 29 which satisfy (1). 

For this purpose let us surround a by a short interval (J) throughout 
which the coefficients a;; and 9; are continuous. We have: 


k 
ai + a, yy + ae >, Ys + ain > 
b=@ k=0 k=0 


j=n 
ayy + ayyP (6=1, 2). 
j=1 j=! 


¥ 
| ki? | 
k=o k co k=—@ 
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This last series clearly converges uniformly throughout (J), since the series 
(13)doso. Itis, however, precisely the series which we should obtain by differenti- 
ating (13) term by term. Accordingly y,; has a derivative throughout (J), and this 
derivative is represented by the series last written. Moreover, the formula just 
obtained shows that this derivative satisfies (1). Thus our proof is complete. 


It remains merely to prove that two solutions (y,, .... y,) and (y, ---- Yn) 
of (1) which satisfy the conditions 
= (i=1, 2,.... 2) 


must be identically equal. For this purpose we notice that if 


then (7, 72, .--- 7,) i8 a solution of the system of homogeneous linear equations 
dn 1 


Our theorem will, therefore, be established if we can prove the following 


special case of it: 
Tf (11, N21 +++ Nn) ts a solution of (14), and if 
n;(c) = 0, 6224, 3, ....@, 
then n; (x) =0, 


If possible, let A be a point in (J), where all the functions 7; do not vanish. 
Then we can, by the portion of theorem I already proved, find n — 1 solutions 


of (14), 


af, ....9f 1, 2,....2%— 1) 
such that the determinant 
m 
(1) (n—1) 
D(a)= 


does not vanish when « = h.* 


* If, for instance 7,(h) = 0, we may determine these solutions by the conditions : 
ny = 0 when i+/. 
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Let us now form the derivative of D(x), writing this derivative as the sum 
of n determinants, each of which is obtained from D by differentiating all the 
elements of one row. By a simple reduction, we find 

D' (x) = (ay + + Onn) D(z). 
We have, therefore, 


where & is a constant.* Accordingly, D(c)=k. But we obviously have 
D(ce)=0. Accordingly, D(x)=0. This, however, contradicts the fact above 
mentioned that D(h) #0. The assumption that there is a point where all the 
functions 7; do not vanish has thus led us to a contradiction, and thus our theo- 
rem is proved.t 

The second fundamental theorem which we wish to prove states, roughly 
speaking, that a small variation in the coefficients of the system (1) and in the 
initial values ¢; produces only a small variation in the solution. The theorem 
is this: 

Il. The positive constants B, Cand « being given, and also a positive func- 
tion @ (x) which has at most a finite number of discontinuities in (I) and for which 


f @ (x) dx converges when extended over any portion of (I), then a positive § exists 
such that if 


dy, 
(1) + Bis 


are any two systems of equations whose coefficients satisfy condition (A) and also 
(cacept possibly at a finite number oy points) the inequalities : 


| ay ay| |a,.| <@(z), 


* Cf., for example, Sauvage, ‘‘ Théorie générale des syst¢mes d’équations différentielles linéaires et 
homogénes ”’ (1895), p. 18. This thesis was reprinted from the Annales de la Faculté des Sciences de 
Toulouse, vols. 8 and 9. 

t The proof here given is an immediate generalization of the proof of a similar theorem given by 
Sturm (Liouville’s Journal, vol. I (1836), p. 109), for a single linear differential equation of the second 
order. 


1, 2 ..-. 2) 


dy, 
(1) = + Bi 
Bi| <4, | < B, | 
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(where the last two ineqalities are supposed to hold no matter what two points of (I) 


are taken as the limits of integration), and tf c is any point of (I) and (y;, ---+ Yn) 

and (y,, --++ Yn) are solutions of (1) and (1) respectively, for which 

(2) — (#)| <e, 


To prove this theorem, we express the solutions y; and y, by the method of 
successive approximations, as explained above, in the form: 


(3) 


Writing B+ C=, we see that every term of (3) and also of (3) is in 
absolute value less than or at most equal to the corresponding term of (12). 
Let us choose a positive integer 7, so that the remainder of (12), after the / 


term, is less than ¢/3. Then we have: 
k=l— 


Our theorem will therefore be proved if we can show that 6 (which ig as 
yet wholly unrestricted) can be so chosen that 


Let us assume that, a positive 7 being given, a positive 3 exists such that 


Then, since we know that such a 6 exists, when £ = 0,* we shall have estab- 
lished our theorem by mathematical induction if we can show that by still 
further decreasing 6 (if necessary) (15) can be made to hold when k= m-+1. 
For this purpose, let us take 6 so that 


n.m! 
ot 2nM (nN )” (6 — a) 


* We have then merely to take 6 < 7/2, and 6<7/2(b—a). 
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and then let us still further decrease 6 (if necessary), so that: 


| G= 2,..--M). 
Now we have: 
— f (ag — dec 
j=n 
j==1 
Accordingly, 
m (nN )™ ! 
1,2. 


Thus our theorem is proved. 

As an immediate application of the theorem just proved, we mention the 
following theorem : 

If, corresponding to the values k = 1, 2, 3,...., we have an infinite number of 
systems of equations 


j=n 


= (k) (k) 


j=1 


if the coefficients of each of these systems of equations satisfy conditions (A),* and tf, 
in a region consisting of all except a finite number of the points of (1), a{? (x) and 
BS (x) approach uniformly the functions a; and B; as k becomes infinite, and if the 
constants c are such that 


lim c = ¢,, (¢= 1, 2, ....#), 
k=0 
and if (y1, ---+ Yn) and (y{?,..-- yx) are solutions of (1) and (16) respectively 
which satisfy the initial ee 7 
y (=a, (0) = of", 


then the functions y\(x) approach uniformly the functions y;(%) as k becomes 
infinite. 


* It should be noticed that we need not here exclude the possibility that the number of discontinu- 
ities of some or all of the functions «{, 8{” become infinite with k. Cf. the special case mentioned 


below. 


‘ 

@ 
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If, in particular, the coefficients of (1) are continuous throughout (J), we 
may form the equations (16) by dividing the interval (Z) into m, portions, the 
integer m, being supposed to increase without limit as / becomes infinite, and all 
portions into which (Z/) is divided being supposed to approach zero as their limits. 
Let us further denote by 2’, «{?, .... a} points lying one in each of these sub- 
intervals; and let us define aj? and 6!" throughout the /‘" of these intervals by 


the formule: 
(@) = ay(ai?), BP (x) = 

The coefficients of (16) thus consist,.for each value of &, of a succession of 
constant values, so that the functions y{ can be expressed in terms of elementary 
functions. The method here sketched for approximating to the solution of (1) 
was developed for a special case at considerable length by Radakovic.* 

The results of the present paper can be applied without difficulty to the case 
of a single linear differential equation of the nm“ order, since such an equation is 
equivalent, as is well known, to a system of the form (1).+ 


HARVARD UNIVERSITY, CAMBRIDGE, MASS. 


* Monatshefte fiir Math. u. Physik, vol. 5 (1894), p. 193. 
+ The results thus obtained will include, among others, the theorems established by the writer in 


the Bulletin of the American Mathematical Society for March, 1899, on p. 276. 


On the Quaternary Linear Homogeneous Group and 
the Ternary Linear Fractional Group. 


By T. M. Pournam. 


§1.—INTRODUCTION. 


The general group of linear homogeneous substitutions on m indices, with 
coefficients arbitrary marks of a Galois field such that the determinant is unity, 
contains an invariant subgroup made up of all those substitutions that 
multiply every index by an m‘ root of unity in the field. Ifd@=[m, p*— 1], 
then the equation XY” = 1 has just d solutions in the field in which we are work- 
ing,—the GF [p"], so that this invariant subgroup is of order d. 

It has been shown* that the quotient-group defined by this invariant sub- 
group is simple, and is holoedrically isomorphic with the linear fractional group 
on m— lindices. The order of the general homogeneous group of substitutions 
with determinant unity is 

Hence, the linear fractional group is of order V = 4 M. 

In a previous papert the writer has studied the distribution of the substitu- 
tions of the homogeneous group into complete sets of conjugate substitutions for 
the case m = 4, and for arbitrary determinant. It is proposed here to consider 
the same properties when the determinant is unity, both for the homogeneous 
group and for the fractional group on three indices. The periods of all the sub- 
stitutions in both groups will be determined and, as far as possible, the arrange- 


* Dickson, Annals of Mathematics, vol. XI, pp. 161-183. Burnside, ‘‘ Theory of Groups,’’ p. 340. 
1 Amer. Journ. of Math., vol. XXIII, pp. 41-48. 


42 


320 PutnaM: On the Quaternary Linear Homogeneous Group 


ment of the cyclic subgroups into conjugate sets will be investigated.* Certain 
commutative subgroups will occur in the investigation which will be studied in 
their abstract form (cf. §22). 

The linear fractional group is further important in that according as p" is of 
the form 2", 47—1, 4/ + 1, it is simply isomorphic respectively, with the senary 
linear groups FH (6, 2"), NS (6, p"), O(6, p"), each defined by a quadratic inva- 
riant (Dickson, Bul. A. M. S., 1898-9, p. 472). 


§2.—In this case d = [4, p*— 1], so that 
d=1,if 2; d=2, if p = 44—1; d= 4, if p*= 41 + 1. 


Since there are just d solutions of the equation X‘= 1 in the GF'[ p"], there are 
d homogeneous substitutions of determinant unity, 


(ak) + + aig ks + cig = 1, 2, 8, 4] ’ 


which, when taken fractionally, lead to the same non-homogeneous substitution 
of determinant unity, 6” running through the d roots of the equation X*= 1. 
When d = 1, therefore, the linear fractional group G is holoedrically iso- 
morphic with the homogeneous group H. When d= 4, we may derive the 
results for the group &@ by considering, as identical in H, the substitutions 


S, OS, OS, 88, 


where @ is the substitution multiplying every index by a primitive root 0 of the 
equation X*= 1 (cf. §11). Whend= 2, 69 and @ are not present in the field, 
and we may obtain the results for G in this case by regarding S and 0’ as 
identical in /7. 

The discussion falls naturally, then, into the three cases d= 1, d= 2 and 
d = 4, which will be considered, as far as possible, together, though this will be 
impracticable in certain cases. 

The foundation of the developments here presented rests on the theorem of 
Jordan,t on the reduction of homogeneous substitutions S on m variables to 
canonical forms, by transformation of indices, and more directly on its generali- 
zation to the GF'[p"] by Professor Dickson.{ The latter in his paper also sets 


* The corresponding properties for the case n = 8 has been carried out by Professor Dickson, Amer. 
Journ. of Math., vol. XXII, pp. 231-252. 

Traité des Substitutions,’’ pp. 114-126. 

t Amer. Journ. of Math., vol. XXII, pp. 121-187. 
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up the corresponding simultaneous canonical form of a substitution commutative 
with S, of which theorem constant use will also be made. 


§3.—If S is the substitution, 
=A + + + ag, 
Ww! = + + + ay, 


then its characteristic equation A (4) = 0 is defined as follows : 


A 19 — A 34 792 
A)= = an + cA 
(4) hig yg — A + 
14 — A 


where a, b, ¢ are obviously marks of the G/F’ [ p"]}. 
The substitution 


‘say, 


«x 


yz 
has for its characteristic equation 
at— aa? + —ya+1=0, 


where a, 8, y are arbitrary marks of the field. Hence they may be so chosen 
that A (A) is irreducible; the product of a linear factor and an irreducible cubic ; 
the product of two irreducible quadratic factors, distinct or equal; the product 
of an irreducible quadratic and two linear factors, distinct or equal; or, finally, 
the product of four linear factors, distinct, or some or all of them equal. 


§4.—Following the general theorem cited in §2, we proceed to the enumer- 
ation of the canonical forms that will arise. The classification depends on the 
ways that A(A) breaks up into factors in the field, and the results of §3 show 
that all possible factorizations will occur, though the equality of the factors will 
not be possible for certain low values of p”. 

Type 1. When A(A)=0 is irreducible, its roots are of the form A, 2”, 
we, a", their product being unity, and 4 belonging to the GF [p]. The cor- 
responding canonical form is 


yn an yan n 
af == Aa, of ary, s, = 1). 


& 
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Type 2. If A (A) has a cubic irreducible factor, the canonical form becomes 


where A, A”, A” are the roots of the irreducible cubic factor eq'iated to zero, 
and x, y, z are conjugate with respect to the GF'[p"]. 

Type 3. If the equation A (A) = 0 breaks up into two distinct irreducible 
quadratic equations, whose roots are 4, 4?" and u, uw” respectively, the canonical 
form becomes 

wherea#uanda+-~u, x and y, z and w being conjugates. 

Type 4. For this case A (A) = 0 is the square of an irreducible quadratic 
with roots a, 2’. Two types of canonical forms will occur, viz. 

4i) amar, w= 2" (w+ 2), 1] 

Type 5. When A(A) is the product of an irreducible quadratic factor and 
two distinct linear factors, the roots then being A, 4", a, 0, where a and ( are 
in the GF [ p"], the canonical form is 

ome, = hy, a, = 1, a B). 

Type 6. Ifthe linear factors in type 5 are equal, i.e. a = 3, two sub-types 
occur, 

6 (i) gman, = ay v= = 1) 


For all the remaining types, the roots of A (4) = 0 are in the GF'[p"], the 
classification being based on the question of their being equal or distinct. 
Type 7. If the roots are all distinct the form is 


goes, = By, ye, w = be, (aByd = 1). 
Type 8. If two roots are equal, there are two forms, 
(i) Bz, w =yw = 1). 


Type 9. When three roots are equal, we have the three forms, 


9(iii) 2 = ay , , w = Bu, 
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Type 10. If all four roots are equal, five cases arise. 


10(ji) Z=a(zty), w=a(w+2), 


10 (ii) af =az, =a(yt+a2), =aw 
10(ili) y’=a(y+a), , w =aw , (a*=1), 
10(iv) =az, y=a(y+2), , w=a(wt+2), 
10(v) 2& = ay , , w =aw 


Type 11. Ifthe roots are equal in pairs, there are three cases. 


hii) , Ba, = Bw 
11(ii) Yy=a(y+2), =B(wt+2), (a?B? = 1). 
li(fii) =ay , 2= Bz, w= B(w+2). 


§5.—The above list of canonical forms is complete for the group of substitu- 
tions of arbitrary determinant. Furthermore, it is known* that if S and S’ are 
any two substitutions reducible to the same canonical form, there exists a substi- 
tution Wsuch that S’= W-'!SW;; i. e. all substitutions reducible to the same 
canonical form are conjugate within the general group. The converse is also 
true. 

For the group 7 of substitutions of determinant unity, it is necessary that 
two substitutions, having the same canonical form, shall be conjugate by means 
of a substitution of determinant unity. Ifthe determinant of W be a, and there 
exists a substitution 7 of arbitrary determinant 7 such that S= T-'ST, then 
choosing t = w—, the substitution 7W will be of determinant unity and is such 


that 
(TW)-'S(TW) = S'. 


It will be shown that the substitution 7’ exists for all types excepting 4 (i), 
10(i), 10(iv) and 11(ii). The necessary subtypes will then be set up for these 
cases. 


§6.—The substitution 
w=w 


is commutative with substitutions of the canonical forms (5), 6(i), (7), 8 (i), 


* Dickson, Amer. Journ. of Math., vol. XXII, p. 136. 


‘ 
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11(i) and 11 (iii), and being of arbitrary determinant, may be taken as the 
T of the preceding articles for these types. 
For type (1), 7’ may be taken as 


uty, woe 


where o is a primitive root of the GF [p”]. Its determinant is 
but since the + p” + 1)™ power of isa primitive root of the GF [p"], 
this determinant is equal to an arbitrary mark of that field. 


The substitution 
guy, vac, ew 


is commutative with one of types (2), 8 (it), 9, 10 (11) and 10 (iii), and is of arbi- 
trary determinant; hence, may be taken as 7. 
For types (3) and 6 (ii), we may choose as 7’ the substitution 


gus, o's, of = 


where o is a primitive root of the GF [p"]. Since o?"*! is a primitive root of 
the GF [p"], the determinant o’®"+” of this substitution is arbitrary in the 
GF [p"]. 

The most general substitution commutative with a substitution of type 4 (i) 
has the canonical form 


where the determinant is o”®’*", o being a primitive root of the GF[ p’"]. 
Putting p = ot! the determinant becomes r. When d=1, every mark of 
the GF [p"] is a square, hence equal to p” for a proper choice of 7. When 
d = 2 or 4, only half the marks are squares, so that when o~! is a not-square, 
p’” cannot be made equal to it. Since the product of a square and a not-square 
is again a not-square, we may choose 7 such that p”w~' is any particutar not- 
square ¢. Hence, any two substitutions S and S’ reducible to the canonical 
form 4(i), are conjugate by means of a substitution of the field of determinant 1 
ort. Hence, for the group of determinant unity two distinct canonical forms 
arise for this type when d = 2 or 4. They may be chosen to be 


Ww, 
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where o is a primitive root of the GF [p*"]. These are not conjugate by means 
of a substitution of determinant unity. For, the most general substitution trans- 
forming 4'(1) into 4(i) has the form 


=acr, y =acxt+ay, 2=bo"z, wi = co” + bw, 


where x and z, wand y are conjugates respectively. The determinant of this 


substitution is seen to be 
abo" +1 — 


hence, it can never be equal to unity, and, therefore, for the group H, these 
forms are distinct. 


The substitution 


is commutative with a substitution of type 4 (ii) and its determinant 07+”, 
being arbitrary in the GF [p"], it may be chosen as 7 for this type. 
The most general substitution transforming 10 (i) into itself is 


Yo=bet+ay, d=cat+byta, 


with determinant a‘. If d=1, every mark in the GF'[p"] is a fourth power, 
so that an a can be found such that at =o Whend=2, p"= —1. Hence 
p““ =p, so that squares are also fourth powers. If wo! is a not-fourth power, 
then the equation at=a@~'.¢ can be satisfied, where ¢ is any particular not- 
square. Hence, it follows, as for type 4(i), that when d= 2, two substitu- 
tions of this canonical form are conjugate by means of a substitution of determi- 
nant unity or ¢. Two subcases then arise which may be taken to be 


10° (i) Yroa(tytiz), 2=(2t+y), 


When d= 4, then p*= 4/ + 1, so that squares are not always fourth pow- 
ers as ford=2. If @ is a not-fourth power, then a‘ can be made equal to 
either ¢, ¢ or é, where ¢ is a particular not-square. For, suppose ¢=p“*?, then 
P= Hence, if a= ta—* will be a fourth power, hence a* = can 
be satisfied, or aw=t. If a=p"t%, then fa’ is a fourth power, while if 
w= p™, then ?o~' is a fourth power. Thus when d= 4, two substitutions redu- 
cible to this canonical form will be conjugate by means of a substitution of deter- 


| 
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minant 1, ¢, @ or @ In addition to types 10(i) and 10/ (i), there will be two 
other subcases, 
10" (ii) w=a(wt+z). 
These four subtypes are indeed all distinct, for the most general substitution 
transforming 
Y=a(yt+ts), d=alet+y), w=a(wt+z) 


into the substitution 
d=alz+y), w=a(wt+az) 


is the substitution 
x, + at, 
w! = age + + + at—"w, 
with determinant aj #@°~”, which can never be unity for s, r= 0, 1, 2,38, sr. 
The most general substitution transforming type 10(iv) into itself has a 
determinant a’. By a discussion analogous to that used for type 4 (i), we find 
that when d = 2 or 4, two subtypes are necessary which may be taken to be 
10'(iv) d=az, w=a(wt 2), 


where ¢ is a particular not-square. These are not conjugate by means of a sub- 
stitution of determinant unity. 
The same state of affairs exists for type 11 (ii), the necessary subtypes being 


where again ¢ is a particular not-square. 


§7.—In studying the particular canonical forms, the typical substitution will 
be denoted by S, and will be thought of as any substitution reducible to the 
canonical form, or as the canonical form itself. 7 will designate a substitution 
commutative with S, while Mf will denote the order of the homogeneous group 


A, viz. 


M= (p™ — 1)(p"— p")(p" — — p™)/(p" — 1), 
and WN will stand for the order of the fractional group G, where V= + M. 


— 
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Type 1. 


§8.—Among the substitutions of this type occurs 
such that 4 is a primitive root of the equation 
Indeed, by §3, there exists a substitution whose characteristic equation 
A (a) = at — ad? + BA?-- yA+1=0 
has its coefficients arbitrary marks of the GF'[ p"}. 

Any other substitution of this type will have as multipliers 4’, 4”, 
nv", x”, and is, therefore, a power of S. The period of Sis p™ + p”™+ p"+1 
while that of the corresponding substitution in @ is the least integer m such 
that 

A” = = = 
Hence m(p"— 1) is a multiple of p™ + p"™+ p"+1. But 
[p*—1, p™ + + 1] = [p" — 1, 4] 
so that the period of S in G becomes 


+p" +p" +1). 


Any substitution 7’ commutative with S has the canonical form, simulta- 
neously with the canonical form of S, 
where o is a primitive root of the GF [p"]. But since the determinant is unity, 
we have 
—], 
Hence is a multiple of Let r=k(p"— 1), then, since o*~'=1, 
we may choose A= o””~'. Hence, 
so that 7 = S*. Therefore, S is commutative only with its powers. Denoting 
by s the number of substitutions commutative with S in H, we have 
t+ p" +1, 
43 
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while in G the number of commutative substitutions is = . Consequently, there 


Nd _ M 


are M qubstitutions conjugate to Sin H, and aos conjugate to Sin G. 
8 


The substitutions S, S’”. S’", S®” are the only powers of S that have the 
same multipliers as S, and are, therefore, the only powers of S that are conju- 


M 
gate to it. Hence, there is one set o— conjugate cyclic subgroups in H of 
8 


8 
order s, and one set of a G of order = 
s 


Remark. The equality of the number of subgroups in the sets of H and of 
G occurs for most of the types, their orders consequently being in the ratio of 


d tol. 
To obtain the exact number of substitutions reducible to this type, i. e 


having an irreducible characteristic equation, we must exclude those powers of S 
and of its conjugates that have their multipliers in the GF[p™”"]. This will 
occur for S" if = 1, hence 


m (p™-— 1) =h(p™ + + + 1), 
m(p*— 1) =h(p"+ 1). 


But [p"—1, p” -+1] = [p"—1, 2], which is unity when d = 1, and is 2, when 
d=2or4. Therefore, 


ford <= 1, AG” 41), 1,%..... 
ford = 2,4, m= hh(p™+1), (h=1, 2,.... 2(p*+1)). 


We therefore exclude 27(p" + 1) substitutions from each subgroup of the 
set in H, and 55 (" +1) from each subgroup of the set in G, where 7 = 4 if 


d=1,andj=1ifd=2or4. There remain 
(p" + 1) 
substitutions in each subgroup in H; altogether then 


[s — 3 + 1)] = 


4 
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In G there will be left . [s — 27 (p"+1)] substitutions in each cyclic subgroup ; 


in all, therefore, 
[s — 27 (p" + 1)] 
8 
7 
not a factor of 2(p" + 1) when d= 2 or 4. 
Remark. The number of substitutions reducible to a given canonical form 
will be determined in every case, and their sum, which must be the order of the 
group may be calculated as a partial verification of the correctness of the work. 


substitutions, each of period a factor of but not of p" + 1, when d =1, and 


Ty pe 2. 
§9. A substitution of this type of determinant unity has the form 


where @ is in the GF[p*”]. Choosing 4 to be a primitive root of that field, it 
follows that any substitution of this type is a powerof S. The period of S is 
p*" —1, and the period of the corresponding substitution in G is the least integer 
m such that 


Hence, m ( + p" + 2) ='h(p”— 1), where is some integer. But 
so that m = + (p"— 1). 


The most general substitution 7’ of determinant unity, commutative with 

S, is 
Hence, T= 8S’, so that S is commutative only with its powers. It results, then, 
that there are 
M/(p" — 1) 

substitutions conjugate to S in both H and G. But S, S*", S*” are the only 
powers of S' conjugate to S, so there are M//3(p™ — 1) distinct conjugate cyclic 
subgroups in the set for both groups. 
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The substitution S‘ will have its characteristic equation further resolv- 
able if 


1; 
hence, t=h(p™+ p" +1), A=(l1, 2,.... p*—1), 
so that (p" — 1) powers of S will belong to other canonical forms. There remain 


(p™" — p") substitutions in each subgroup reducible to this canonical form. In 


all, then, there are in H 
(p” — — 4) 


substitutions, from this type, of period factors of p”—1, but not factors of 


1). 
The group G evidently contains 


— p*) N/3(p™— 1) 


substitutions from this source, each of period a factor of > (p*"* — 1), but not of 


period a factor of > (p" — 1). 


Type 3. 
§10.—We may choose 4 a primitive root of the GF [ p*”] in the substitution 
S: = Aa, Ay, = w! = (Agy’*' = 1A 


The period of S is then p” — 1, while the period of S in G@ is the least integer 
m such that 

Hence m is a multiple of p"+ 1, say m=h(p"+1). But since (Au)"t!=1, 
uw is the [— 1+ — 1)]™ power of A. Hence 


Hence we have 
2m —km(p"— 1)=0, (mod p™”— 1), 


2h (p" +1) = 0, 


Therefore, when d=1, h=p"—1 and m=p”"—1; and when d=2 or 4, 
h=4(p"*—1) and m= 3 (p”"—1). 
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There are p* + 1 values of uw given by 
(k=1, 2,.... +1). 
But uw will be in the GF'[ p"] if 
—1+k(p"—1)=0, (mod p” + 1), 


which has a solution only when p = 2, viz, k=2"—'. Excluding this solution, 
there remain 2” values of « when d=1 and p"+1, when d=2 or 4. These 
will give rise to substitutions conjugate in pairs, since, for every value of u, wu” 
is also in the list given by the values & and p”" —k respectively. Hence, when 
d=1, there are 2"~' distinct sets of conjugate cyclic subgroups, and when d= 2 
or 4, there are 4(p"+ 1) such sets. (The cases p*=2 and p"=8 are excep- 
tions, there being no set for the former and only one for the latter.) 
The most general substitution 7' for this type is 


where +#@"+) —1. Hence, there are + 1 values of and for each of 
these, r may take »*"—1 values and s is then determined, so that there are 
(p" + 1)(p*"—1) substitutions commutative with one of this type. There are 


then in G 
M/(p" + 1)(p" — 1) 
substitutions conjugate to 8. 
Putting ¢=—1+k(p"—1), the multipliers of S may be written 
A, A", a‘, a”. It is seen that Sand § are conjugates. Further, they will also 
be conjugate to St and S“”" if 
?=1 or (mod p™” — 1). 


The first congruence becomes 
(2k +1)?=1, (mod 2(p"+ 1)), 


which has 2’+7 distinct solutions, where 7 is the number of odd prime factors of 
2(p" +1), and if 2” is the highest power of 2 contained in 2(p" +1), then r=0 
ifh=1; r=1ifh=2;r=2ifh>2. (Dirichlet, “Zahlentheorie,” §37.) 
These 2+" solutions for 24+ 1 may be taken positive and < 2(p”+1) 
and hence give k <p" + 1, so that all must be considered. The corresponding 
sets, however, will coincide in pairs, for if & is one solution of the congruence 
p" —k is also a solution. Hence, just 2’+*~' sets arise such that powers of the 
generators of the cyclic subgroups composing them are conjugate by fours. 


| 
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The other congruence becomes 


(2k+1/’=—1, (mod 2(p"+ 1)), 
and has solutions only for p= 2, d=1; it then becomes 
(2k + 1°?=—1, (mod 2” + 1). 


But — 1 is a residue only of primes of the form 4/-+ 1. Hence, when 2"+ 1 
has all its prime factors, 7 in number, of the form 4/ +1, 2’ solutions occur. These 


lead to 2’—! sets in our group H. 

When d=1, therefore, there are g sets of conjugate cyclic subgroups such 
that any generator is conjugate with four of its powers, where g is 2’+7—1+ 2/—}, 
if all the odd prime factors of 2” +1 are of the form 4/+ 1, and g is equal to 
2/+7—1 in all other cases. The remaining 2"~1—g sets are such that the gener- 
ators are conjugate with just two of their powers. Hence, in H and in & we 


have, for d= 1, g sets each containing 
M/4(p" + 1)(p" — 1) 
conjugate cyclic subgroups, and 2"—'— g sets each containing 
M/2(p" + 1)(p™" — 1) 
subgroups; every subgroup being of order — 1, 


When d= 2 or 4, just 2/+"—! sets are such that every generator is conju- 
gate with four of its powers, the remaining 


(pt + 1)— 


sets have each generator conjugate with only two of its powers. In H, every 
group of these sets is of order p” — 1. 


§11.—In passing from H to G, it must be noticed in each type whether or 
not S is conjugate with O'S; © being the substitution that multiplies every 
index by 6, a primitive fourth root of unity. In general, if the multipliers of the 
canonical form of a substitution W are J/,, M,, M,, M,, then those of O'W are 
6'M,; and if W is conjugate with ©' W, then the two substitutions 
have the same set of multipliers, apart from their order. Since the determinant 
of the substitution is unity, we have 

M, M, M; M,=1. 
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Suppose = then if or i= 2; and since + we 
have ?M,;=M,. Hence, 


1 
1 
The multipliers are then Jf, 


If 0’, M,, then we must have, by properly choosing the notation, 
6'M, = M;. Hence, the multipliers become M,, (4 = 1, 2, 3, 4). 
Hence, Mi=—1. These are the only two possible sets of multipliers such 
that W and 6'W are conjugates. 

In the first case, Wand ©? W would be conjugates and would correspond to 
the same substitution in G, so that the set of substitutions conjugate to Win H 
must be divided by two in passing to the group G. If W has the second set of 
multipliers, then the number of substitutions conjugate to W in H reduces to 
one-fourth that number for the corresponding set in G. 

If O' W is conjugate with some power of W, for 7 values of ¢(j <4), then 
the number of subgroups conjugate to the group { W{ will be reduced in the ratio 


= in passing to the group G. Should it happen that OW lies in a set of con- 


jugate cyclic subgroups distinct from the one in which W lies, there will be a 
corresponding union of sets in G. Since « may be equal to four, both of these 
latter cases may occur simultaneously, as will happen in type 3 under considera- 
tion [cf. §12]. 


§12.—The multipliers of the typical generator S being a, A”, 4‘, A", where 
t= —1+4k(p"—1), it is seen that they do not fulfill the first conditions of 
$11. However, it will happen that in passing from H to G@ some of the sets will 
coincide when d= 4. 

There will be the same number of sets in both H and G when d= 2; each 
set containing the same number of conjugate subgroups in the two groups, the 
orders, however, being 4(p”"— 1) in the group G. This may be verified by 
noticing that ©” is S raised to the power $(p™” + 1). 

When d= 4, OS and ©°S are not conjugate with powers of S in all cases, and 
they will be shown in these cases to lie in a set distinct from the one of which 
Sis the typical generator. Hence, in passing from H to G, these two sets unite 
into one. 
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To determine the number of such cases, consider when the multipliers of 
@S are the same as those of some power of S. Since @=a!*"—”, the multi- 
pliers of OS are A raised to the following powers : 

4(p™+ 3), p’+d(p™—1), 

It will be sufficient to consider S to the powers }(p*" + 3) and t+ }4(p"— 1), 
for, if OS is conjugate to S”, it will be conjugate to S™”". 

The first two multipliers in S' to the power ¢ + $(p*" — 1) coincide with the 
last two in OS. The third will be equal to the first in OS if 


4+ 1)St(p" 4+ 3), [mod p™— 1], 
or = (p" — 1)]=0, [mod p"+ 1]. 


Since, for d= 4, p" + 1-is of the form 2(27 +1), this congruence has no solu- 


tions, being of the form 
A+ B=0, [mod 2(27+ 1)], 
where A is even and B is odd. 
The other possibility is that the third multiplier be equal to the second one 


of OS, which gives the condition 
t 


Substituting for ¢ its value — 1 + k(p"— 1), this becomes 
— (1+ 2h+ [mod p* +1]. 


It is, therefore, necessary and sufficient that 1 + 2k + 2k be an odd multiple of 
4(p"+ 1). The congruence 

2h? ++ %+1=0 [mod $(p" + 1)] 
becomes [mod p” + 1]. 


Since — 1 is a residue only of primes of the form 4r + 1, it is necessary that all 
the odd prime factors of p" +1 shall be of the form 47+1. We will call ¢ the 
number of solutions of this congruence that give rise to distinct sets of conjugate 
subgroups, where 7, if it exists, is an even integer. 

Example.—If p" = 9, the above congruence becomes 


2h? + 2k (mod 5). 


Then p” + 1, having the single odd prime factor 5, has solutions, viz. k= 1 and 


= 
— 
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k= 3. The corresponding substitutions are seen to have the property stipu- 


lated. 
The other possibility is that the multipliers of OS are the same as those of 


Sie"+9 The multipliers of the latter are 4 raised to the following powers: 

The first two multipliers are the same for the two substitutions, the first ones 

obviously, the second ones because 


+ 4 (p*" 1) = } p" + 3), [mod —_ 1)], 


which reduces to 
p’—1=0, (mod 4), 


which is true, since p*= 41 1.(d = 4). 
The third multipliers of each will be identical if 


+8), [inod 1], 
Putting i= —1+4k(p, —1), this reduces to 
k(p"— 1)=2, [mod 4], 


which is not satisfied, since p»—1=0 (mod 4). 
It must then happen that the third multiplier of the first set coincides with 
the fourth one of the second set, and vice versa. This will be so if 


t+ = p".tt (p+ 3), [mod — 1], 


which reduces to 
8k +44 +1) —(p" + 1)[kp" (p"— 1) + 4k] =0, [nod 4(p* + 1)), 
It is, therefore, necessary and sufficient that 
4(2k+1)+ (p"+1yf=0, [mod 4 (p"+1)], 
which requires that 
4(2k+ 1)=0, [mod p" + 1]. 
Since p" has the form 4/ + 1 in this case, (d = 4), this may be written 
2(2k + 1)=0, [mod 2/+ 1], 
the only solutions of which, & = p* + 1, are 


k=l and 
44 
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But, from §10, these two values of & give rise to the same set of conjugate 
substitutions. Furthermore, these values of & cannot satisfy the congruence 
[$10] 
(2k + 1/?=1, [mod 2(p"+ 1)], 
so that the powers of the generating substitutions in this set are conjugate only 
by twos. 


§13.—When d= 4, there will be ¢ + 1 sets of conjugate cyclic subgroups 
such that if Sis a typical generator, O'S (¢ = 1, 2, 3, 4) all lie in the set of which 
the group {S{ is a member, t being zero unless all the prime factors of p” + 1 
are of the form 4r+ 1. It has been shown that ©*S' is a power of S, 
hence, OS and ©*S are powers of a certain substitution conjugate to S, so that in 
the group G the subgroups of these sets, and their orders are just half what they 
are in the group H, Since there are 


M/2 (pn + 1)(p™ — 1) 
subgroups in each of these sets in /, there will be in G, t + 1 sets having 
M/4 (p" + 1)(p" — 3) 
conjugate cyclic subgroups, each of order 3 (7 — 1). 
There remain in H, $(p"—1) — ¢ sets such that the typical substitution S 
and OS lie in different sets, which, therefore, coincide in G [cf. §11], producing 


sets for that group. [From the latter part of §10 it follows that of these sets 
2/+7~3 will contain 

M/4 (p" + — 1) 
cyclic subgroups, while the remainder will have 

M/2(p" + 1)(p" — 1) 


subgroups, the order of the subgroups being in all cases 4 (p** — 1). 


§14.— Determination of total number of substitutions reducible to type 3. 
We need only to consider the number of values of 4 and uw such that 
=1(A#u, wu"), and such that each pair of values gives rise to a 
distinct set of M/(p" + 1)(p*"—1) conjugate substitutions. 
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(i) @d=1. In this case p=2. For every value of 4 in the GF[ u 
takes p" + 1 values, one of which, by §10, is in the GF'[p"] and is to be 
excluded. Ifo is a primitive root of the GF [p*”"] and 


4= (h 1, 2. p") 


2 may have the values o*"—” and o””"'»"-, which must be excluded, since then 
A will be equal to u or uv”. Hence, for these p” values of A, uw takes only p"— 2 
values. For the remaining p™” — 2p" values of 4 not in the GF'[p"], uw may 
take p” values so that, in all, there are 


— 2p") p” + p” — 2) = (p" + 1)(p" — 2) 
values of 4 and u to be considered. The substitutions arising from these sets of 
values will, however, be conjugate in sets of eight, so that there are 


+ 1)(p"—2) 
distinct sets, each containing 


M/(p" + 1)(p™" — 1) 
distinct conjugate substitutions, each of period a factor of p”—1 but not of 
p’—1. 
(ii) d@d=2or4. Let a=o*, then the values of are given by 


1, 2....- + 1). 
But will be in the GF'[ p”] if 
—t+k(p"—1)=0, (nod p” + 1), 
and since p" + 1 is even, this congruence requires that ¢ be even and that 
2k +t=0, (mod p" + 1), 


giving two values of k, O0<k<ep"+1. Hence, for each of the 4(p”— 1) 
values of 4 equal to an odd power of co, wu may take p"+ 1 values, making in all 
4 1)(p" + 1). 

There are 4 (p” — 1) — (p*— 1) = 3 (p"— 1)’ even powers of o not in the 
GF [p"], and for each of these u takes p*— 1 values, making in all 4 (p" — 1)*. 
The equation 


1) =] 
has 2(p"+1) solutions in the GF [p*"], viz. 


| 
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When d= 2, the solutions given by /’ = p* +1 and & = 2(p" +1) are in the 
GF[p"], and when d = 4, there are besides these the solutions = + 1) 
and k =$(p"+ 1). Hence, there are 2(p"+ 1)—d solutions not in the 
GI'[p"]. To each one of these solutions correspond two sets of multipliers 
such that either A= au or A=w’, so that we exclude 4(p" + 1) — 2d of the 


above solutions, leaving 

or (p"—1)(p™ + 1) —4(p" + 1) + 2d 
sets of solutions 2, u, which give rise to substitutions conjugate in sets of eight. 
There are then one-eighth this number of distinct sets of conjugate substitutions 
of this type for d = 2 or 4, each set containing 

substitutions. 

The discussion of §12 shows that to find the number of sets of conjugate 
substitutions for the group G arising from this type, we need only to divide the 
number for //, just found, by d, the sets containing the same number of substi- 


tutions as those in the group //. 
Type 4 (i). 
§15.—The general substitution of this canonical form is 
S: w= (w+ 2), 
where = 1, Whend = 1, we may choose to be a primitive root of the 
equivalent equation A’”"*+!'=1. The period of S will then be p(p"+ 1) when 


d=1. Denoting by o a primitive root of the GF[p"], we may write the 
most general commutative substitution 7 in the form 


where =1, which has for d=1 p™'"*” solutions. Consequently, for 
d = 1 there are 

M/p" (p" + 1) 
conjugate with S. But S and S~'=S*"*! are conjugate substitutions, so that 


there is one set of 
M/ 2p" (p" + 1) 
conjugate cyclic subgroups. 
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The substitution S***? has all its multipliers in the GF'[p"], while those 
of the form 
1, ...- p? +1) 
are of type 4(ii), leaving only p" powers of S and of the generators of the cyclic 
subgroups conjugate to the group {S&}, that belong to this canonical form. Hence, 
when d=1, there are in H and in G 


M/2p" (p" + 1) 


substitutions reducible to this type. 
When d = 2 or 4, we may choose 4 to be a primitive root of the equation 


+1) 


so that S is of period 2p (p"+ 1), and any substitution of this canonical form is 
conjugate with some power of S, just as for d= 1. Hence, there is again a 
single set of conjugate cyclic subgroups. 
If we have 
m= 2k (p" +1) +1, (k= 1, 2,....p; 2% = — 1 (mod p)), 
then Sand S” are conjugates. Indeed, the substitution 


transforms 8” into S, and since the determinant of Wis «??"+m—*, it may be 
chosen equal to unity, u being arbitrary in the GF'[p™] and m not being divis- 
ible by p. 

In the same way it may be shown that S is conjugate with p—1 other 
powers, the exponents of which are of the form 


p" + 2h (p" + 1), (A =1,2,.... p), 


where we exclude the one divisible by p. Altogether, then, S is conjugate with 
2 (p—1) of its powers, and since, for d = 2 or 4, there are 2p" (p" + 1) substi- 
tutions 7 commutative with S, it results that there are 
M/4(p—1) p™(p" + 1) 

conjugate subgroups in the set. 

In determining the number of substitutions in H reducible to this canonical 
form for d = 2 or 4, we must exclude the 2(p" +1) powers of the generators 
of the cyclic groups of the set whose exponents are multiples of p; and also the 


| 
| 
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d (p — 1) powers of S whose exponents are of the form —— that are not 


contained amongst the above 2(p" + 1) excluded powers, There remain 
2p (p* + 1)—2(p" + 1)—d(p— 1) = + 1) 
powers of each generator that belong to this canonical form. Altogether, there 
are, for d = 2 or 4, 
(2(p" + 1) —4) M/4p" (p" + 1) 
substitutions in /7 reducible to this type, their periods being factors of 2p (p" +1) 


but not factors of 2p or 2(p" + 1). 
The period of S in G is the least integer pr such that 


Since [p"— 1, 2(p"+ 1)] =d, it follows that r= ; (p"+ 1). Hence, the 


period is 3 p(p" +1), it being so that d powers of each generator in # unite to 


form a single substitution in G, the number of subgroups in the set remaining 
unchanged. There are, therefore, in G 


substitutions in each of the subgroups that arise from this canonical form. 


Type 4! (i). 

§16.—Since the substitutions of this type are conjugate in the general homo- 
geneous group with those of type 4 (i) by means of a substitution of determinant 
a particular not-square ¢, it follows that the two types present the same arrange- 
ment as to conjugate cyclic subgroups. Indeed, if S’ represents the substitu- 
tions of 4(i) and W is a properly chosen substitution of determinant ¢, then 
Sy) = W-'S” W represents the substitutions of 4! (i) as S” runs through its list. 
The substitutions S{” being distinct, we see that there are the same number of 
substitutions for the two types. 


Type 4 (ii). 


§17.—The general substitution § of this type is 


| 
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Just as in type 4 (i), we choose 4 to be a primitive root of the equations 


according as d= 1 or d= 2 or 4 respectively. The substitution § is then of 
period p" + 1 or 2(p"+ 1), as the case inay be, and every substitution of this 
canonical form is a power of S, so that there is a single set of conjugate cyclic 
subgroups. 

The most general substitution 7’ in this case is 

y=cea+gy, w=c"2+4+ gw, 
a, b, c, g being marks of the GF'[p*"] and c"*!=1, where t= ag — be. Then 
v”+!= 1 has p*+ 1 solutions in the GF'[p*"]. But for a particular value of 
t, the equation ag—bcec=7 has p™”(p—1) solutions. Hence, there are 
p” (p" + 1)(p — 1) substitutions commutative with S, and, consequently, 
M/p” (p* + 1)(p" — 1) 

conjugate with it. 

Since S? is the only power of S conjugate to S, there is in the set in 1 


M/ (p" + 1)(p™ — 1) 
conjugate cyclic subgroups, and since the period of Sin G is = (p" +1) for 
d= 2, 4, the set in G@ will also contain this many subgroups. 
Excluding the identity, the set contains, whend = 1, 
M/ 2p" (p" + 1)(p™ —1) 
substitutions reducible to this type, viz. the p” powers of S, not the identity, and 
their conjugates. When d = 2 or 4, each group of the set contains 2 (p"+1)—d 


substitutions reducible to this canonical type, viz. those powers of each generator 
whose multipliers have not one of the d values 1, —1, 6, 6. 


Type 5. 
$18.—Consider the substitution S of this type when A is a primitive root of 
the GF [ p*"], viz. 
S: Mw, = 1, a $8). 
Ifa =p’, where is a primitive root of the GF[p"], then =p7'~". 


We will have a= @ if 
2r +1=0, (mod p” — 1), 


| 
| 
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which has a solution only when p= 2,i.e.d=1, vizer =}(p"— 2). Exclud- 
ing this value which comes under type 6 (ii), 7 may take 4(p” — 2) values, each 
giving rise to a distinct set of conjugate cyclic subgroups of order (p**—1). For 
d = 2 or 4, there are evidently 4 (p” — 1) such sets. 

The most general substitution 7’ is 


gaan, =by, [aba +} = 1}. 


with (p" + 1)(p" — 1)’ distinct forms, so that there are 

Mj(p" + 1)(p"—1) 
substitutions conjugate with one of this type. !n the substitution under consid- 
eration, S and S are the only powers of S that are conjugates. Hence, in each 


of the above sets there are 

| M/2(p" + 1)(p" —1)° 
cyclic subgroups. 

The most general substitution of this canonical form is 


We will have U= S" if 
rh =t, (mod p” — 1), 

which can be solved for r, provided [A, p" — 1] is a factor of ¢. When this con- 
dition is not satisfied, sets will arise whose structure may be best studied for 
particular fields. They will, therefore, be omitted here. 

The period of S as a substitution of the group G is the least integer m such 
that 

Hence, m is a multiple of p* + 1, say &(p"+ 1). Then, since a”"+'= 9, we 
must have, modulo p” — 1, 
ke (p” + 1)(2r7 +1)0, rk(p?+ 1)—kBS0. 

Hence, 2k(2r7+1)=0, k(2r—1)=0, 


which gives the condition L=0 modulo p? —1. The least value m is then 
p’” — 1, hence the periods of S in H and of § in @ being the same, it follows 
that d substitutions in 7 unite into one in G, all lying in different subgroups. 
There will be, then, either a union of @ sets into one or a union of d sub- 
groups of the same set into one subgroup, or when d= 4, perhaps a combination 


and the Ternary Linear Fractional Group. 343 


of both cases will occur, two sets uniting to form one with half as many sub- 
groups [cf. §11]. Similar properties should be expected also for the cyclic sub- 
groups of this type not included among those of which S is the typical generator. 


§19.—Hxamples. As illustrations of what happens for this type, consider 
some particular fields. 

(i) p*=4.(d=1). There is one substitution S of period 15 with multi- 
pliers 1, 9’, 4,a*. The substitution V with multipliers p, p’, 2°, 2° is not a power 
of S, and generates a cyclic group of order 15. There are in this case two sets 
of conjugate cyclic subgroups of which S and V are the typical generators. 

(ii) p*=3.(d=2). For this case, there is one set of subgroups the typi- 
cal generator S of period 8, having the multipliers 1, p, A, 4°. Since O*S’ is 
conjugate with S°, the set in G contains one-half as many subgroups as the sets 
in H, the groups in both sets being of order 8. 

(iii) p*=5.(d=4). There are two substitutions S for this case, viz. 
(1, 9%, a, 4°) and (p, p’, A, A) of period 24. Calling them S, and &,, we see that 
©’S, is conjugate with S,° and that OS, and 0%S; are conjugate respectively with 
S/ and S}* Hence, the two sets, of which S, and S, are the typical generating 
substitutions, coincide in G and the resulting set contains one-half as many sub- 
groups as each of the distinct sets in H contain. Besides S, and S,, H contains 
the substitution (p, p°, 4*, 2%), which is not contained in the cyclic groups {S,} 
and {S,{}. The corresponding set in G is merged into the set resulting from the 


union of S, and S,. 


§20.—In order to determine the arrangement of the substitutions of type 5 
into complete sets of conjugate substitutions, and hence find the total number of 
substitutions reducible to this type, we determine all the solutions of the equa- 
tion 

(a $8, 2in the GF not in GF [p"]) 


that lead to non-conjugate substitutions of the type. 
Since A takes p*” — p" values not in the GF [p*] and @ may take p”— 1 
values not equal to zero, there are (p" — 1)(p*” — p”) solutions, including those 


fora=£. But the equation 


45 


= 
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gives p" + 1 values for each of the p” — 1 values of a (a #0), one of which is in 
the GF [p"] when d= 1, and two when d= 20r 4. Hence, we must exclude 
p” (p" —1) substitutions when d=1 and (p*— 1)? when d=2 or 4, the 
excluded ones being exactly those that occur in type 6(i). There remain, 


accounting for permutations, 
(p" — 1)(p" — 2) 


for d= 2 or 4, which lead to non-conjugate substitutions of this canonical form, 
each of which is one of a set of J//(p" +1)(p"— 1)’ distinct conjugate substitu- 


tions. 


solutions for d= 1 and 


Type 6 (i). 

§21.—There exists a substitution 
with 4 a primitive root of the GF[p™”]. In the case d=1, a@ is uniquely 
determined by this choice of 4, and furthermore, every substitution of the type 
is a power of 8S. For, consider the most general substitution 


where p= A?"*!. Since the determinant is unity, we have p”=p-*. But S* 
has the multipliers a‘, a‘, a‘, 2", where a**=p—". Hence, a** = p** which gives 
a* = p” when d= 1, so that W= S*. There will then be a single set of conju- 
gate cyclic subgroups in this case. 
The most general substitution 7’ for this type is 
csaxrtby, yr=eat+gy, 


which can be set up in p”(p™” —1)? distinct ways. Since S and §?" are the only 
powers of S conjugate to S, the set contains 


2p" — 1 


conjugate cyclic subgroups of order p* — 1, each group containing p*” — p” sub- 
stitutions reducible to this canonical form. 

When d=2 or 4, the substitution S as taken above does not exist, since 
a”"*+! is a not-square in the GF[p”]. Keeping a a primitive root of the 
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GF {p*"], we now choose S to be the substitution, 


We therefore havea=-+p~'. Calling A the substitution with a= + p~' and 
B the one with a =—p7', we see that for the homogeneous group, both A and 
B are of period 4(p**—1). Furthermore, there exist the relations 


AB= BA. 


The cyclic subgroups may be determined by applying the results for the abstract 
commutative group, which will next be investigated. 


§22.— Determination of the cyclic subgroups of the abstract group defined by 

the relations 

No non-cyclic group exists for m an odd integer, for in that case 
A™+!= or A= 8B. Assume then that m is even (as it is in type 6(i)). 
Suppose, first, that m= 2m’, when m’' is odd. The cyclic group {A} contains 
all the operators of the form A‘, and {B} will have, besides those of the form 
A”, all of the form A”B. There remain only those of the type A“+'B, which 
will be present in the group {AB}. The latter of which is also of order m, 
when m= 2m’, m’ odd. 

Suppose next that m= 4m’, where m’ is odd. The cyclic subgroups {A} 
and {B} are the same as before ; but, since (AB) = A = 1, the group { AB} 
is of order 2m’, and does not contain the operators of the form A*—'. We must, 
m 


therefore, have an additional subgroup {A*B} which is of order 3 and con- 
tains all the operators of the form A”~'B; for 

and Ast +3 Aa + 3— 4m’ (7 — 


In general, if m= 2" m', where m’ is odd, the smallest number of cyclic 
subgroups which include all the operators is k++ 2. For example, {A}, {B} of 
order m, and 

1B} (f= 1, 


of order 5 respectively, excepting {A*~'B}, which is of order ae To prove 
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this latter statement, suppose that 


This will be true if 
(mod 2‘m’). 


Hence, t=0, (mod 
m 


For 7 <i, the least value of 2¢ satisfying this condition is seen to be yr? 


and for 7 it is 


§23.—For the subgroups of type 6 we have 
m=% 1), 


and since p" = 4/ + 1, it results that 
m = 41(21+ 1), 


so that there are at least four cyclic subgroups. 
The multipliers of A” being 


it may happen that a”*' isin the GF [p"]. This can only happen when p” + 1 
is a power of 2, and hence only whend = 2. Since in that case p"+1 is always 
divisible by 2", it is necessary that p* +1 be exactly 2". If this condition be 
satisfied, the values 7 = and 7=& are such that is in the GF'[ p"] 
(e. g. p"=3, k=2; p"=7,4=3). We must therefore omit the correspond- 
ing cyclic groups, otherwise they would be duplicated in the enumeration of 


those of type 11 (i). 

In general, there will be for H, & +2 sets, each containing M/2p”(p**—1)’, 
conjugate cyclic subgroups, the orders being for A and B, 4(p**— 1); for 
{A*—1B}, (j= 1, 2,...- B—1) it is 2-9+”(p™—1); while for {A*—1B} it is 
2-"(p™ — 1), where 2° is highest power of 2 contained in 4(p*"— 1). 


§24.—The period of the substitution A in G is the least integer ¢ such that 


Hence ¢ is a multiple of $(p" +1), say h3(p" +1). Then 


1)? — 9h(p” +1) 
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therefore, h(p" + 1)[1 + + 1)] =0, (mod p” — 1), 
or th(p* + 3)=0, (mod p*"—1), 


Since [p" + 3, p* —1] =d, it follows that 


— 1 2n 
4h= —1), whence ¢= (p 1), 


except when d= 4 and i= 2, in which case p” + 3 is divisible by 8, so that the 
least. value of h is + (p” —1) or t= 4 (p™™ — 1) (ef. §25). 
Since ¢ is even in all cases, excepting when it is ¢(p™” — 1), it follows that 


B is of period 5 (p*" — 1) in all cases. 


The period of the substitution A”~'B considered in the group G, is the 
least integer ¢ such that 


’ 


which requires that 2/+'m be a multiple of p, +1, say h(p" +1). We obtain 
after a slight reduction, the condition 


h —2} =o, (mod p*"—1). (1) 
Since 4(p,— 1) is odd when d= 2, it follows for 7 <k —2 that the least integer 
h satisfying this condition is h = p" —1, the quantity in parenthesis being prime 
to p*—1. Hence, the period ¢ of the substitutions 


(jek — 2) 
is 
Where 7=k — 1, the term 


pr 
ge +2 


is odd, so that the bracketed quanity in (1) is even. It results that the least 
value of h is now 4(p*—1), and hence the period for this substitution is 
2-“+) (p"— 1). Finally, when the congruence (1) may be written 
kh —(p"—1)—44 =0,  (modp"—1), (2) 
showing that h = 2(p" — 1) and the period ¢ is then 2-*(p” — 1). 
The result is that for d=2 the periods of all the substitutions remain 
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unchanged in passing to G', with the one exception 7=%—1. The corresponding 
substitution being of period one-half of the period of the substitution in G from 


which it is derived. 
When d= 4, the congruence (1) may be written 


i} =o, (3) 


The highest power of 2 contained in p*—1 is now 2". Hence, when k>2, 


y— is even, so that the quantity in the bracket is prime to cS , for 7 <k—2. 
Therefore, 

h=3(p"—1), t= 279+?) p*—1, 
If 7 =k— 2, the quantity in brackets is divisible by 2. Hence, 

h=4(p"—1), t=27-*+, — 1), 
When y= %—1, congruence (3) shows that 

h=p"—1, t=2-*(p*—1), 

and when 7=4, writing (3) in the form 

ph —(p"—1)—4} =o, mod 1) 


we see that h= 2(p” —1) and ¢= 2-*(p*"— 1). 

The results, then, for d=4 are that the cyclic subgroups in G are of 
orders one-half the orders of the corresponding groups in H, with the exception 
of those for which 7 has the values k, k—1, k— 2, the corresponding groups 
being of orders, the same for the first two, as in H and for the last, one-fourth of 


the order of the corresponding group in ff. 


$25.—The most general substitution of type 6 is of one of the two forms A 
or A'B. The multipliers of A‘~'B being 


—t —t 2t 2tp” 
’ ’ a, 


the multipliers of 0? A‘—'B will be the negative of these. Since 


ot 
— 2 
—A“ =A 
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we see that when d= 2, O?A'!'B= A" where 
2n 
— + 2], 


—(p* --1) (7 


for ep )o-t=p 
Hence, when d= 2, any substitution of the type is of the form A‘ or ©*A*. 


Therefore in G there will be a single set of 


M| 2p" (p" — 1} 


—¢t 


conjugate cyclic subgroups of order }(p*" — 1). 
When d= 4, the substitution A’~'B is the same as OA’ (the case k= 2 
excepted), where r = ¢— §(p™”—1). For, the multipliers of OA’ are 


n—] 


Hence, we must have =—p~*. Since 


+1 


p * =0.9°'.0 2% 


when / is even (i.e & > 2), where p" = 4/ + 1. 
When k= 2, both {A} and {B} produce distinct cyclic subgroups in G 
but of order 3(p””— 1) (cf. §24). In all other cases there is a single set of 


M| 2p" (p™ — 1)? 
conjugate cyclic subgroups of order } (p” — 1). 
In §20 it was shown that the equation 
could be satisfied by p” (p" — 1) values of a and A when d = 1, and by (p"— 1) 


when d=2or 4. Accounting for permutations, these solutions produce respect- 
ively $£p"(p" —1) and 3(p" — 1)’ sets of conjugate substitutions, each set con- 


taining 
M |p" — 1) 
distinct substitutions, making a total of 


M\2(p" —1)(p"+1) for d=1, 
M| 2p" (p" + 1) for d= 2 


| 
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distinct substitutions reducible to this type. 


Type 6 (ii). 
§26 —The general substitution S of this type is 
where 4 isa primitive root of the GY'[p*"]. When d=1 there will be a single 
set of conjugate cyclic subgroups of order 2(p*" —1), of which the typical gener- 
ator may be taken as the substitution S with ¢=1. It is evident that this set 


will contain all the substitutions of the set of type 6 (i) ford=1. 
There are p" (p*" — 1) substitutions commutative with S, viz. 


The number of substitutions conjugate to S is therefore 
M|p" —1) 
But S and the p” + p" — 1 power of S are conjugate since their multipliers are 


only permuted. Hence there are in the set 
M| 2p" (p™ — 1) 
conjugate cyclic subgroups when d= 1. 

When d = 2 or 4, there will be an arrangement of complete sets of conju- 
gate subgroups similar to that for type 6(i). The two generators A and B now 
take the form 

where, as before,p =A" *'. The periods of A and B are both 4 p(p*"—1), and 
since AB = BA and A’ = B’, we may apply directly the results of §22, putting 


m = 3 p(p" — 1). 


The formulation of the number of sets of conjugate cyclic subgroups is the 
same as for 6 (i), and hence will not be repeated here. It must be noticed, how- 
ever, that each generator is conjugate with 2 (p—1) of its powers, viz. all those 
that have the same multipliers and in which the exponent of the power is not 


divisible by p (cf. §15). 
The number of ways the canonical form can be set up is the same as for 


= 
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type 6(i). Hence if d=1, there are 3p" (p" —1) sets, and when d= 2 or 4, 
there are 3 (p" — 1)’ sets, each containing 


M|p" (p" — 1) 
distinct conjugate substitutions. 


§27.—When the characteristic equation has all its roots in the GF'[ p"], the 
determinant of the substitutions is a@yd = 1. For the types 7, 8, 9, 10 and 11, 
it is necessary to know how many solutions there are of this equation, with the 
assigned equality relations amongst the roots peculiar to the respective canonical 
forms. The question will first be taken up ford = 1. 


Solutions of the Equations = 1 when d= 1. 


The total number of possible solutions is evidently (p”"—1)*. If three of 
the multipliers a, 0, y, 6 be equal say a = 6 = y #4, then a*) = 1, which has 
(p" — 2) solutions a 4. Since any three out of the four may be equal, there 
are in all 4(p” — 2) solutions with just three multipliers equal (cf. type 9). 
Just two of the multipliers will be equal for six times the number of solutions of 

ayd = 1, (a or 8). 
For the p" — 2 values of a $0 or 1, y may take p" — 4 values, since it cannot 
equal 0,a,a-'ora~*. Ifa=1, y may take p* —2 values, #0 orl. For each 
pair of values of a and y thus assigned, § is determined and is unequal to them. 
Hence there are 
6 [(p" — 2)(p" — 4) + (p" — 2)] = 6 (p® — 2)(p" — 3) 
solutions with only two multipliers equal (cf. type 8). 

For each of the p" — 2 values of a, a1 or 0 and 8 =a, there is one 
value of y, viz. y = a—'such that b= y. Hence, there are 3(p" — 2) sets of 
solutions with the multipliers equal in pairs (cf. type 11). 

Excluding the identity, there remain 
(p" — 1)? — 4 (p" — 2) — 6 (p" — 2)(p" — 3) — 3 (p" 2) — 1 

sets with all the multipliers distinct (cf. type 7). 


§28.—Solutions of the Equation =1 when d= 2 or 4. 


For the p” — d —1 values of a, u + 0, and not equal to d of the quantities 


1, 0, 6, & present in the field, the mark y takes p" —5 values, satisfying the 
46 


— 
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3 


— 


condition that ya, but y =, the excluded values of y being 0, + a— 
For the d values of a, viz. 1, 6, 6, 63, y takes p*— 3 values, for in this case 
0 = 6, 0-' = @ and —9-'=9, so that only three values for y must be excluded. 


Allowing for permutations, there are then 
6 (p" —1)(p" —5) + 6d(p* — 3) 


sets of solutions with only two multipliers equal. 

For every value of a #1, 0, @, 6, there are two values of y, viz. + a~', for 
which a = 8 and y = 6, (4 # y); and for each of the d values 1, 0, 6”, 6, there 
is one such solution. Hence there will be 


6 (p" —d —1) + 3d 


sets of multipliers equal in pairs. There will be 4 (p"— 1 — d) with just three 
equal and d sets with all four equal. There remain, therefore, 


(p" — 1)? — — 1) — 6 (p" —d — 1)(p" — 5) 

— 6d(p" — 3) — 6 (p* —d — 1) — 4d, 
or pr" — 9p” + 29 p" — 6d — 21 
sets with all of the multipliers distinct. (This formula does not hold ford =1, 
as may be seen by comparing the two results.) 


Type 7 


§29.—Since four unequal multipliers may be permuted in 24 distinct ways, 
it follows from the preceding articles that there are zg distinct substitutions of 
this type where 
= (p" — 2)(p" — 3)(p" — 4), (d= 1), 
g -- 9p” + 29 — 6d — 21, (d = 2 or 4). 
There are (p" — 1)’ commutative substitutions for this type, viz. 


gman, = ew, (abce = 1). 


Hence, there are z;g sets of conjugate substitutions, each set containing 
M/(p" — 1)° substitutions of period a factor of p” — 1. 

The number of distinct substitutions of this type of period exactly p” — 1, 
can be shown to be 


[¥3(p"—1)- 6 F,(p"—1) + (p" —1)], 


——™ 
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where 


F, (p* —1) = (p"— (a— 


Pi 
Pi ++++ P, being the distinct prime factors of p»>— 1. F,(p"— 1) designates the 
number of ways of choosing 7 integers equal to or less than p" — 1, the different 


permutations of the 7 integers being considered, and such that their greatest 
common divisor with p" — 1 is unity.* 


Type 8 (i). 


a=ax, Bz, 


§30. S: = yw, = 1). 


In §§27, 28, the number of sets of multipliers, say g, for this type was 
shown to be 


6 (p" — 2)(p" — 3), 


(a = }), 
6 [(p" — 1)(p" — 5) + 2d], 


(d= 2 or 4). 
But four letters, two of which are equal, may be permuted in 12 distinct ways. 


Hence there are i sets of conjugate substitutions. 
There are p"(p" — 1)*(p" + 1) substitutions commutative with S, viz. 
by, d=cz, w'=euw, 
[ce (ab! — a/b)] = 1. 
Hence each one of the C sets contains 
4) 
conjugate substitutions of period a factor of p" —~ 1. 


Type 8 (ii). 


§41.—There are p” (p” — 1)” substitutions commutative with a substitution 
of this type, viz. all of those of the form 


aan, yobe+ay, 72=cz, 


= ew, (abc? = 1). 
Hence the C sets for this type each contain 


(p" — 


* Jordan, ‘* Traité des Substitutions,” p. 96. 


= 
= 
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conjugate substitutions each of period a factor of p(p" — 1). 
Type 9 (i). 
§32.—A substitution 
S: y=p(yt+2z), w=p *w 
exists for which 9 is a primitive root of the GF [p"]. Since S” is 
a y'=p"(y+mz), w=p™w 
the period of Sis p(p" — 1) for p > 2, and for p= 2 it is 4(2”— 1). 
The most general substitution W of this type has the form 
Y=p(yta), w=p Mw 
Hence W is the power (k — 1)(p:—1) + kof S. For 
and (tk —1)(p"—1) + k=1, (mod p). 
Therefore there is a single set of conjugate cyclic subgroups for this type. 
There are p*” (p" — 1) substitutions commutative with S, viz. 
y=be+ay, d=cea+by+az, (a’e = 1), 
and hence M/p*" (p" — 1) 


conjugate with it. 
When d=1, Sand S*”—! are conjugates, and when d= 2 or 4, S will be 


conjugate with all of its powers such that 
m=1 (mod p"—1), m=,0, (mod p). 
Hence m has the form h(p"—1)+1, where h can take all the values 


2,3....p; 808 is conjugate with (p — 1) of its powers. Indeed, a substitu- 
tion V transforming S into S” (m not divisible by p) is 


ad=a, yo=my, (ma = 1). 
Hence, when d=1, the set contains 
M/ (p" — 1) 
conjugate cyclic subgroups of order 4 (2” — 1), and when d= 2 or 4, it has 
M/(p — 1) — 1) 


such subgroups, each being of order p (p" — 1). 


| 
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The period of S in G for d > 1 is the least integer ¢. » such that 
or p*=1. 

the same number of cyclic subgroups as the set in H, but of orders reduced in 

the ratio 1:d. 


From the results of §§26, 27, it follows that there are in H, p*—d—1 dis- 
tinct sets each containing 


Hence ¢= + (p” — 1) and pt= (p"—1). Therefore the set in G contains 


(p" — 1) 


conjugate substitutions, and in G there are — p” -- d— 1) such sets. 


Type 9 (ii). 
§33.—There will be a single set of conjugate substitutions for this type, of 
which the typical generator is 
S: y=p(yt2), w=p*w, 
where again p is a primitive root of the GF'[p"]. The period of S is p (p" — 1) 
for all cases, and the period of the corresponding substitution in G@ is 
1 n 
q —}). 
There are p*" (p" — 1)* substitutions commutative with S, viz. 
w'=yuw, (a*/g= 1), 
and hence there are 


M|/p™ (p" — 


substitutions conjugate to S. But S is conjugate with p -- 1 of its powers, viz. 


those whose exponents are 
m=h(p"—1)+1, (A= 2, 3, ..-- p). 
Indeed, the substitution 


ga, yomy, w=aw (am = 1) 
transforms S into S”. Hence there are 
M/(p— 1) (p" — 1) 


conjugate cyclic subgroups in the set. 
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From §$26, 27, it follows that there are in H p"— d— 1 sets of conjugate 


substitutions for this type, each set containing 
M/p"(p" — 1) 


substitutions, and in G there are ‘ (p" -d — 1) such sets. 


Type 9 (iii). 
§34.—The typical generator in this case is 
S: v=pr, y=py, w=p 
of period p"-— 1 in H and = (p" — 1) in G. 


The commutative substitution 7’ in this case will have the form 


y=arthy+e2, d=artby+ez, wi =ew 


with determinant 


a b 
ela, b |=1. 
ds bs Cs 


The number of ways this determinant can be set up is equal to the order of the 


general ternary group, Viz. 
= (p™ — 1)(p" — — 
Since s is not conjugate with any of its powers, there are M/s conjugate 
cyclic subgroups in the set, each group containing p" —d—1 substitutions 


reducible to this canonical form. In G there will be the same arrangement of 


cyclic subgroups with the order of each 5 (p" — 1) instead of p” -- 1. 


Type 10 (i). 


§35.—The general substitution S of this type has the form 

a=ax, w=a(wt+a.), (a* 1). 
When 1, and when d=4,a= 1,0, or 
where 6 denotes always a primitive root of the equation d*=1. Hence, there 


= 
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are in H, d sets of conjugate substitutions. To find the period of S, consider 
S”™, viz. 


w =a" (wo + me Vy im — 9), 


2 
When d=1, i.e.» =2anda=1, the period is evidently 4; for p= 8 the 
period 1s 9 fora = +1 and 18 fora=—1. For d=2, p+$3, the period is 
p or 2p, according aaa = +1lora=—1. When d=4, the period is p, 4p, 


2p or 4p, according as a = 1, 0, & or @& respectively. 
The following substitution W 

y=an+ may, =a +3[2ma, + m(m—1)a]y + mag, 
w! = aye + [maz + 3m (m — 1) a, + §m(m — 1)(m — 2) a] y 

+ [2m’a, + (m — 1) a, +m? (m —1) z + maw 
is the most general substitution transforming S into S”. The determinant of W 
being m‘oi, is different from zero only when m is not a multiple of p, and in that 
case the determinant can be made equal to unity by properly choosing a,. 
Hence S is conjugate with all its powers, the exponents of which are not mul- 


tiples of p. 

There are dp* substitutions commutative with S, viz. 

a =ax, y = batay, d=ca+ byi+ az, wi (at=1). 
Hence, there are M//dp*" substitutions conjugate to V. 

In the particular case p = 3, the substitutions S, S?, S84, S®, Stand S® are con- 
jugates when a = +1, making in the set sap = = conjugate cyclic subgroups 
e 
of order 9. When p=3 and a = —1,S is conjugate with 12 of its powers, 
giving them a set of - subgroups of order 18. | 

When d = 2, p >3, the substitution S is conjugate with » —1 of its powers 
when a = 1, and with 2(p—1) whena=—1. It results, therefore, that the 


corresponding sets contain respectively 
M/2(p—1)p", M/4(p—1)p™ 


conjugate cyclic subgroups with orders p and 2p. 


= 
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When d=4, S is conjugate with p—1, 2(p—1) or 4(p—1) of its 
powers according as a is + 1, —1 or 6 or 6. The four sets have, then, respec- 


tively, 
M/4(p — 1) M/8(p—1)p", M/16 (p—1)p™ 


conjugate cyclic subgroups. 
Since in each of the d sets of conjugate substitutions, there are M//dp* sub- 
stitutions, the total number of substitutions reducible to this canonical form is 


M / 


§36.—The period of S in the fractional group G is independent of a, and is 
equal to 4 whend=1; ford =2 and p= 3, itis 9; ford = 2, p# 8, and for 
d= 4,itisp. In all cases there is a single set of conjugate cyclic subgroups. 
The number of substitutions conjugate to Sin @ is M//p*", the same as in H. For 
d = 1, the structure of the set is, of course, the same in both groups, and gener- 
ally the set in @ is abstractly identical with the corresponding set in / arising 
fora=1. In passing to G, the d sets of H are absorbed into this one. 

By a discussion analogous to that of §16, the d subtypes 10 (1), 10’ (i), 10” (i) 
and 10’ (i) that are present may each be shown to have a structure identical with 
that of 10(i) just discussed. Hence, the group @ has d sets of conjugate cyclic 
subgroups arising from this type. 


Type 10 (ii). 
§37.—There are d sets of conjugate cyclic subgroups for this type of which 
the general substitution S is 
g=az, w= aw, (a* = 1). 
The period of Sis 4 when p= 2(i.e.d=1anda= 1); fora=1, 2, the 
period is p; for a = — 1, it is 2p, and for a = 0 or @, it is 4p (ef. §35). 
If m is prime to p, the substitution 


m 
g=2, yom ¢=2— = mw 


transforms S into S". Hence, for p= 2, S and S* are conjugates. If a= 1, 
p + 2, S is conjugate with p — 1 of its powers, if a= —1, with 2(p—1) 
powers, and if a = 4 or @, with 4(p—1) of its powers. Since there are 


= 
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p™ (p" — 1) substitutions 
a y =aetay, 7 =aetay+aztaw, w =aztaw, (a*/=1), 
it follows that the set for p = 2, (d = 1) contains 
M/ 2p" (p"—1) 
subgroups; when a = |, p+ 2, the set contains 
M/(p — 1) p™(p" —1) 
subgroups; when a = — 1, there are 
M/2(p—1) (p"~ 1); 
and when a = @ or 6°, there will be 


M/4(p — 1) (p"— 1) 
subgroups in the set. 
Since there are M/p*" (p” —1) substitutions in each of the d complete sets 


of conjugate substitutions, it follows that there are in H 
adM/p" (p" — 1) 
substitutions reducible to this canonical form. 


The structure of the set in G is again the same as the set in H given by 
a = 1 (cf. §36), the d sets of the group H being merged into a single set in G. 


Type 10 (iii) 
§38.—As in the two preceding cases, there are d types corresponding to the 

d solutions of a! = 1, viz. 
S: =ax, 2 


w=aw, (a‘=1). 


If a =1, the period is equal to p for all cases. The periods for the other 
values of a are the same as in type 10(ii), and here also § will he conjugate 
with all its powers, the exponents of which are prime to p. 

There are sa p™ 1)(p™ - p”) 
substitutions commutative with 4, viz. 

ay tayw, =1), 
47 


| 
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where A = (a,4,) — a,a,). For each of the p*—1 values of a, $0, A is deter- 
mined, so that there are (p*"— 1)(p*" —p") corresponding sets of values for 
Ag, Hence there are s solutions of ajA = 1. 

When a = 1, therefore, there are 


M/s (p —1) 
conjugate cyclic subgroups in the set; when a = —1, or a = 6 or @, there are 


respectively 
M/2s(p—1) and M/4s(p— 1) 


such subgroups. The results for G will again be gotten by putting a = 1, giv- 
ing in all cases one set of conjugate cyclic subgroups. 


Type 10 (iv). 
§39.—There are d sets for this type, of which the general substitution is 
S: y=a(yt2), ¢g=az, 
the period of S being in all cases exactly as in the preceding type, and S being 


conjugate with all its powers, the exponents of which are not divisible by p. 
The most general substitution 7’ commutative with S has the canonical form 


ay + aye + aw 


with determinant 


a 0 a a, O O 
_ | 43 | dg ay O OF 
"im OT a = (44, — = | 
Ag Ag Ay a, (lz Ay Ag ay 


Hence when d = 1, there are 

substitutions commutative with S, and when d = 2 or 4 there are 2 such substi- 
tutions, and consequently M/s and M/2s substitutions conjugate with S respec- 
tively. Therefore, when d=1 the set contains M/s subgroups, when a =1, 
d $1, it contains M/2s(p —1) subgroups ; when a = —1, it has M/4(p—1)s, 
and when a =6 or 6°, there will be M//8 (p — 1) s conjugate cyclic subgroups. 

Since the structure of type 10’(iv) is exactly the same as for this type, eacn 
of the above results are duplicated for that type when d = 2 or 4. 


— 


and the Ternary Linear Fractional Group. 361 


The group @ contains a single set of conjugate cyclic subgroups from type 
10 (iv) abstractly identical with the set in H given bya=1. Whend=2or 4, 
10! (iv) also produces a set in G distinct from the preceding one. 

Altogether, types 10 (iv) and 10/(iv) give rise to dM/s substitutions in H 
and to M/s substitutions in G. 


Type 10(v). 
§40.—The substitution 
g@=an, ¢=as, (a‘ = 1) 
is one of the substitutions ©’, a taking d of the values 1, 0, 6’, 6% These d sub 


stitutions form precisely the invariant subgroup that defines the isomorphism 
between H and G. 


Type 11(i). 
§41.—The general substitution of this type has the canonical form 
S: y=ay, (7 =—1, «a $8) 


the period of which is p*—1. If is a primitive root of the GF[p"], then 
when d = 1, every substitution of the above form is a power of the substitution 
with multipliers p, p, p~’, p~’. There will be in H and in G, therefore, a single 
set of conjugate cyclic subgroups. 

The most general substitution commutative with one of this type is 


with determinant 
(a,b, — — = 1. 


One of the factors may be chosen arbitrarily in (p” — 1)(p™" — p") ways; the 


other factor, being then determined by the above relation, can be satisfied in 
p" (p* — 1) ways. Hence in all there are 


= + — 1) 
commutative substitutions. Since the only power of S conjugate to S is Sq, 
there will be in H and in G for d= 1, M/2s conjugate cyclic subgroups in the 
set, each subgroup containing p"*— 2 substitutions reducible to this type, 
(cf. §27). 
Type 11 (i) for d=2 or 4, 
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§42.—In this case there will not be a single set of conjugate cyclic sub- 

groups in H. Let A be the substitution 
A: Y=py, =p 'z, 'w, 
and let B be the substitution 
B: d=pr, y=py, w=—p lw. 
Any substitution in this canonical form is then representable either in the form 
A‘ or A‘'B. This can be verified by noticing that the multipliers of the general 
substitution are 
php", 
which, with the plus sign, are the multipliers of A* and with the minus sign are 
those of A*-1B. Furthermore, A and B are of period p*—1 and fulfil the 
relations 
AB=fA, 

We may therefore apply directly the results of §22 to determine the cyclic sub- 
groups. 

Putting then the m of $20 equal to p" — 1, & becomes the highest power of 
2 contained in p" — 1, so that k= 1if d= 2, and there are in that case three 
cyclic subgroups 

iA}, {AB}, 
each of order p*»—1. When d= 4, 2, and there are + 2 cyclic subgroups, 
{A} and {B} of order (p*— 1) and 

of order 2-4 (p"—1) respectively, and, finally, { A” of order 2-“+» (p"—1). 

The substitution A is conjugate with its reciprocal. Consider the substitu- 
tion A”-1B. Its multipliers are 

The ¢" power of this substitution will have the same set of multipliers for 
t< p"—1, only if 


2, (mod p" — 1), 
which may be written, when j < k, in the form 
(1) ¢2-9+),(p"— 1) —1, (mod (p"—1)). 


Therefore we may take 
or t= (2h + 1) (p"— 1) — 1, 
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where h may take the values 0, 1,.... 2/—1. Hence, the substitution 'B 
is conjugate with 2/ of its powers. The particular value 7 =0 gives the substi- 
tution B, which is therefore conjugate with one of its powers, viz. the power 
(p"—8). 

When j = k, the congruence (1) has no solutions. It results, then, that the 
set of which {A} is the typical subgroup, contains M/2s conjugate cyclic sub- 
groups. The set corresponding to the groups 


(g=0,1... &—1) 
will contain /2’s such subgroups, while the set, of which {A*~—'RB! is the 


typical generator, will contain M/s subgroups. 


§43.—The period of the substitution A considered in the group G@ is the 
least integer r such that 


hence for d = 2 or 4, r is 3 (p"— 1). 
The period of the substitution |A”~'B} is the least integer r such that 


—1)—2’]r 
— 


Hence, $(p"— 1))=0, (mod. p” — 1). 
or —1\ — 


Hence, forgek -- 3, r=2-9t).(p"—1). When =k— 2, we may write the 
congruence in the form 


so that 7 = 2-*.(p"— 1). Whenj=&-- 1, we have 
1 


hence, r = 2-“—), (p" — 1); finally, when j= &, we find r= (p” --- 1). 
When d= 2, the order of {A} reduces one-half, while those of {B} and 
{AB} remain unchanged in passing to G. When d=4, the orders of the 
groups 
{A}, "By, (j==0, 1, 
are reduced one-half; the order of the group { A” -~'B! is reduced one-fourth, 
while for 7 =k —1 and j = k — 2 the orders of the corresponding groups remain 


unchanged. 


i 

— 
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Since A has the multipliers p, p, p~', p~', ©*A will have the negative of 


these as multipliers, and since 


— 


we see that ©°A is A to the power 3(p”— 1). 

The substitution ©’B is not equal to any power of B but 1s conjugate with 
B-'. Hence in G there are half as many cyclic subgroups in the set of which 
} B} is the typical subgroup; the orders as we have seen remaining unchanged. 
The set of which {A} is the typical subgroup has the orders of the subgroups 
shortened one-half, while the number of subgroups is unchanged. 

The substitution 6?AB is conjugate with (AB)~'. Hence its properties in 
(G) are the same as those for the substitution B. 

It will be shown that when d= 4, all these sets of cyclic groups unite to 
form a single set in the group G. To this end consider @A”~!B whose multi- 


pliers are | | | | 
6”, 6p”, 
where 6 = It results that 
where ¢ = }(p"—1)+ 2’. This may be verified by noticing that 
It results that all of the substitutions of the type in H are for d = 4 of the form 
A’ or OA’, hence in G there is a single set of conjugate cyclic subgroups. 

From § 28 it follows that there are for d = 2 or 4, p*—1— 4d distinct ways 
of setting up this canonical form for the sets of solutions there determined, are 
permuted in six different ways. Hence there will be p* — 1 — 4d complete sets 
of conjugate substitutions for this type, each set containing M/s distinct substi- 
tutions. 

In the group G@ there will be, for d= 2, 3(p"—1) sets of conjugate 
substitutions; for among the p"—2 sets in H, will occur the multipliers 
(1,1, —1, —1) which are simply permuted if one multiplies by 6, while 
the other sets of multipliers are permuted in pairs. When d=4, there 
is also the set (0, 6, 6, 6) which unites with the set (—1, —1, 1, 1) to 
form a single substitution in G. The remaining p” — 5 substitutions in H unite 
by fours; hence in all there are }(p"— 1) distinct sets. In general, then, there 


are, for d= 2 or 4, > (p" — 1) sets of conjugate substitutions, all but one con- 
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taining M/s substitutions. The exceptional set is the one arising from the mul- 
tipliers (— 1, — 1, 1, 1) when d= 2, and the one coming from the sets of mul- 
tipliers (—1, —1, 1, 1) and (6, 0, 6°, &) when d= 4. This set comes under the 
discussion of §11, the multipliers in the homogeneous group being of the form 

6? 


1 
M,, M,, 


Wr? 
M, 
Hence, there are one-half as many conjugate substitutions in G as in H, so that 


this set contains M//2s conjugate substitutions. 


Type 11 (ii). 
§44.—The general substitution of this canonical form is 
S: w=B(w+2). = 1), 
the period of which in # is p(p" — 1) or a factor of it, while the period of S in 
G iszp(p"—1). 

When d =1, there are p*"(p"—1) substitutions 7’ commutative with S, 
and when d = 2 or 4, there are 2p*"(p"—1) such substitutions, viz. all of the 
form 

z+ dw, (ajo; = 1). 

Just as for type 11(i) there will be a single set of conjugate substitutions 

and since S and S*"~3 are the only powers of S that are conjugate, there will be 


M 2p*" (p" — 1) substitutions in the set. 

When d = 2 or 4, there will be an arrangement of sets of conjugate cyclic 
subgroups corresponding to that for the preceding type. In determining the 
number of cyclic subgroups in the set in //, it must be noticed that the generator 
is conjugate with all its powers, the exponents of which are prime to p and 
which have the same set of multipliers. 

There will be in H, p*—1—d4d sets of conjugate substitutions, each set 


containing M/2p"( 
pn" ( — 


substitutions. 
Type 11 (ili). 
§45. S: =px, y=py, w=p'(wt+z). 


The discussion of this type is similar to that for the preceding types. The 
period of Sin H is p(p"* — 1) and in G it is }p(p”— 1). 


— 
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There are 
S= p"(p" — 1)(p" — p") 
substitutions commutative with S, viz. 
=acthy, =aat+by, saz, w aw, (a;[a,b,— =1). 


In this case S is not conjugate with any of its powers for d=1. Hence, the 
set contains M/s conjugate cyclic subgroups. Applying the results of §22, we 
see that as in type 11(i) there are 3 sets of conjugate cyclic subgroups when 
d=2,and k+3 when d=4, & being the highest power of 2 contained in 

When d= 1, there are p" — 2 complete sets of conjugate substitutions, and 


when d = 2 or 4, p"—1— = sets, each set containing M//s substitutions. 


§46.—As a partial verification of the correctness of the results, it will be 
found that the sum of the totals of the number of substitutions reducible to the 
various canonical forms in 7 is equal to M/ the order of H. 

The following table shows the results for p*=2. The group is then of 
order 20160, and is simply isomorphic with the alternating group on 8 letters, 
On account of the low value of p”", no substitutions occur for the types omitted 
from the table, and for each type present there is a single set of conjugate sub- 


groups. 
Order Number of | Number of | Type of Correspond- 
Type. of Sub- Subgroups ee ing Literal 
groups. in set. to Type. Substitutions. 
| 15 336 4032 | (12345) 
| (12345)(678) 
Z 7 | 960 5760 (1234567) 
4 (i) 6 | 840 | 1680 | (12)(34)(567) 
4 (ii) 3 | 56 112 | (128) 
6 (i) 3 | 560 1120 | (123)(456) 
6 (ii) 6 1680 3360 | (123456)(78) 
10 (i) 4 | 1260 2520 | (1234)(56) 
10 (ii) 4 630 1260 | (1234)(5678) 
10 (iii) 2 105 105 | (12)(34)(56)(78) 
10 (iv) 2 | 210 210 | (12)(34) 
Identity 1 
20160 
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On Cardinal Numbers. 


By A. N. Wuireneap, Fellow of Trinity College, Cambridge, England. 


PREFACE. 


The following memoir is concerned solely with the theory of Cardinal num- 
bers, and does not touch upon the theory of ordered aggregates or of ordinal types 
which form the other parts of the general theory of aggregates (mengenlehre).* 

Sections [ and II are preliminary, to explain the notation and methods of 
reasoning. Incidentally they may be of independent service as explaining the 
elements of Peano’s developments of mathematical logicf (Section I) and of 
Russell’s symbolism for the Logic of Relations{ (Section II). I believe that 
these two methods are almost indispensable for the development of the theory of 
Cardinal numbers. The abstract nature of the subject makes ordinary language 
totally ineffective, only gaining precision by verbosity, and imagination is very 
mislea ling, since it presents to us special aggregates which are denumerable or 
of the power of the continuum. Thus we are thrown back onto a strict logical 
deduction by a symbolical method. I believe that the invention of the Peano 
and Russell symbolism, used here, forms an epoch in mathematical reasoning. 


* Due almost entirely to G. Cantor. Almost all that is known respecting Cardinal Numbers, apart 


from their relations to the other parts of the theory, is given in his memoir in Math. Annal., Bd. XLVI, 
1895 : this and its sequel on Ordinal Types, loc. cit. Bd. XLIX, can be obtained as one pamphlet in a 
French translation, translated by F. Marotte, Paris, A. Hermann, 1899. For a general sketch of the 
whole theory, with bibliography, cf. ‘‘ Die Entwickelung der Lehre von den Punktmannigfaltigkeiten ” : 
Bericht von A. Schonflies,‘‘ Yahresbericht der Deutschen Mathematiker- Vereinigung,’’1900. For a devel- 
opment of the theory of Ordinal Types in respect to condensed series, by the methods of the present 
memoir, cf. Bertrand Russell, Revue de Mathématiques, vol. VII, Turin, 1901, where the methods of 
reasoning used here were first elaborated. 

t For references to Peano’s articles, cf. my memoir on the ‘“‘ Algebra of Symbolic Logic,”’ in this 
Journal, vol. XXIII. 

t Cf. Russell, loc. cit. 
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Section III is entirely due to Russell, and is written by him throughout. 
It deals with the principles of the subject, and effects a considerable simplifica- 
tion in them. ‘Two classes are defined [cf. * 1°1 (all references are to the series 
of propositions commencing with Section III and thence numbered consecu- 
tively)] as similar when a one-one relation can be established between their num- 
bers. The cardinal number (or power) of a class wu is defined simply as the class 
of those classes similar to w (cf. *1°3); thus, for instance, the cardinal number 2 
is the class of those classes which (in ordinary language) contain two members, 
and we shall say that a class containing two members isa 2. The finite cardi- 
nals are defined [cf.%1°4 to *1°61] as those cardinal numbers which can be 
obtained by induction.* The class of infinite cardinals is defined [cf.*1°8] as 
the class of cardinals which are not finite. The whole class of cardinal numbers 
is denoted by Ne. The properties of finite and infinite cardinals are deduced by 
strict logical reasoning from these definitions. In particular, if the cardinal 
number of the class of finite cardinals is denoted by a, it is proved that every 
infinite class contains a class whose cardinal number is a, [cf. * 2°6], and that no 
finite class is similar to any part of itself [cf. * 2°75], and that every infinite 
class is similar to some part of itself [cf. & 2°76]. The cardinal and ordinal theo- 
ries of finite number are connected in * 3°3. 

The known properties of a are proved [ * 4°1 to * 4°24]. The theorems 
that if « and @ are any two cardinals, and « is infinite and a>, then 


a+ @=a and aXf=a: 


cannot be deduced from these premises, and, as far as I am aware, have never 
been proved. Russell points out that the first of them follows from another 
unproved theorem [*4°3]. The class of numbers for which the first theorem 


holds is considered (cf. * 30). The second of the theorems cannot be thus 
deduced ; but in Section V, * 20°1, it is proved that if a belong to the class 
for which the first theorem holds and > 6, then 


= 


The similar cases for a + 8 =a are examined in *30°0 to *&31°3. 
Russell also gives exact proofs of such theorems as, @<y implies 


* The recognition of the importance of Induction is due to Dedekind, cf. ‘‘ Was sind and was sollen 
die Zahlen ?’’ 1887. 
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a+BSa+y, and aX8<axXy, and a®<a’, and B*<y* [cf. 4°37, 4°39, 
4°41]. 

Also * 4°5 contains another proof (assuming * 4°3) of Bernstein’s and 
Schréder’s theorem, that a>@ and 8 >a implya= 8. 

Throughout Sections IV and V, I am indebted to Russell for great improve- 
ments in the symbolism of the proofs and for the correction of many oversights. 
Section IV is devoted to the general consideration of addition and multiplication 
when the number of summands or of factors is not necessarily finite or even 
denumerable. Cantor’s definitions only apply to these cases [cf. *7°0 to 
* 7°21]. The associative laws are proved [cf. *8°1 to *8°31, and *10°0 
to * 10°22] both for addition and multiplication when the number of brack- 
ets, as well as the number of numbers in each bracket, is not neces- 
sarily finite or denumerable. With these definitions the commutative laws 
become entirely irrelevant. The ordinary connection between addition and 
multiplication, exemplified in a + a = 2Xa, is proved [cf.* 7°3] to hold gener- 
ally ; also the distributive law [cf. *11°0]. These definitions and theorems 
require several preliminary definitions; thus for instance [ * 5°1], that of a ‘‘class 
of classes exclusive,” and [ * 6°0] of the ‘multiplicative class” of a class of classes 
exclusive; this last conception assumes great importance in the sequel; also, the 
general definitions of sums and products depend on the definition [ * 8°22] of “a 
class of classes of classes arithmetical.” The remainder of Section IV is devoted 
to theorems following from these definitions. ) 

Section V opens with the definition [ * 12°1] of a power (8°); this definition 
follows from that of a product; and [ * 14°1]} Cantor’s definition is deduced from it. 
Thus, by this procedure, the ordinary relations between addition, multiplication, 
and powers of numbers are preserved in their full generality. The theory of 
combinations is then extended to infinite cardinals; thus, if a, @ are numbers, 
and is defined [cf. 15°1 and * 16°0]: the extension of Vandermonde’s 
theorem is proved [cf. * 16°1]; if a is infinite and such that a +a—=a, C?= 2° 
[cf. * 16°23]: extensions of the binomial theorem are given in *17°0 to *19°7 ; 
it is proved [cf. * 17°4] that if a and @ are any cardinals, 

(1+ 6) => x 
If « is infinite and » finite [cf. * 20°4], then »* = 2%, and when a is infinite and 
such that a? = a, then [cf. * 32°4], if 2", we have = 2°. 
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The idea of the number of permutations (P%) of a things, 6 at a time, is 
extended [cf. * 22°0 and * 22°01] to the case when a and @ are infinite: then 
[cf. 22°1] °P, x Cy = also, if a is infinite, and and with certain 
other limitations, then [cf. * 22°2] 


= Pex? = 


Hence [cf. * 22°21], ifa X @ =a, we have 
== 


In * 30°0 to * 32°6 certain classes of numbers which, without assuming * 4°3, 
satisfy B + y= 8 and B X when >y are considered. 

The Italian system of numeration of propositions, on the left-hand margin, 
by integral and decimal numbers, is adopted. It is unnecessary for me to empha- 
sise further, what is evident from inspection, how largely this article is based 
upon the ideas of G. Cantor, and of Peano, and of Russell. 


Section I. 
Account of Peano’s Logical Symbolism. 


Logical addition and multiplication are denoted by \ and by A instead* 
of by + and by xX; when these signs connect propositions, they indicate, as 
usual, that the propositions are to be taken disjunctively or conjunctively. In 
this memoir simple juxtaposition of terms will never be used to indicate the | 
logical multiplication of classes; but the multiplication of propositions (which is 
symbolised by ) will also be indicated by separating them by one dot, thus 
a.b, or two dots, thus a: 6, or three dots, thus a.*.b, or four dots, thus a@:: 5b; it 
is to be noted that .*. never stands for therefore. 

A conjunctive or disjunctive complex of many propositions is itself one 
proposition. The different arrangements of dots in multiplication are therefore 
useful in the place of brackets. 

The symbol ) between classes means “is contained in,” and between propo- 
sitions means ‘“‘implies”’; it is the same in signification as Schréder’s -. Thus, 
if the letters denote propositions, 


* For example, cf. my previous memoir ‘‘ On Symbolic Logic ’’ in this Journal, vol. XXIII, No. 2. 


— 
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is analysable into the hypothesis 


and into the protasis w. That symbol ), in a given chain of symbols, which is 
preceded or succeeded by a greater number of dots than any other symbol ) in 
the chain, is the main logical copula of the proposition connecting the hypothesis 
and the protasis: and the proposition is that the hypothesis implies the protasis. 

In the above example, the hypothesis is as follows : 

The proposition that the proposition a implies the proposition 6, together 
with the propositions x and y, implies the proposition w or v or both. Thus the 
hypothesis is itself separable into a hypothesis and protasis. In other examples 
the same may be true of the protasis, In the above example, if a and b repre- 
sent classes, the hypothesis becomes, 

The proposition that the class a is contained in the class 6, together with 
the propositions x and y, implies the proposition u or v or both. 

The classes contained in a given class A are never to be confused with the 
entities which form the extension of the class A. The fact that « is a member 


of the class A is denoted by 


Here « means ‘‘is a member of”, or simply “is a”; ¢ is chosen for this significa- 
tion as being the initial letter of cot. 

Thus y) A.xveA may coexist with aey, but not in general with «)y or 
with « =y, though exceptional cases arise in which wey and x )y coexist. As 
an example, let N be the class ‘‘ Finite Integer”, and Np the class ‘‘ Prime Num- 


ber’, we have 
2eN.Np)N. Np 


But 2 is a particular number and not a class of numbers; hence the symbolism, 
2) N, is wrong. 

Accordingly, x ) y implies either that x and y are both classes or that they 
are both propositions; and in this memoir single letters are not required to 
denote propositions. 

If « and y are both members of the class A, then x, ys A is an abbreviation 
forreA.yeAd. 

There are classes containing only one single member as their extension. It 
A is such a class, then 7A is used to denote the single member of the class A. 


— 
| 
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Also, conversely, if x is any entity, ux is the class of which ~ is the single mem- 
ber. Hence, in symbols, 
and these two propositions are conveniently combined into 
= Y= 2; 
thus the combination e between classes is equivalent in signification to =. 
For instance, the class of even primes contains the single member 2. If A 


denote this class, then 
A. 3m dd. >. 2%. 


We shall have occasion [* 11°0] touse the symbol ux. This signifies the 
class whose single member is the class whose single member is a. 

Again, if w is a class, w \ vx is the class whose members are the members 
of u together with the entity z. The symbolism u U a for this meaning would 
have been wrong, for Y can only connect classes to form a new class whose 
extension is the joint extension of the two classes. Thus, if wu and a are both 
classes, the two symbols u UV vx and u \& « have different meanings; we have 

LEUS 
also YELe 
but does not imply yeu ex. 

The symbol elm, short for ‘‘element,” stands for that class whose extension 
is formed by all classes whose extension is some single member. ‘Thus, elm is a 
class whose members are themselves classes, but each containing only one mem- 
ber. Thus, 

Acelm 
The symbol Cls, short for Class, stands for that class whose extension is formed 
by all classes. Thus x¢Cls simply means x is aclass. We get here an excep- 
tion to the rule that x¢A is inconsistent with x2) A, for Cls is itself a class, 


hence, 
Cls ¢eCls.Cls = Cls. 


If p, denotes a proposition containing a letter x which may be given various 
significations consistent with the truth of the proposition, then ; 


(pz) 
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means the class whose extension is all the entities x consistent with the truth of p,. 
Thus 2 may be read “such that.” Thus x 2 (2? = 1) is the class whose extension 
is formed by +1, and x3 (x= 2) is the class: 2. The symbol x 3(p,) is always 
to be treated as one whole: thus, if A is a class, A A x3(p,) means the class 
common to A and to the class x3(p,). Thus, 

A A 
This symbol is especially useful in definitions, thus, for ux, we have 

a= y3(y=2), 

and for elm we have 


elm=cls A x3(y, 2€x.).Y=2). 


If p and q are propositions containing a variable x, then 
means that p implies g for every value of x satisfying p: this subscript to ) is 
not required for the main implication of a proposition, and can sometimes be 
omitted when it is strictly required. Similarly, if p and q are propositions con- 
taining the variables x and y, then 

means that p implies q for every value of x and y satisfying p. 

A is the symbol for the null class: thus, 

Aecls.),-A)A. 


If p is a proposition, p= A is the proposition which is the denial of the propo- 
sition p. 
If A is a class, 4A is the proposition that ‘A is not A”: thus, 
Accls.)3:4A.=.(A=A)=A. 
The legitimacy of x¢A implies 7A; thus, from the definition u=2x23(>p,), we 
cannot derive the legitimacy of some proposition x ¢ u without the premise Zu. 
If A is aclass, — A is the class of all entities which are not A; if Aisa 
proposition, — A is the proposition which is the denial of A; also — ¢ means 
“is not a member of”, and — ) means “is not contained in”; thus, 


=A] (xe A)], 
and A, Becls. Am)B.).AAmB. 


= 
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The symbol A between classes is replaced in this memoir by simple juxta- 
position in the sole case when A immediately precedes the symbol —; thus, 


A, Becls.) 


Also thus, if w is a class and w<u, then w= zx is the class u with the exception 
of the entity . Note that w—< for this meaning is wrong. 
If A is a class, cls’.A means the class whose members are the classes con- 
tained in A; thus, 
Aeécls.).cls A=cls Ax3(x) A); 
we might also have written 
Aecls.).cls A=23(xz) A), 


leaving it to be inferred from the use of ) in z ) A, that wecls; thus, 


els’ cls = cls A a 3 (x ) cls) ; 


accordingly, cls’cls means the complete class of those classes whose members 
are themselves classes; thus, 
Similarly, els’ cls’cls =cls A x2 (2 cls’ cls), 
and thus Az cls’ cls’ cls.2eA.).zecls cls. 


These conceptions are essential in the general consideration of cardinal numbers. 
We shall abbreviate cls’ cls into cls* and cls’ cls’ cls into cls*. 


We may note that 
cls*ecls and cls?)cls; 


also that 
cls? ecls*, and cls*¢ cls, and cls*)cls*, and cls* ) cls, 


A P3(xe P)], 
Aeccls’ cls.). 


The class UW ‘A is thus the logical sum of the classes which form the extension 
of A; thus, if the extension of A consists of only two classes 6 and C, then 
wV‘A=BuUC. The class A ‘A is the logical product of the classes which 
form the extension of A; thus, if the extension of A consists only of the two 
classes, B and C, then A‘A=BA C. 
We shall, following Russell, employ frequently the following notation : 
ae’A means that A is a cls’ cls, and «¢ B where Be A: thus in symbols, 


Ba(xe B). 


1°00 


1°01 
1°02 
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Note that ZA A B23 (xe B) affirms the existence of a class of B’s such that 
BeA.xeB; it is obvious that to affirm the existence of a class of entities is the 
same as affirming the existence of at least one of them. 

But this use of ¢’ brings us to Russell’s ‘‘ Logic of Relations”, which we will 
now proceed to explain, shortening the explanations by the use of Peano’s sym- 
bolism and numbering the definitions and propositions for reference. Df. (short 
for Definition) will be written after a definition, and Pp (short for Primitive 
proposition) after a proposition assumed without proof (cf. * 4°3 of Section III). 


Section II. 
Russeil’s Logie of Relations.” 


Russell’s* ‘Logic of Relations” may conveniently be considered as a 
generalization of the ideas suggested by Peano’s proposition x¢ A. This proposi- 
tion asserts a special relation between a and A, namely, that A is a class and a 
is a member of its extension. Thus, according to Russell, if R is any relation, 
ay signifies that x has the relation R to y. Let Rel. denote the complete class 
whose members are relations, then 


Re Rel. ): has the relation RF to y. Df. 


Relations will always be denoted by capital letters to which there is a corre- 
sponding small Greek letter, and this Greek letter will have a fixed meaning, 
explained in 1°01, in relation to the corresponding capital italic letter. Small 
Greek letters will also be used in this memoir to represent cardinal numbers, 
but not those letters whose corresponding capital italics have been used for rela- 
tions. The letters R, S will be confined to relations. 


Rerel.).p Df. 
Df. 


Here fis read as ‘“‘p converse”. Then 9 is the class of entities such that xep 
implies that a class of entities (and thus at least one entity) such as y exists, 
such that x has the relation R toy. Similarly for 6. Here p is called the 
domain of F and ¢ the converse domain of FR. 


“Cf. Revue de Mathématiques (Turin), loc. cit. 
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1°03 
1°04 


1°05 
1°06 
1°10 


Pat 


1°12 


1°13 


1°20 


1°21 


1°22 


1°23 


1°30 
1°31 
1°40 
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Df. 

Rerel.yep.).py x3 (xhy). Df. 
Here px and py are each to be considered as one symbol, and x and y are of the 
nature of indices. 


uecls. Df. 
[du ny: (chy)), Df. 
RYN. chy. Df. 


This defines the meaning of “the relation R is contained in the relation /?’”’; 
thus, relations have some properties analogous to those of classes. 


This defines the equivalence of relations. 

Rerel.).R=1rel Df. 
R is the converse relation to R. 


R,, Rye rel. R,)y. =. DE 


This defines the “logical sum” of two relations; the logical sum R, VU R, is itself 
a relation. 
This defines the “ logical product ” of two relations; the logical product 2, A 2, 
is itself a relation. 
h,. ch, = (ahy.yh,2). Df. 
This defines the ‘‘relational product” of two relations; the relational product. 
is itself a relation. 
Kecls’rel. Ji aw Ky.=.dK A Ra(xky). Df. 
 ‘K is a relation; it is the ‘logical sum” of the relations forming the exten- 
sion of the class A; this definition agrees with 1°20 when the extension of X is 
formed by two relations only. 
Revel.)>. B= Df. 
R, Serel.).°(RS)= SR, 
Df. 
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Thus —£ is the relation of not having the relation R. 


2°01 ee rel, (e is a relation). 
2°02 

2°03 

2°04 yecls’cls.).U ‘y= 223 

2°11 1’ = identity. Df. 


1’ is the relation of identity; thus, 71’2; andaeelm.z, yeA.).al’y. 
2.12 Df. 


Thus 0’ is the relation of diversity, that is, of ‘ being different from ”. 


2°13 R, Perel. RP)O.=.RP)O’. 
3°01 Ne>1.=.rel A R23 yl Df. 


Ne>1 is the symbol for a certain class of relations, namely, the class of “ many- 
one” relations; any x in the domain of # has the relation & to only one mem- 


ber of the converse domain. 


3°02 Df. 
Thus 1 Nc is the class of one-many relations. 

3°03 Re New1.=.Re1>Ne. 

3°04 Re1>Ne.).RR)Y1’, 
that is, 

3°11 1>1.=.(Ne=1) A (12>). 


1 —>1 is the class of one-one relations. 


3°12 Re1>1.). 
3°13 R, Se1>1.).RSe1>1, 
4°12 Rerel. A S3(KR=SS). 
Note that 
and that R=R.=:2Ry.=.ykz. 
5°11 chy. Df. 


5°12 Rerel.ujp.)-p,= pu. 


— 


*1 
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FR, is the relation 2 with its field limited, namely, the domain is limited to wu, 
and thus the converse domain is limited to pu. 

For the rest of this memoir the propositions are numbered progressively 
onwards, and all references to propositions without indication of section refer to 
this series of numbers. In the future it will occur that a general hypothesis 
applies to a number of propositions: such a hypothesis will be stated only once, 
after mention of the integral number belonging to that set of propositions, and 
will be understood to hold till the integral number is changed. Demonstrations 
are placed in square brackets after the enunciations; subsidiary propositions 
used only in the demonstrations are numbered on the right instead of on the left, 
and only integral numbers in brackets are used for such numeration ; thus, (2) 
would refer to a subsidiary proposition used in that demonstration and * 3°11 
would refer to a proposition in the main body of the article ; thus, (1). (2). 
* 3°11. ). means that “ the subsidiary propositions (1) and (2), together with the 
main proposition 3°11 imply” the protasis. The hypothesis of the proposition 
to be proved is cited by ‘‘Hp”; thus, Hp.(1) means “ the hypothesis together 
with the subsidiary proposition (1)”; but Hp (1) means the hypothesis of the sub- 
sidiary proposition (1) and Hp (38°11) the hypothesis of the previous proposition 
3°11. 


Section III. 


On Finite and Infinite Cardinal Numbers. 


This section III is entirely due to Russell, with the exception of some of the 


notes. 


usinv.=.u, vecls.d1>1A h3(uyp.v= pu). Df. 


Note: sim is contracted from similar, and wu sim v can be read: wu is similar 
tov. Thus sim is a symbol for a relation, and has all the properties ascribed to 
such symbols in Section II. 


wecls.).uu=cls A sim v). Df. 
Ne= cls’? A 2210 cls A Df. 
0 =A. Df. 


1 Df. 


1°42 
°43 
°61 


°2 


WHITEHEAD: On Cardinal Numbers, 379 


Note: 1 has the same signification as elm (cf. Section I) and will now replace 
that symbol. 


2=cls A Df. 

3=cls A 2). Df. 

ne Ne Df. 

Ne fn= Df. 

Induct. €s: ),. Ne fin Df. 
Note: Induct is contracted from Induction. 

0 ¢ Ne fin. 

1 e Ne fin, [1=0+1.0¢Nefin.). Prop]. 

2¢ Ne fin. 

ne Ne fin. ).n+ fin, [Induct]. 

Ne infin = Ne — Ne fin. Df. 

els fin = © ‘Ne fin. Df. 

cls infin = U ‘Ne infin. Df. 

cls = cls fin © els infin. 

cls fin A cls infin = A. 


Ur’, 
[S, Su S'=S8".). 

a, BeNe.J.at vert. Df. 

meNe.neNe fin. ).m+(n+ 1) = 
vex}. 

m+(n+1)=(m+n) +1. 


[(Om=1....(1) ne 
= 
simu 
=:n+1—=(n+1)+1, (2) 
(1). (2). Induct. ). Prop]. 
R= 15.1 Af 3 Ne fn: ch'y.=.¢+1=y). Df. 


°72 
°73 
°8 
1.81 
83 
°84 
°91 
| °92 
| °93 
°94 
°95 
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Note: This special signification for #, and thus for p and §, is only retained 
throughout Section III. 
ky0’, 2°1.). Prop]. 
Induct. =:secls.0es8. f(s D5. 
ao =cls A A S32 Df. 


a,e Ne, [cf. Russell, Révue de Math., loc. cit., §3, Prop. 1°9]. 
Ne fin a, [ 2°31. 2°32. ). Prop]. 
Ne infin, [a,= fin. Ne fin =p. up = up = wp +1. &2°1.). Prop]. 
Df. 
ne Ne infin. ).n— Ne infin, 1°38. Prop]. 
ne cls’u, 

[wen.veu. cls infin, (1) 
me Ne fin. u,em.U,) Cle infin. ceumUu,. Cls infin, (2) 
(1). (2). Induct. } i: meWNe fin. eM. tm JU. Uy cls infin, (3) 


K= cls’cls A v2 {v )cls’u A cls fins: me Ne fin. VA mMelip, perv. 
(4) 


(3) (5), (4). (5). ). Prop]. 

[*2°6.).da, cls’u, (1) 
wea, Jw.) (2) 
simv.).u=—v simumyv.... (3), (2). (3). ). Prop]. 
aeNe infn.neNe fin. ).a—n=a=—a+n, [ >. Propl. 
m,neNe fin. }.m+n—=m, 2°4.). Prop]. 


m+neWNe fin. y.m,neNe fin. 

infin. 

Ne fin = Ne n3(n—=n-+ 1), 2°71. Transp. ). Prop]. 

Ne infin = Ne A a3(a=a—1), [ Transp. * 2°71. ). Prop]. 
The Props * 2°75 and * 2°76 show that from the Df of finite numbers by 

induction we can deduce the properties of infinity with regard to similarity of 


whole and part. 


Df. 
a, > Df. 
Df. 


| 
| 
*32 
*4 
*41 
~ °42 
°43 
°51 
*6 
“71 
°72 
°73 
°74 
°75 
76 
*3 


* 3° 


*4 


2 


°21 
°22 


°23 


°24 
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acls’v 
m,ne Ne fin. [cf. 2°2], 
[a, be 

(1) 


a,6,ce Ne (v Viz). (2) 
(1). (2). Induct.):a, b, ce Ne fin. (3) 
(4) 
ak’b.y.c= =b+1—a, (5) 
(4).(5). Induct. (6) 
(3) .(6).):a, ce Ne fin. (7) 
). al}. ). %, (8) 
(9) 
(7) .(8).(9).). Prop]. 


Note: This prop. connects the cardinal and ordinal theories of finite number. 


ae Ne infin. ).a>a%. [* 2°6.). Prop]. 


= 1RelaA P32 {xPy.=.dNe fin A 
Po = = Api py pi P-Py, prea. Prop]. 


ne Ne fin .). a) =a XN, [* 4°2. Induct. ). Prop]. 
Ay = Ay 
[M= Ne fin (m,n) 3 Yin)}.)-uM= ay Xa, (1) 


=sm>n.m—n>1. 
m+n 


m+n =m+n+1.n'=0.°.).' ea). ). Prop]. 


ne Ne fin.) [Induct]. 

u, ve cls Ne fin. al ay, 

(we cls infin. ).4 cls’a excl Av3(U ‘v =u). Pp. 


For definition of cls’a, excl, cf * 51 later.) 


Note: It has been shown that every infinite class contains classes whose 
number is a. Thus if a class v of a,’s has been found which contains all but a 
finite number of u’s, these may be added on to the v’s; but if an infinite number 
of u’s remain, new a,’s may be found out of them, and to this process there can 


| 
— 
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be no end as long as any w’s remain. It appears not impossible that a theo- 
rem may be discovered proving that this process can always be completed. In 
any case, it is much to be desired that the possibility in all cases of this comple- 
tion of the above process should be either proved or disproved. In order to 
show the importance of this investigation, the theorem is here hypothetically 
assumed and stated as a primitive proposition (*4°3), and some immediate 
deductions (* 4°31 to * 4°51) are made from it. The subject is resumed in the 
sets of propositions * 30, * 31, and * 32. 


infin. *4°3.): 


ANe B32 [*4°3.). Prop]. 
ata=a, [a=a = (ata) 
=a, [a = a8 = af6 = 
aeNe AB a), [* 4°33. ). Prop]. 
[GeNe fin. }.a 8 (1) 
B eNe infin.) .a8= B.).a8 <a, (2) 
(1).(2).). Prop]. 
a >a.) Neon [ 4°35. ). Prop]. 
Prop]. 
B<y.)-aB Say, 
w.). Prop]. 
Bx y va" 


a’ = A S3(o=w.d ju). ). Prop]. 
Note: Here Cantor’s definition of the power of a cardinal number (e. g. a”) 
is used, cf. *%* 14°1 of Section V. 
A 
New1 A (1) 
(1). A S32 Prop]. 
née Ne fin. ).na=a.aar=a. 
6). 
Be Ne.ye =a’. 


*% 4°31 
“32 
°33 
°34 
°35 
“36 | 
°37 
“38 
*39 
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[This theorem is enunciated and proved in Section V, * 20°1; it is men- 
tioned here for the sake of completeness. | 
u,vecls.Auu acis’v.auv acis’u.).usim». 

Note: This is Schréder’s and Bernstein’s theorem ; cf. Borel, ‘‘ Théorie des 
Functions,” Paris, 1898, p. 108 ff. 

(2) 

(2). =a. ). Prop]. 

Note: Bernstein’s proof of Schréder’s and Bernstein’s theorem given by 
Bore] (loc. cit.) does not depend upon * 4°3. 


a,BeNe.a>P.).—(8 224), [*%4°5.). Prop]. 


Section LV. 


els* excl. =. Df. 
Note: excl is contracted from “ exclusive ”. 

ae cls*. ). cls’ a excl = cls’ a A cls’ excl. Df. 

d cls* excl. 

d. Df. 


Note: d* is the “ multiplicative ” class of d, and can be read as “d multi- 
plicative”: it has no existence, according to this definition, unless d is a 


cls’ excl. 


11 ped. df.m=m VU ix. ).med%, 


Hp.) (2) 

(3) ‘d, | (4) 
(3).(4).). Prop]. 

uy ‘diu,yeu.x0 y.),,- edd a p3(a, yep): ).dd* Ama(uym), 
(1) 

cls’ excl. (2) 

-pamel, (3) 


2(mo’'m.m' ym), 
[m'o ym.)y.dd A p3(m Ap=A).).mmed*.). Prop]. 
50 
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6°14 lecls.).°.d* lel. =i ped.),.prnlel, 


.dpal, (1) 
l. ped. IpAm.).zel, (2) 
(3) 
(1). ped.),.- patel (4) 
vcls’le1, (5) 
(4) .(5).). Prop]. 


wv dow ( 
ped.au, yep.). Am3(z, (xz, yem), ( 
ye yeq)- (3) 
(4)3d=/.).d* = Prop). 


[wep.) A =u. = 1pu), (1) 

This prop proves that if d is a cls’ excl, « © ‘d is defined entirely by the 
numbers involved in d and its classes; thus we get the conception of a sum of 
numbers. 

ped 
decls*excl. up=uvy a. Df. 
ped 
Thus Sup is the sum of all the numbers of the classes forming the extension of 
the classd. The usual notationa + @+y-+ .... is only suitable for a finite, 


or at least fora well-ordered set of numbers; also, it introduces unnecessarily 
the ideaof order among the numbers added, and thus renders necessary the 
totally irrelevant commutative law. But we shall use it, when convenient (e. gy. 


Section III above), for a finite number of numbers; thus, 
ued 


a, ‘d. 


2 fe cls’ excl. ). p* sim 
[uep.) Alsi nf 2(p'=u. = 1pu). (1) 
=u. = pu)}].Le K*. 
S= MEP* PX An3(n=Gm)eline px. 
Am3(m=on)el.*.). Prop]. 


7°21 
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Analogous remarks to those on *7*0 apply here; we derive from this prop 


the conception of a product of numbers. 
ped 


decls*excl.). II up = ud*. Df. 
ped 
Thus, |] up is the product of all the numbers of the classes forming the extension 


of the class d. Analogous remarks to those on *7*1 apply to the notation 
ax @xy .... for a product of cardinal numbers. 
excl.).U 
0 R3(p'=p. (1) 
ped.) dd AN =p.p=,)]}: 
PeR(p)*. 
G¢=p.keB excl (3) 
(3) A= idk. eaxB, (4) 
pagel. agewd)}, (5) 
(4). (5). (6). Prop]. 
Note: The proposition connects addition with the multiplication of two 
numbers. It also gives a signification to the commutative law ax@ = xa, 
namely, it can be construed to signify 


dear cls’? excl.d’eB Acis’a excl.). ‘dsim ‘d’. 


Also incidentally the demonstration shows how to construct a els’ excl contained 
in for ke cls* excl andk)d*. 


((a)) cls*. ).°. 


*(a)) = 92 {4 ((a)) Df. 
Note: In ((a)) the symbol a is devoid of independent signification. 

Nyt ‘y)el, (1) 
(2) 
(1). (2).). Prop]. 

cls* excl = cls* A cls’ excl. Df. 

Df. 


cls* excl excl = cls* excl A cls’ (cls’ exel). 
((a)) cls’ arithm . = . ‘(a)) cls’ excl . ((a)) cls” excl. Df. 


| 
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Note: ‘‘Arithm” is contracted from ‘‘arithmetical”; this definition is 
essential to the statement and proof of the associative laws in their full gen- 


erality. 


8°23 ((a))ecls* arithm.). ‘((a)) cls® excl, 
(1) 
*%8°22.Hp.p, p'e((a)). pAVUV=A.): 
=A, (2) 
(1).(2).). Prop]. 


pe((a)) gep 
((a)) e cls’ arithm.). > Df. 
pe((a)) qep qe~-'‘((a)) 
((a)) arithm.). p> = > [*8°11.). Prop]. 


Note: This is the associative law for addition when the number of brackets 
and the number of numbers in each bracket is not necessarily finite or denum- 


erable. 
*9 ((a)) ecls*. ((«)) els” excl. ).°. 
((a)*) = ma ((a)) A p2(m= pf. De. 
((4)*)=(()-9- (4 (©) (@), [* 6°21.) Prop]. 


* 10 ((a)) ecls* arithm.).°*. 
w((4)") =u (@), 


[Hp. (1) 
(2) 
(2). 8°12. ((a)*) =(() ((@)) =u (Y (3) 
(1). (3).). Prop]. 


 ((a)*) cls’ excl. 

"11 
[m, (1) 
Hp.).4 ((a)*) (2) 

(3) 

(pam )=A, (4) 

"12 ((a)*)* = ((4)) ((a)*)*, 
[*8°12.%10°11.). Prop]. 
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*10913 ‘((a)X)= “((a)), 


[ye “((a)X). ((a)) A pa(ye (1) 
ZEW ((a)) p3(zev ‘p*), (2) 
(2). W621. “((a)*). ((a)) A pa(ze ‘p):). Prop] 


°14 


* 11 


*21 


°22 


[is ((@)) «Pim = poe Ga =U (1) 
pe((a)).g,q ep*. pecls’ excl.J.U =U (2) 
(1).(2).). Prop]. 


((a)*)* = ((8)) 9. (Y = 
[*%6°0. &10°11.):ve(U ‘(b)). =. ((b)) Nys (x= VU ‘y)el. 
‘((a)*): ‘yfel. (1) 
#10913. #1091381. ‘((a))*.=. 
ryu ‘((a))i:geu 


(1).(2).). Prop]. 
u((a)*)* =u ‘((a))}*, 10°12. *10°14.). Prop]. 
IT [leg =e Df. 
pe((a)) gep qe~‘((a)) 

II-¢=I]e¢. [*10°2. =. Prop]. 


Note: This proposition, or its equivalent * 1U*2, is the associative law of 
multiplication when the number of brackets and the number of factors in each 
bracket is not necessarily finite or denumerable. 


decis’excl.fecls. 
Note: This is the distributive law for addition and multiplication; it can be 


symbolized thus: 
ped 


ae Ne.de cls’ excl. ).axu(v ax up. 


£4 
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Section V. 
On Powers, Combinations and Permutations. 


a,8eNc.).°*. 

a, bearcls’B excl. ). = ub*, [*7°2.). Prop]. 
Df. 
((a)) cls’ arithm. we Ne: 


p ((a)) 


((a)*)* = [J [%*12°1.). Prop]. 
pe ((a)) pe((a)) 
yeNe.U =”, [ 10°22... Prop]. 
a, B, yeNe.). 
[Hp ( * 13°1). ((a)) ea Acls’B. &7°3.). Prop]. 
w= 1A Df. 
(v") = wo, 
[weuw.),.w, = (ur ev) 
= wo, .... (2) (1).(2). Prop]. 


Note: This proposition deduces Cantor’s definition of a power [cf. Math. 
Ann., Bd. XLVI] from the definition of a power given in * 12°1. 


aecls.).*. 
cls’a = 2"*, 
[wea.),.a, =—cls’a A uz —a,: 
cha 3). = 2", (1) 
a= w23 Am3 (2) 
(1).(2).). Prop]. 


BeNce.y. C3 =cls Df. 
cls’a = 22 B2(xe CZ)}. 
B<ua 


a sima.BeNe.).uCs = 
a,B,yeNe.):: 


| 
12 
*13 
* 14 
| 
°2 
°3 
°4 
* 16 
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w16°0 Cg=iNe Df. 
°1 = OF = 
[aca (a, y)}. 
db). Prop]. 
azeNe fin. >. C= 1. 
°21 ae Ne infin. pe Ne.pSa.aea.). Ce = pe(a—pep). Df. 


Note: The class of infinite numbers denoted in this memoir by Nay is 
defined below (cf. * 30:0) ; it is the class of numbers such that if 8 be any one 
of its members, 2 + 3 =, and hence if y be any smaller number 8 + y = @. 
In Section III these propositions are deduced by the use of the hypothetical 
primitive proposition *4°3; and in the sets of propositions *30, *31 and 
%* 32, properties of the class are discussed. It will be noticed that in the proof 
of *19°7 there is a forward reference to * 31°3. 


ae Nay. peNe.p<a.aea. = 
[*% 4°38 .}.a—p=a.). Prop]. 

a& Nay.aea. = C%. 
C25 


p<a p<a 
24 ae Nay). = 2, =H OG = 2). 
a, BeNe.}.a°S Of, 
(1) 
31 < [aca excl.) ‘a=—af, (1) 
wd (8 (1). (2). (3). ). Prop]. 


Binomial Theorem.—The next three sets of props (under integral numbers 17 
to 19) are devoted to proving forms of the Binomial Theorem. The main results 
are given in *17°32 and *17°4 and * 18°53, *19°4 and *19.7. 


*17 a, excl. pea dexcl. 
asa (8+). 
(8 + Acls’a. 


| 
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omy =aX Df. 
21 Le C?. = p—6 (i). Df. 
*211 
LeCr.y. 


a, = m3 (p,q)? 
lye Ch lve CE lve 
"23 ua, => x x = 
30 Df: 
=a, e cls’ excl. ‘a, = a%. 
via <a We 
(8 4 a, =F ua,, => ¢ 
va 


* 18 Hp(*17).ae Ne fin. ): 
"1 


[The second part of the prop follows from * 17°211]. 


“2 = 
* 19 Hp (*17).aeNa,.).’. 


lye CP 


v<ma.)- = OF x 85, 
[*17°211. *19°0.). Prop]. 
2 =». 
Tae CP 
3 xe => Coe = (1 + dy. 17°4.). Prop] 
>> Cr x BY x + Br (1 + 
17°32. %19°3.). Prop]. 


*%19°7 


20°1 


* 21 
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(8 + 6)*=0"x (1 + + Bx (1 +3), 
=> x x (1+ 8), (1) 
Os x Br < Xx (1 + BY (2) 
Or xs xB" < + (3) 
B*x(1 + + (1 + = 4). U. 
+d +8 (4) 
(1). (2). (3). (4). Prop]. 
ae Nay. Ne. 6% 
[ae Nay. = (8X > (1) 
(8x8) > (2) 
(1).(2).). Prop]. 
ae Na,.GeNe.).°. 
(28)*  =6*(1 + 8), Prop]. 
(1+ B)* = (23) + (1+ [%19°7.5=1.). Prop). 
(28)* =(1+ 8), 21:1. 21°2.). Prop]. 
ve Ne fin. )v* = 2°, 
[oe Ne fin—=10.8= 2741. *%21°3.Induct.). 
(271-4 = (27+ 2)* = (2 4 2)*= 3", (1) 
(2) 
ve Ne 2°t14 (27+! + 2) > (27+ 2), (3) 
(1).(2).(3).). Prop]. 
a, 
Df. 
Pi ye, [% 14°90. & 22°0.). Prop]. 
P< [ * 14°1. 22°02.). Prop] ‘ 
BeNefin.).°P,= 


51 


| 
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Ps. 

[aca.be Bile AN p=): 
C;. 

otk 22. 03 < <x BY, (1) 

Hp. 4°42. &20°1.).a® =(aX@)?*, ...- (2) (1).(2).). Prop], 
ae Na,.GeNe =a).).C3 = 

[ 22°2.). Prop]. 

BeNe.y.B< 2, 
[aeBacls’ 2 excl.g, 
p=1a%* 
> ua, (1) 
aeBacis’2excl. 
{dan 

(1).(2).). Prop]. 

Note: This proposition is the extension for any cardinal number of Cantor’s 
proof [cf. Jahresber. d. Deutsch. Math. Ver. I, S. 77] that the power of the con- 
tinuum (2°) is greater than the first infinite cardinal (a)). The adaptation of 
the proof and its reduction to symbols are due to Russell. 

In Section IV and the present Section V, all the proofs involving any 
characteristic properties of the class Nc infin have been limited to the class Na, 
and based on the theorem that 


ae 


It becomes important therefore to investigate for what class contained within 
Nc, the theorem 


can be asserted, since the universal validity of *4°3 is not proved. Further- 
more, we have not succeeded in deducing, even from * 4°3, the allied propo- 
sition 

ae Ne infin. 8<a.).axB=a. 


The nearest approach to it as yet is * 20°1. 


| 
— 
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The sets of propositions with integral numbers 30 to 32 will be devoted to 
these investigations; the proofs of some propositions practically proved by Rus- 
sell in Section III will be omitted. In these sets of propositions (30 to 32) it 
will be found that the only properties of an Ne infin used are that [cf. *& 4°1] 


ae Neinfn. 
where «, is the first cardinal number. 
Na, = Nea Df. 


Note: As long as all the numbers considered belong to Na, the proposi- 
tions in Section III, * 4°31 to 4°51, hold without modification. 


(1) 
(2) 
(1) .(2).). Prop]. 


B, ye 
Prop]. 
Note: This theorem is important, and enables the enunciations of some 
theorems of * 21 and * 22 to be extended. 
Be Ne.ae Na 
[ *30°3.). Prop]. 
a, ale 
Ble Ne B'a(a' = P'S 
[*30°4.). Prop]. 


Ne exp = Nena? (ANc infin A Df. 
we cls infin. ).u cls’ ue Ne exp, 
[* 15°0.). Prop]. 
ae Neexp.).a 
Ne exp.) Nay, 


>1.).ye Ne exp. ). > ao, (1) 
(1). dey? (2) 
(3) 


(2) .(3). =ayxy*. Prop]. 
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32 

Neexp*= Na na?(TNa AB? >1.a=y7*)}], Df. 

6, 

[ar < pe.... (1), Hp. < 2% < 2, (2) 
(1) .(2).). Prop]. 


| 


On a Method of Constructing all the Groups of 
Order p”. 


By G. A. MILuer. 


A group G of order p™ (p being any prime) contains at least one invariant 
subgroup H of order p"~'. If G@ is represented as a regular substitution 
group, then H has p systems of intransitivity and its p transitive constituents 
(H,, H,,...., H,) are transformed cyclically by every substitution of G which 
is not contained in H. Moreover, there is a substitution ¢ of order p which is 
commutative with every substitution of H and permutes its transitive constitu- 
ents cyclically.* It seems desirable, in considering the construction of all the 
possible groups of order p”, to divide them into two classes: 1). Those in which 
the operators of H are transformed only according to the group (J)) of cogredient 
isomorphisms of H, and 2). Those in which these operators are transformed 
according to a larger group. 

If G belongs to the first class, it must involve a substitution s which is com- 
mutative with each substitution of H and is not contained in H. It may be 
supposed that ¢ permutes the transitive constituents of 1 in the same manner as 
s does. The substitution st-'=s’ transforms each of these constituents into 
itself, and is commutative with every substitution of H. That is, s! is one of the 
substitutions of the group of order p™~’» which is composed of all the substitu- 
tions which are commutative with each substitution of H without permuting any 
of its transitive constituents or involving any letters not found in H. 

The group generated by H and st can be transformed into one generated 
by H and s,t, s, being a substitution of H, which is commutative with every sub- 
stitution of H,. Furthermore, the » —1 groups of order p™ generated by H and 
the following substitutions, taken separately, 


2 —1 
ad, 87%, 


* Cf. Quarterly Journal of Mathematics, vol. XXVIII, 1896, p. 237. 
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are conjugate, since all of them may be obtained from any one of them by per- 
muting systems of intransitivity of H, the first system being left unchanged. On 
transforming the group generated by H and ¢ by .... 7? —*, r, being any 
invariant substitution of H, while r,(a = 2, 3,....,) is the transform of 7, 
with respect to ¢*, there results a group generated by H and 77". 

From what precedes, it may be observed that all the possible groups of 
order p”, which include H and transform its operators only according to substitu- 
tions of 4, may be obtained by multiplying H by s,¢, where s, must satisfy all of the 
following conditions :* 1). It must be an invariant substitution of H,; 2). If we 
form the quotient group of these invariant substitutions with respect to the sub- 
group generated by their p‘” powers, then it is not necessary to use for s; more 
than one from each of the divisions corresponding to the operators of this quotient 
group ; 3). Not more than one from each system of conjugate operators of 1, 
under its holomorph should be used for s,; 4). The » —1 groups generated by 1 
and one of the following operators 8,¢, sjf, sit,...., 8?—'t are conjugate ; that is, 
if one substitution is a power of another, it is not necessary to use both for s, 
unless one of them is identity. 

When G contains an operator which transforms H according to a substitu- 
tion (i) which is not contained in J, then G transforms the operators of /H 
according to a group /, whose order is p times the order of J, and which includes 
Ih. Let tf, ....¢, transform the constituents of H according tot. Since 7? 
must be in 4, (éf,.... ¢,)? must transform H in the same manner as one of its 
own substitutions s’ transforms H. Suppose that s’ is commutative with 
tt,....t, and that s,, 6, ....,s8, represent its constituents contained in 
H,, H,, .... H, respectively. The substitution ¢’s,—=s; is commutative 
with every substitution of H. Hence sit, .... ¢,¢ transforms the substitutions 
of H in exactly the same manner as ¢, does. Moreover, (sift, .... ¢,¢)’=s", 
From this it follows that H and sjtf, ....¢,¢ generate a group in which Z is 
transfomed in the required manner. 

[he assumption that there is a substitution s' in H which is commutative 
with 4, .... ¢, andtransforms H in exactly the same way as (é,t, .... ¢,)” does, 
is clearly a consequence of the existence of G and hence does not limit the gen- 
erality of the method. If H is fully known, its group of isomorphisms J can 


* Cf. Transactions of the American Mathematical Society. vol. II, 1901, p. 264. It should be 
observed that H is not necessarily Abelian in the present article. 
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readily be determined, and the subgroups which satisfy the conditions imposed 
upon J, can be found. In fact, it is only necessary to determine one of the sub- 
groups whose order is the highest power of p» that divides the order of J, since 
only one from each system of such subgroups as 4, which are conjugate under 
I, needs to be considered. Furthermore, it is necessary to consider only the sub- 
stitutions which may correspond to any particular one of the operators (not in J) 
of such a subgroup. It remains, therefore, only to examine all the possible 


groups which may be obtained by replacing sj¢,f, .... ¢,¢ by other substitutions 
which transform it in the same manner. 
Any one of these substitutions may be transformed into s/t, .... ¢,¢ multi- 


plied by a substitution which involves only the letters of H, and is commutative 
with each of the substitutions of H,. In order that the p power of such a 
product may be in /, it is necessary that this multiplier is an invariant substi- 
tution of H, and is also commutative with ¢,. Let any one of these products be 
denoted by s//t,t, .... ¢,¢. No new group is obtained by using in place of sj! any of 
its conjugates under the subgroup of the group of isomorphisms of H, which 
includes all its operators that are commutative with ¢4,. When H, is Abelian, 
these conjugates include all the powers of s;/ which are prime to its order.* 
Let 7, be an invariant substitution of H,, and let 


where w, does not necessarily differ from identity. Hence 


Transforming succsseively by u?—', and multiplying into (7r,... 

there results sir; "t,t, ....¢,¢. Hence no additional group is obtained by multi- 

plying sift, ....¢,¢ by the p power of such an 7,. That is, if the quotient 

group of the invariant substitutions of H,, which are commutative with ¢,, are 

arranged with respect to the p™ powers of such substitutions as 7,, then no more 

than one substitution from each of these divisions needs to be used as a multi- 
plier of .... ¢¢. 

When p = 2, the results of the preceding paragraph remain true, provided 

w, is either 1 or a power of 7,. In the latter case the order of 7; must exceed 4. 


* Transactions of the American Mathematical Society, vol. II, 1901, p. 260. 
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When p > 3, these results still remain true if u, is replaced by any substitution 
such that = =a, yf=1. It should be observed that 
it is not proved that all the groups of order p” obtained, in the above manner, 
from a particular group of order p™—! are distinct. In general, additional limi- 
tations must be imposed upon s”. However, the special considerations for small 
values of m are sufficiently limited to make the method practicable. For 
instance, when m <5 and p > 3, only one non-Abelian group will occur twice if 
we use for the subgroup of order p"—! the different Abelian groups of order p”™~?. 


STANFORD UNIVERSITY, Dec., 1901. 
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Non-Euclidean Properties of Plane Cubics and of their 
First and Second Polars. 


By Henry FREEMAN STECKER. 


This paper is in continuation of a paper* on the same subject and assumes a 
knowledge of the terms and results given there. 

We derive first one or two theorems which come simply from results of the 
former paper. Consider relation (B), p. 35, of the paper mentioned. This relates 
to focal lines, but to such pairs as do not pass through the same absolute point. 
For any focal line there are six others which have no absolute point in common 
with it. Consider relation (B) for two of these in connection with the original 
focal lines. Then that ratio becomes 


sin ab 
= const. (1) 


sin - sin — 


sin 


Hence: If we consider two focal lines through the same absolute points, and the 
chords joining their third intersections to the third intersection of any focal line 
having no absolute point in common with either of them, then tf the ratvo of the sines 
of the N. E. D. from any point of a cubie to these two chords be multiplied by the 
ratio of the sines of the N. E. D. from the same point of the cubic to the two focal 
lines, this product is constant for all points of the cubre. 

Again, if we consider (B) in relation to a pair of directors. Then, from (33) 
and (B), we find 


sin wb 

sin? m Der 
= const., (2) 

sin’ n sin 


* American Journal of Mathematics, vol. XXII. 
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where m and n are the N. E. D. from any point of the cubic to one director of 
either pair. Hence: The ratio of the square of the sines of the N. E. D. from any 
point on a cubic to two directors (one in each pair) multiplied by the ratio of the 
sines of the N. E. D. from any point of a cubic to the poles of the chords of third 
intersections, this product is constant for all points of the cubic. 

Consider any two points, O and P, on any secant line cutting a plane cubic 
in points ¢;, From any pair of directors, d; and d,, whose focal lines have no 
common absolute point, let fall perpendiculars, », and p,, upon this secant line. 
Let a; and 6; be the lines joining c, with d, and d, respectively. Connect O 
with d, and d, by lines @, y; also P with the same points by linesa, 6. Then 


(sin = (win + 


where p, is the intercept between c, and the foot of p,. Likewise, 


(sin ais) = (Hin + (sin 


where y; is the intercept from ¢, to the foot of p,. 
But the ratio of the left-hand member of these equations is a constant A for 


all points of the plane cubics. This gives : 


sin? sin + A Bi 


and from these equations we find : 


sin sin 
sin? 1/=0. (3) 
2 &3 2 Ys 
meng sin 1 
oki 


Or, changing the form a little, we may say: 
1, 2,3 


The expression > (Tl sin? sii sin? a | vanishes for all points of a plane 


cubic. 
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VJ 1 
If we put OP =sin~'a and OP,=sin—!a,, also write (aa,,)= 
n 
we find, when P is on the second polar of O with respect to the cubic 
1, 2,3 
sin—/a; sin~!a, (aa,) = 0, (4) 
it 
and if P is on the first polar, 
1, 2,8 
Zz sin—'(aa,) sin~'(aa,) = 0. (5) 
We find also: 
} 1 
sinoP = (81) (81) (6) 
(at) (a1) 
and 
cos 5 (81) 
sin oc; = 


sin (G2) 


where (hk =4/sin? sin? 


Combining Oi. we are able to say: 
When P is on the second polar of O, the expression 


cos—*, (31) cos (81) 
sin—! sin~? 
| i (81) sin (81 ) 


(Bt) (1) cos (81) 
(ai) (a1)] | sin 


sin 


vanishes for all puints of the cubic. If P is on the first — the above expression, after 


(8%) | (81) 
the second factor is replaced by sin vanishes for 


(ai) (al) in 


all points of the cubic, 
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Consider the tangent to the first polar through P. Call 6, the angle which 
a makes with oP; 6,;the angle which a makes with a;._ Let d' and d be the two 
directors of the first polar and 7, and 7, the distances, respectively, from d’ and d” 
upon the tangent through P. Also r, and 7, meet the tangent in points m, and 7’. 
Take 6, the angle made by the tangent and n,d,; 0, by nd, and Pd,; 6; by the 
tangent and Pd’; 6, by 7, and Pd’. Let 9, be the corresponding angles for d, 
and d’. Then if we write H, for 


2h 


sin sin ale! gin — 


we find: 
sin = H, sin —- 
b; To 
and from these: 
2, (A = constant). 


But sin —, sin —. is also constant, so that we may state: The expressin 


2ki 
H, sin 2 
is constant for all points of a cubic. a; meets OP and divides it into 
H, sin: - 


two parts, say m; and n;; the latter on the side of P. Then we find from the 
above: (8). sin m,=o sin 1,/ H,H,; o is constant and m, the angle made by 
a,and 2. 

We have also: 


a; __ m; m; 
cos = cos A, +A, sin sin 
Cos cos + A, sin — sin 


where A; are constants. 


| 
| 
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From these, remembering that the ratio of the sines or cosines of a, and b/ 
is constant, we find: 


tan = csc = constant). 
Similarly : 
cos cos cos on oki sin 


From these we find : 


A cos 
a; 2hi 
sin —-, = cth — 
1 — cos 
cos". = cos lcs 
A cos cos — cos cos 
where A is constant. 
From these we find cos a;: First write: 
A=1— cos B= 4 cos COs 
and é 6, a 
C =A cos cos a ag cos 
Then : cos a; = (A? + (A? + BP + — 
or say: 


1 
Cos ad; — 


where D,=\/ 4 (C?— A*— (2+ Bt —4 80). 


and sin a; = D; 
C 
Then we have: 


AD 
== cos! say M,,. 


| 
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Then, for all points of a first polur, we have: 


123 tan—1M, MM, 


ij 


== @, 


and for all points of a second polar : 
1,2,3 


cos! 


0. 


Consider next P as on the first polar of O with regard to the cubic; also d 
and @’ a pair of directors of this first polar. Let P be joined to each by lines ¢, 
and ¢, respectively. Let c, make with d’d, an angle £,; also od’ an angle &/ with 
oP. Let the corresponding angles for d’ be & and &. Then: 


sin 
2k 


But 2, + -. is constant, say equal to A, so that 


Qh’ 2h! 


Solving this for sin -3 , we have: 


The sine of the N. E. D. from pole to first polar with regard to any cubic is 
equal to: 


A, sin sin 
[ sin sin + sin sin + A, sin sin 


where aA, and 2, are constants, such that 42 ++ A2= 1; and the + to mean that when 
one sign is used the other cannot be. The angle £; and &! have the meaning given 
above. 
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7, was the angle which a; makes with @ and x, the angle made by 8, 
andy. Then 


sin sin 

sin = sin — gin, 
Oki 2k! P, 


where P, and P, are angles made by OP with @ and y respectively. Then since 
a; 
2k + constant for all points of a cubic, we have: [f O is a fixed point, then 


the ratio of the sines uf the angles formed by lines from O to a parr of directors, 
with lines joining these directors to a point of the cubic is constant for all points of 


the cubic. 


sin 


sin 


sin sin 
Let the ratio * be the constant K; also the ratio =A,. Then 
sin sin 
2h 
we find: 3 % Mm; 
sin’ — sin’ sin’ 
and from this we find: 
sin". = ¢ gin 
2h 
° Ai ry 
where 7 is constant and equal to cse —?4/ _——5. Then, for n;, we find 
2k! a 
Thi 1 
sin Ble sin = sin — 
2h gin 81. 
2h 


where s, is the angle made by n, and a; 8, that by n, and 6. 


| | 
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And hence: 


and from these we get: 


The expresswns : 


(a? — 1) sin? gin? 


2k! oh’ 
and 
n-!¢ 
ij 9? sint 2%. — gint 
A’ sin sin sin- ald 
2__4) gin? 72 gin? 2__ 1) sin? ™ gin? “1 


vanish for all points of the second polar, respective first polar of any cubic. 

Let the tangent to the first polar at P meet a pair of focal lines of this polar 
in points z, and x. Represent the distance from Oto x, and a, by /, and /, 
respectively. 

Let 7; make an angle o; with OP. From a non-euclidean property of the 
conic the distance Px, equals Px, or say t;=t,. Then we have: 


" t; OF 
cos cos COs oar sin, sin 


and from these: 


OP — sin 


| 
1, 2,3 2” sin!’ sin! 
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or l, 
C08. —~ C08 — 
Qk! 
To eliminate sin —4 aps , we have: 

= 
cos — = cos Os + sin COS 


and from this we find: 


so that sin a3 is a func- 


where M= cos —4 


l, + We 
cos — and s = sin 


tion of 7; and @, only. Represent this function by aia , then we may state : 


If O 1s the pole of a point P on the first polar with regard to a cubic, and if the 
tungent to this polar at P meet the focal lines in two points, then 1, and lp, the dis- 
tances from O to these points and the angles w, and w,, which they make with OP, 
are connected by the relation : 


O P cos cos 
tan UF. * 
cos COs 
Qh! 2h! 


In the same configuration, if we consider a pair of directors of the cubic, we 
get a simple relation between angles, . 

The angles are 6; and 3, ({ = 1, 2, 8, 4), where 6, is made by OP anda; 6; 
by a, and OP; while 6, and 6, are made at 7, by ¢, and a respectively; 7, being 
the line from a, to d, ; 3; are corresponding angles for d, and a,. Then we find: 


407 
sin sin 
2k! 2h’ 
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sin 


sin 
sin 


sin — = 
sin 
2h! 


sin sin 


sin 
2k! 

6, } 4 

ae sin —— sin —— 

ak t ts constant for all 


From these: The ratio of 2 
sin — sin 


2k! 


points of a cubic. 
The remaining theorems of the previous paper all involve three distances or 
the ratios of such, and the developments from these are, it seems, complicated. 
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